
CONSISTENT LOW-COMPLEXITY ESTIMATION OF ACTIVEPARAMETERS IN LARGE LINEAR REGRESSIONS 1Fredrik GustafssonDepartment of Electrical Engineering, Link�oping University, S-581 83 Link�opingAbstract. Some important practical signals and systems can be modeled by verylarge linear regression models where it is reasonable that most of the parameters arezero. We give an e�cient method to solve this combined estimation and structuredetermination problem. It is related to Akaike-like criteria, and is based on one LMS�lter and thus it is of low complexity. Asymptotic analysis shows that the method isconsistent for �nite impulse response models. A recursive algorithm is derived, whichcan be applied to time-varying systems as well. An example shows the e�ciency ofthe approach.1. INTRODUCTIONWe will consider linear regression models of the formy(t) = '(t)T � + e(t); (1)where '(t) is a regression vector and � the correspond-ing parameter vector. Here e(t) is assumed to be whiteGaussian noise with variance �2. It is implicitly assumedthat the number of parameters d = dim � is large (e.g.d > 100). The assumption in this contribution is thatonly a small number n of parameters (e.g. n < 10) areactive �(ki) 6=0; i = 1; 2; ::; n�l =0; otherwise (2)By kn we denote the set of active parameters k1; k2; ::; kn.We point out two important applications where this isa realistic assumption.1. Multipath signal propagation. In telephone com-munication, echoes can deteriorate the speech qualityseverely. In 4-wire loop telephony, the echoes come fromcircuit echo paths (Sondhi and Berkley 1980), while inmobile radio channels they are caused by room acousticecho paths. The e�ect can be removed by equalizationonce a channel model has been identi�ed.The signal can be written asy(t) = nXi=1 �(ki)u(t� ki) + e(t) (3)where u is the interesting speech signal. This �nite im-pulse response (FIR) model is commonly used in com-munication applications. The indices ki for active coef-�cients correspond to the time delay in the echo path.The same problem occurs in sonar applications (Burdic1 Submitted to SYSID'97

1984), where these echoes are caused by re
ections atthe surface and the bottom of the sea and also in geo-physical signal processing (E.A.Robinson and T.S.Durrani1986).2. Approximation using basis functions. In systemidenti�cation, the use of (orthonormal) basis functionshas become a popular approach recently (Wahlberg 1991,Ninness 1993, Van den Hof et al. 1993). Here, the systemis modeled byy(t) = nXi=1 �(ki) ki � u(t) + e(t) (4)with  ki � u(t) denoting the convolution of the basisfunction  ki(t) and the system input u(t). A similarproblem occurs in function approximation using, for in-stance, polynomial basis functions. In this case, u(t) isthe function to be approximated.Note that both (3) and (4) are linear regressions. Theproblem is to estimate the number of active coe�cientsn, their positions kn and their values �(ki). The upperbound d on the number of parameters is assumed to beknown (it might be taken as the number of data). Anyconceivable method that claims to be optimal for thisproblem has to examine all possible combinations of kn.If n was known, there would be (nd ) di�erent combina-tions to examine. Here, where n is unknown, there arePdn=0 (nd ) = 2d di�erent combinations, the latter expres-sion coming from the fact that each coe�cient can beeither active or inactive.Basically, the described problem is a classical modelstructure selection one, and there is a large number ofproposed methods, see for instance (Veres 1991, Gustafs-son and Hjalmarsson 1995). Another approach mightbe to estimate the full parameter vector and apply ahypothesis test to each component. However, because ofthe large complexity of the problem under consideration,these are not to recommend. In the area of function ap-proximation using wavelet basis, a method as simple as



the one obtained here is proposed in (D.L.Donoho 1992).This contribution is an extension of (?), where no con-sistency proof was given.2. NOTATIONConsider the model (1) with the assumption (2). Assumethat we for each possible combination kn = (k1; k2; ::; kn)minimize the sum of squared residuals,VN (kn) = 1N NXt=1[y(t)� 'T (t; kn)�̂RLS(kn)]2 (5)=min� 1N NXt=1[y(t)� 'T (t; kn)�(kn)]2: (6)Here '(t; kn) denotes the regression vector where onlythe elements kn are kept. The least squares estimate canbe written �̂RLSN (kn) =RN (kn)�1fN (kn) (7)where fN (kn) = 1N NXt=1 '(t; kn)y(t) (8)RN (kn) = 1N NXt=1 '(t; kn)'T (t; kn) (9)Although the least squares estimate is here expressed ino�-line notation, the tag RLS (recursive least squares)will be used with the implicit assumption that the esti-mate can (and will) be computed on-line when used inapplications.The loss function can now be rewritten in a standardmannerVN (kn) = 1N NXt=1(y(t)� '(t; kn)T �̂)2 (10)= 1N NXt=1 y2(t)� fTN (kn)R�1N (kn)fN (kn)(11)= �̂2y � 1N fTN(kn)�̂RLSN (kn) (12)where �̂2y is the variance of the observed output y(t).The simpli�ed algorithm we propose is based on theLMS (least mean square) estimate with a rather non-standard stepsize. The LMS estimate is here de�ned as�̂LMSN (kn) =DN (kn)�1fN (kn) (13)where

DN (kn) = diag(�̂2'(k1); �̂2'(k2); ::; �̂2'(kn)) (14)�̂2'(k) = 1N NXt=1 '(t; k)2 (15)Note that the only di�erence between the RLS and LMSestimates here is that the o�-diagonal elements in RNare set to 0 when computing the LMS estimate so theinversion of DN is done elementwise on the diagonalelements. 3. OUTLINE AND SUMMARYThe contribution in this paper is to convert a standardtest with known properties, but infeasible to computefor this problem, to a very simple test and analyse itsproperties. Including two intermediate steps, we will dis-cuss the following tests:Original test:ckn =argminkn VN (kn) + n
(N) (16)Equivalent test:ckn =argminkn � 1N fTN (kn)�̂RLSN (kn) + n
(N) (17)Simpli�ed test:ckn =argminkn � 1N fTN(kn)�̂LMSN (kn) + n
(N)(18)Equivalent simpli�ed test: Keep the coe�cients�(k) for which �̂LMSN (k) >s
(N)�̂2'(k) (19)The �rst test is standard in the area of model structureselection, where there is an inherent trade-o� betweenmodel �t (�rst term) and model complexity (secondpenalty term). This is also known as the parsimoniousprinciple and Ockham's razor. Depending on the choiceof 
(N) di�erent criteria are obtained. For instance,
(N) = log(N)=N yields Akaike's BIC (InformationCriterium B) (Akaike 1981) which coincides with Ris-sanen's MDL (minimum description length) (Rissanen1978).However, this test is infeasible for large linear regressionmodels because of the following two problems:� The test requires the computation of the least squaressolution to problems of very high dimension.� We need to compare 2d di�erent model structuresand apparantly there is no way to avoid computingthe least squares estimate to each of them.



The remedy we propose to the �rst problem is to replacethe least squares estimate in (17) by the least meansquare estimate in (18). Fortunately, this test can berewritten in the equivalent form (19) which resolves thesecond problem.The remaining question is how to choose the penaltyterm 
(N). The conditions for which these tests are con-sistent are summarized below:Original test consistent if and only if:limN!1 
(N) = 0limN!1N
(N) =1 (20)Simpli�ed test consistent for FIR models if:limN!1 
(N) = 0limN!1pN
(N) =1 (21)Since the penalty term must be less for the simpli�ed cri-teria, we trade o� computational complexity with con-vergence time.The analysis also gives a clue on the actual form of thepenalty term. We propose 
(N) = �̂2y log(N)=pN . Thealgorithm then becomes:Algorithm: Keep the coe�cients �(k) for which�̂LMSN (k) > �̂y�̂'(k)s log(N)pN (22)This test can be interpreted as the following hypothesistest: H0(k) : �k = 0 (23)H1(k) : �k 6= 0 (24)The hypothesis test would here look likej�̂N (k)j > c�pPkkOne problem is that we do not know the variance anddistribution of the LMS estimate. Another one is that weface a multiple hypothesis test but design d independenttests, so we do not know the total con�dence level.4. PROOF OF CONSISTENCYThe consistency results stated in the previous sectionfollow from the three theorems in this section:

� Consistency for the standard model structure se-lection test for this problem.� A quanti�cation of the error introduced when re-placing the RLS estimate with the LMS estimate.� Consistency of the proposed test.The proof of the �rst theorem follows well-known lines,resembling for instance the proof in (S�oderstr�om andStoica 1989). It is included because the proof of the thirdtheorem is based on this one. The proof of the secondtheorem is the core of the analysis.Theorem 1. Suppose the signal can be described by (1)for a particular kn = 
0 in (2). Then, the test (16) isconsistent if and only if the two conditions in (20) aresatis�ed.Proof: The proof is based on comparing two di�erentsets of kn, 
1 and 
2, and distinguishing the cases ofover-modeling and under-modeling. In this way we showthat asymptotically, the estimate will be neither over-modeled nor under-modeled. De�neWRLSN (
i) = VN (
i) + ni
(N)where ni is the number of elements ki in 
i.Case 1. Suppose 
0 � 
2 and 
0 6� 
1. That is, thesecond set includes the active parameters and possiblysome more but the �rst one does not. Then, it is well-known that the least squares loss function has expectedvalue EVN (
2) = �2e �1� n2N � : (25)On the other hand, the other set gives rise to a non-vanishing bias term b soEVN (
1) = �2e + b2:Comparing the two quantities that we want to minimizein (16) gives E �WRLSN (
1)�WRLSN (
2)�= �2e n2N + b2 + (n1 � n2)
(N)! b2 > 0as N tends to in�nity if the condition 
(N)! 0 holds.That is, asymptotically under-modeling is avoided. Notethat this condition is not only su�cient but also neces-sary. Now, we know that NVN (
i) is �2(N � ni) dis-tributed (non-central for 
1) and thus the variance ofVN (
i) tends to 0 as O(N�1), so�WRLSN (
1)�WRLSN (
2)�! b2 > 0with probability one.



Case 2. Suppose 
0 � 
2 and 
0 � 
1. Without loss ofgenerality, we can assume that 
2 = 
0. From equationII.84(b) in (Ljung 1987) we haveN V RLSN (
0)� V RLSN (
1)�2e ! �2(n1 � n0) > 0 (26)This positive term with N -independent variance will bekilled by the penalty term with probability one if(n0 � n1)N
(N)!�1as N tends to in�nity. Thus, the condition is thatN
(N) ! 1. That is, asymptotically over-modelingis avoided. Again, note that this condition is not onlysu�cient but also necessary. 2Theorem 2. The error when replacing the RLS estimatein (7) by the LMS estimate in (13) (when computingthe projection on fN de�ned in (8)), is bounded asE limN!1 1pN jfTN(kn)�̂RLSN (kn)� fTN (kn)�̂LMSN (kn)j� �̂2ypn(n� 1) < �̂2ynwhere �̂2y is the variance of the observed output y(t).Remark 3. When n = 1, RLS and LMS coincide andthe upper bound becomes 0.Proof: In the proof, we will let the dependence of N andkn be implicit. Using matrix notation Y = (y(1); ::; y(N))T ,� = ('(1); ::; '(N))T , we havejfTN(kn)�̂RLSN (kn)� fTN (kn)�̂LMSN (kn)j= ��Y T� �R�1 �D�1��TY ���kY k22 k� �R�1 �D�1��T k2=N�̂2y k� �R�1 �D�1��T k2�N�̂2y �tr �� �R�1 �D�1��T� �R�1 �D�1��T ��1=2=N�̂2y �tr ��T� �R�1 �D�1��T� �R�1 �D�1���1=2=N�̂2y �tr ��I �RD�1� �I �RD�1���1=2=N�̂2y �tr �I � 2RD�1 +RD�1RD�1��1=2=N�̂2y �tr �RD�1RD�1 � I��1=2where we have used Cauchy-Schwartz inequality, kAk2 �ptr(ATA), trAB = trBA and trRD�1 = trI = n (thediagonal elements of RD�1 are all one), respectively.Now the result follows from Lemma 4 below, linearityof the trace operator and Jensen's inequality; the square-root is a strictly concave function so E(pX) <pE(X).2

Lemma 4. Consider the matrices DN in (14) and RNin (9). Assume a FIR model (3) is used with a quasi-stationary input, soRijN = r(i� j) = 1N NXt=1 u(t)u(t+ j � i); i; j = 1; 2; ::; nDiiN = r(0) = 1N NXt=1 u2(t); i = 1; 2; ::; nwill all converge. Then we haveE limN!1Ntr(RND�1N RND�1N � I) = n(n� 1); N !1(27)and the variance of limN!1Ntr(RND�1N RND�1N � I)is bounded.Remark 5. The de�nition of RN assumes pre- and post-windowing in the least squares method.Proof: Omitting the index N , we have
RD�1 = 0BBBBBBBBB@ 1 r(1)r(0) � � � r(n� 1)r(0)r(1)r(0) 1 � � � r(n� 2)r(0)... . . . ...r(n� 1)r(0) � � � r(1)r(0) 1

1CCCCCCCCCA (28)and the diagonal elements on its square are given by
diag(RD�1RD�1) = 0BBBBBBBBB@ 1 + r2(1)r2(0) + � � �+ r2(n� 1)r2(0)r2(1)r2(0) + 1 + � � �+ r2(n� 2)r2(0)...r2(n� 1)r2(0) + � � �+ r2(1)r2(0) + 1

1CCCCCCCCCANow a standard result, see (S�oderstr�om and Stoica 1989)equation (11.9), says thatN r2(k)r2(0) ! �2(1) (29)in distribution. That is,E limN!1N(tr(RD�1RD�1 � I)) = n(n� 1)The distribution of the expression above is a weightedsum of �2 distributions and its variance will be a poly-nomial in the mean and thus bounded in N which con-cludes the proof. 2



Theorem 6. Suppose the observed signal can be describedby an FIR model (3), with a quasi-stationary input, fora particular kn = 
0 in (2). Then, the test (18) is con-sistent if the two conditions in (21) are satis�ed.Proof: LetWLMSN (
i) = � 1N fTN(
i)�̂LMSN (
i) + ni
(N)First, the comparison of two tests is rewritten into thefollowing form:WLMSN (
1)�WLMSN (
2) (30)=WRLSN (
1)�WRLSN (
2)+ 1N ��fTN(
1)�̂LMSN (
1) + fTN (
1)�̂RLSN (
1)�| {z }r1(N)� 1N ��fTN(
2)�̂LMSN (
2) + fTN (
2)�̂RLSN (
2)�| {z }r2(N) (31)where (12) has been used. The �rst term is exactly theone analyzed in the proof of Theorem 1, and the last twoones can be bounded by using Theorem 2. The two casesin the proof of Theorem 1 need to be modi�ed slightly:Case 1. Denote the last terms in (31) by r1(N) andr2(N). From Theorem 2 these are both O(N�1=2). Thatis, the bias term will still dominate asymptotically:WLMSN (
1)�WLMSN (
2)= EVN (
1) + n1
(N) + r1(N)� EVN (
2)� n2
(N)� r2(N)= �2e n2N + b2 + (n1 � n2)
(N) +O(N�1=2)! b2 > 0Case 2. Now we getpN(WLMSN (
1)�WLMSN (
2))= O(1) + (n1 � n0)pN
(N)!�1where the O(1) term comes from pNri(N) using The-orem 2, if pN
(N) tends to in�nity as N tends to in-�nity. Note that pN(VN (
0) � VN (
1)) tends to zerowith probability one from (26). 25. IMPLEMENTATIONIn the test (18) we have

1N fTN (kn)�̂LMS(kn) = 1N (�̂LMS(kn))TDN (kn)�̂LMS(kn)= nXi=1 �̂2'(ki)(�̂LMS(ki))2Since we want to make this sum as large as possible andat the same time with as few parameters as possiblethe strategy is clear. Start with the ki which gives thelargest contribution and keep iterating. It is clear thatthe iterations should continue as long as the conditionin test (19) is satis�ed.According to the condition for consistency, the decay of
(N) should be a function \between" 1 and 1=pN . In-spired by BIC/MDL we propose the function log(N)=pN .Since the role of the penalty term is to kill the approx-imation errors (r1 and r2) in the simpli�ed test, Theo-rem 2 suggests the scaling �̂2y . That is, the penalty termn
(N) = n�̂2y log(N)=pN in algorithm (22) seems logi-cal.Also note that conditioned on a particular kn, there isgenerally no need to re-estimate the parameters usingRLS. If the distance of the active parameters are large,or the input is white, the inputs corresponding to activeparameters will be approximately uncorrelated, and theLMS estimates using (13) coincide approximately withthe RLS ones.The total algorithm is given below.Algorithm 1. Compute recursively for t = 1; 2; ::: andfor k = 1; 2; ::; dft(k) = t� 1t ft�1(k) + 1t '(t; k)y(t) (32)Dt(k) = t� 1t Dt�1(k) + 1t '(t; k)2 (33)�̂2y;t = t� 1t �̂2y;t�1 + 1t y2(t) (34)�̂t(k) = ft(k)D�1t (k) (35)Keep the coe�cients for which�̂t(k) > �̂y;tDt(k)s log(t)pt (36)This algorithm is trivially extended in a natural but ad-hoc way to time-varying systems, where both the param-eter values and active parameter positions may changein time. The motivation is that the systems in telephoneand sonar applications are time-varying and there is astrong need for recursive estimation.Algorithm 2. Choose a forgetting factor � < 1 and com-pute recursively



ft(k) = �ft�1(k) + (1� �)'(t; k)y(t) (37)Dt(k) = �Dt�1(k) + (1� �)'(t; k)2 (38)�̂2y;t = ��̂2y;t�1 + (1� �)y2(t) (39)�̂t = ft(k)D�1t (k) (40)Keep the coe�cients for which�̂t(k) > �̂y;tDt(k)q� log(1� �)p1� � (41)Note that N is replaced by 1=(1� �) here.6. APPLICATION TO ECHO DETECTIONWe here describe an example similar to one in (J.Homeret al. 1994). The underlying model is (3). The channel'simpulse response has three active taps:y(t) = 6u(t� 10)� 5u(t� 51)� 1:5u(t� 71) + e(t):The input and measurement noise are independent Gaus-sian white noises with variances 1 and 16, respectively.This implies an SNR of E((y�e)2)=E(e2) = 63:25=16�4.Figure 1 shows the result of Algorithm (22) averagedover 100 simulations. The correct taps were found in allsimulations. The upper plot shows the estimated activetaps. They converge quickly to the correct values 6, 5and 1.5. Also the number of estimated active taps con-verges quickly to the correct number 3 as shown in thelower plot.
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Fig. 1. Estimated active taps (upper plot) and estimatednumber of active taps (lower plot)7. CONCLUSIONSWe have investigated a combined structure determina-tion and parameter estimation problem for linear re-
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