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Abstract—We propose a particle filter based solution which
uses auxiliary fixed point smoothers to the problem of out of
sequence measurements. Three different cases, namely, auxil-
iary extended Kalman smoother, auxiliary unscented Kalman
smoother and auxiliary particle smoother are considered for
the auxiliary fixed point smoother. The proposed filter which
can effectively combine out of sequence measurements with
arbitrary delay uses minimum storage requirements as opposed
to a recently proposed alternative. The performance of our filters
is compared to the extended version of the other alternative in
the literature using a simulated scenario of a target with a highly
nonlinear motion dynamics and measurement relations.

Keywords: Out of sequence measurements, OOSM, parti-
cle filter, fixed point smoothing.

I. INTRODUCTION

Ability to process out of sequence measurements (OOSMs),
which are the measurements of a target that arrive at a fusion
center after a more current measurement of the same target has
already been processed, is a requirement of modern multi-
sensor platforms where discarding such measurements can
cause significant decrease of performance. The common case
of different data processing times and schemes of the sensors
and/or generally unpredictable communication delays among
the information sharing entities in distributed data processing
environments brings up the problem of how to make efficient
use of the information carried by this type of measurements.

There has been considerable amount of research done in
this direction in the last decade thanks to the popularity of
distributed sensing and tracking systems. The initial work
on the subject concentrated on systems with linear state and
measurement models for single lag OOSM problem. A survey
of first suboptimal approaches is given in [1]. The surveyed
solutions ranged from discarding the delayed observations to
partial compensation of the effects of the process noise during
the last lag. In fact, the difference between these methods are
in the ways of taking care of the correlated process noise
between the current time and the time (stamp) of the delayed
measurement. An exact compensation of the process noise is
given for the single lag problem in [2] with a comparison
with the previous non-exact methods given in [3], [4]. It is
concluded in [2] that the approach outlined in [1] as “Method
4” (given originally in [3]) is only slightly suboptimal and is
“a reasonable compromise between simplicity and optimality”
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[2]. On the other hand the solution given in [4] is criticized
as being excessively optimistic. The generalization of the
approach of [2] to multiple lag problems is presented in [5].
Another solution based on state augmentation is discussed in
[6], [7]. The general linear minimum mean square optimal
solutions for the linear state and measurement equation case
with multiple lags have been derived quite recently in [8]
for different cases of stored (given) information. A one step
solution to the multiple lag problem is proposed using the
concept of “equivalent measurement” in [9], which reduced
the storage and computation requirements of the algorithm of
[5].

All of the above mentioned work had concentrated on
the systems with linear state and measurement equations
and it is quite straightforward to generalize them to the
case of systems with linear state equations and nonlinear
measurement equations using extended Kalman filter (EKF)
or unscented Kalman filter (UKF) type approximations of
the measurement equation. The common maneuvering target
tracking methodology involving jump Markov linear systems
[10], [11] has also been studied in the context of OOSM
problem by some researchers (See [12] and the references
therein). The case of general nonlinear discrete time systems
has been first considered in connection with OOSMs in [13]
where a particle filtering based solution, which modifies the
final particle weights obtained before the arrival of the OOSM,
is given. Later the method is equipped with a Markov chain
Monte Carlo (MCMC) smoothing step in [14]. The particle
filter used in [13], [14] needs excessive amount of storage
resources by requiring all the previous particles to be stored
for a predetermined maximum number of lags. An alternative
particle filter has been proposed to circumvent this problem
in [15] which has shown that the suggested particle filter
has almost similar performance characteristics with an EKF
based solution. Although the particle filters mentioned above
do not require linear measurement equation and therefore do
not suffer from approximation effects of EKF or UKF based
measurement models, they implicitly require a linear state
equation to operate. Specifically, the approach of [13], [14]
requires a linear state dynamics to form the proposal density of
the state corresponding to OOSM and the particle filter of [15]
needs a state transition matrix to retrodict (predict backwards)



the particles which is available only for systems with linear
state dynamics. We give an extension of the proposal density
generation of [13], [14] to nonlinear state dynamics in Sec. IV
using EKF or UKF type approximations. However, even with
this, a general nonlinear approach which is storage efficient
for OOSM problem is still missing in the literature.

In this paper, we propose a particle filter based solution for
OOSMs for the general nonlinear systems with less storage
requirements than those of [13], [14]. The main idea of our
study is based on the fact that storing the measurements for
a predetermined maximum number of lags is much more
storage efficient than keeping the particles and their weights
for the same period in the particle filtering case. In fact,
when there are infinite computation resources, the solution
of the out of sequence measurement problem is trivial when
the measurements (as well as particles) are stored since the
reordering and reprocessing of the measurements would give
the optimal minimum mean square estimate. We, here, instead,
propose suboptimal approaches where sufficient statistics (like
a single mean and covariance) are stored instead of previous
particles and the computation requirements are also minimized
by using auxiliary fixed lag smoothers which require much less
computation than that would be required in the case reordering
and reprocessing the measurements.

The outline of this document is given as follows. Section II
makes a problem definition and illustrates the notation that will
be used throughout the paper. In Section III, we give a brief
summary of the approach of [13], [14] with an extension and
then present our storage efficient particle filters. The proposed
methods are compared on a simulated example in Section IV.
The paper is finalized with conclusions in Section V.

II. PROBLEM FORMULATION

We consider the following discrete-time nonlinear state
space model defined on a probability space (2,F,P)

Tht1 =[rt1.6(Tk) + Wht1,k (D
Y =hi(zr) + vk 2

where {x, € R"} is the state sequence with initial distribution
xo ~ po(zo). We here adopt an implicit simplified notation
such that the system state dynamics given by (1) is a dis-
cretized version of a corresponding continuous time dynamics,
ie., zp = x(ty) where t; € R is an arbitrary time value and
fr+1.1(.) is the state transition function transforming x(¢;) to
x(tr41). We also assume that the time sequence {5 }72, is
non-decreasing and therefore the transformation involved in
(1) is not necessarily invertible. {y, = y(tx) € R™} is the
noisy observation sequence,{wy+1 € R"} is a white process
noise sequence with distribution wy 1 ~ p},._,(.). Here
it is important to emphasize that w1k models the lumped
effects of a continuous independent increment process noise
between the time instants ¢, and ¢41. {vx € R™} is a white
measurement noise sequence independent from the process
noise with distribution v ~ p}(.). The functions fr11 x(.)
and hy(.) are measurable and in general nonlinear functions
of the state .
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Figure 1. An illustration of ¢-lag OOSM problem.

Suppose that we are at an intermediate stage of the
estimation process in which we try to calculate (approxi-
mate) the posterior state density p(x,,|yo.m) Where yo.m, =
{Y0,¥1,--,Ym ). Assume that we have already processed
k measurements yo., and we estimated a posterior density
p(zk|yo.x) of the state based on yo.,. Then, suppose we get
the (k+1)th measurement as an out of sequence measurement
which we call as y, with a time stamp 7 € [tg_s, tk—p4+1)-
Now, the estimation algorithm is required to calculate (or
approximate) the posterior density p(xk|yo.k,-) Where yo.x - is
an abbreviation for {yo.x, y, }. The estimation problem posed
by the scenario mentioned above is called the ¢-lag OOSM
problem and illustrated in Figure 1.

III. PARTICLE FILTERS FOR OOSM

Particle filters [16]-[18] are Monte Carlo based statistical
signal processing algorithms which provide a computationally
attractive way of implementing the Bayesian density recursion
given as

p(yk |$O:k: yo:kq)p(ﬂ?k |$0:k71, yo:kq)

P(Yr|yo:e—1)
X p(Z0:k—1]Y0:k—1) 3)

P($0:k|yO:k) =

They do this by
p(To:x|yo:k) as

approximating the density functions

N
p(Zo:k|Yo:k) ~ Zw(()fgcd(‘r()lk - x(()lgc) S
i=1

where the samples {a:((f;c}fil are called particles and the
scalars {w((f;c}f\;l are the corresponding particle weights. Par-
ticle filters overcome the problem of sampling from the density
function p(zo.x|yo.x) whose dimension increases at each time
step by sampling from the so called proposal (importance)
densities m(o.x|yo.x) Which satisfy

T(xo:k|yo:x) = T(@k]|To:k—1, Yok )T (To:k—1[Yo:k—1)  (5)

At time k, this form of importance densities satisfy the equality

/W(fvo:k\yo:k)dxk = T(T0:k—1|Y0:k—1) (6)

and therefore make the resampling of the previous particles
{xé&_l}ij\il unnecessary since the samples {z{/. _}Y are
also distributed according to 7(x.x|yo.x) by (6). Therefore, at
each time step k one has to sample only the last state compo-
nents {2}V according to the density 7 (2x|Tom—1, Y0k )-



The particle weights are updated as

(0) p@k@éﬂw%k 1)P($;(;)|$836—1»y0:k71) ()
W X (@) Wh. 11 @)
(), |% }—15 Yo:k)

with SN 1w0k =1.

Writing the recursion (3) for our case summarized in Section
IT and discarding unnecessary terms from the given conditions
in each term, we get

P(Yr|xr)p(Tr |Th—r, Th—p41)
P(Yr|yo:x)

)=

p(£0:k|y0:k)
3)

This is the main equation leading to the particle filter of [13],
[14] for which we give a brief summary and make an extension
in the following subsection.

p(xO:k,T

A. Extension of the Approach of [13], [14]

The equatlon (8) suggests the sampling of {xT )} from the

density p(xT\x ket :c,i ) ¢41) With a coefficient update given as

2

wih, o p(yrlayws), 9)

with El 1 0 k - = L. The problem is now how to sample

) from the density function p(:zr7|:17k Z,xé)éﬂ) In [13],
[14], this problem is investigated only for linear Gaussian
system dynamics. In that case the density p(aﬂa:,@e, xé 9 r41)
is a Gaussian density whose mean is a linear combination of
x,(ﬁ , and x,(jl ¢4+1 and covariance is based on the process noise
covariances. This solution is based on the fact that

p<x§czzf+1 ‘xr)p(‘r‘r |$§Qg)
p(xgjzzﬂ\x,(ﬁf)

i) (8

(3CT|351€Z RS z+1) = (10)

Note that, instead of writing the Gaussian densities corre-
sponding to p(z\” o41]2r)s p(z-|2\" ) and then doing the
multiplication, one can interpret (10) as the measurement
updated version of the predicted density p(mT|x ha R ) using the
measurement

(7)
Lot

Y

Therefore in the case of Gaussian densities p*(.), one can
obtain approximate densities using EKF or UKF. For non-
Gaussian case, one can approximate the involved densities
using Gaussians and uses EKF or UKF, or make a simple
particle approximation with a resampling step without the
Gaussian approximation. We here illustrate the Gaussian case
with EKF.

Calling the covariance of the noise terms Wy, k, as Qk; ky»
then the density p(x7|w,(;l ¢) is given exactly as

= N(.T-,—; fT,k}fE(m](gil[)? Q‘r,kff)

where the notation N (z;Z,Y) stands for a Gaussian proba-
bility density function which has a mean  and covariance ¥

fkff+1,‘r(5r7') + Wk—t41,7-

pz- |2 ) (12)

evaluated at the dummy variable x. Then updating this density
. . (@)
using EKF formulas with measurement ;" ,, |, we get

(x‘F'xk: Z’xi:)ZJrl) N(zr, 20, 50) (13)
where
T :fr,kfé(x](ciZg)
+ K (%@ul - fk7€+1,7'(fr,k7€(x§cliz)))
(14
ET :Q‘r,kff
- KT(Fk—z+1,7QT,k—2FkT_g+1,T + Qr—r41.) KT
(15)
KT :an—éFkT_é.t,_Lq—
X (Fr—t41,0Qrh—tFl i1+ + Qr—tgr,r) "
(16)
Fr o111 =—frk—vr1.r v 17
h—tt1r =5 fo-tr10(2) @) (17)
Due to the requirement of knowing :v() and xl(;zz 41

the particle filter of [13], [14] needs to store the particles
for a predetermined maximum number of lags £,,,, i.e., the
storage requirements, denoted by 2ps using the initials of
original authors, are Qo = {{z{ 1Y, h e, . This is
an overwhelming storage requirement which makes one doubt
about the gain obtained by including the OOSMs into the
estimation process. In the next subsection, we present our
approach of solving the same problem using a suboptimal
method with sufficient statistics.

B. Storage Efficient Particle Filters

Since at each time instant, there is only one measurement ¥y,
for the particle filter and since the dimension of measurements
is usually less than that of states, storing the measurements
instead of particles for a predetermined maximum number
of lags is much more storage efficient in the particle fil-
tering case. Therefore, we assume that the measurements
{ym}fn:k—emw 41 are stored. Then our approach is based
on the distribution of the posterior density p(zk|yo.x,~) using
Bayes rule as follows

p(yr |7k, Your)
P(Yr|Yo:x)

which is actually a marginalized version of (8). Substituting
the particle approximation of p(x|yo.x) into (18), we obtain

P(Tr|yok,r) = p(Tk|Yo:x) (18)

N (2)
P\Yr|Ty "5 Yo:k i i
p(aklyonr) = ng RICTEER)

(19)
=1 p(y‘r‘yOk)
N .
=S wi o — ) (20)
=1
where
w0 p(yrlzy) you)wiiy (21)



with Zl 1w(()z3€7 = 1. Therefore, in order to update the
particle approximation of p(zk|yo.) to obtain the approxi-
mation of p(xy|yo:.x,-) one has to calculate/approximate only
the likelihoods {p(y7|x§€),y0 ©) Y. In the following, we
concentrate on how this calculatlon can be done using fixed
point smoothers.

Using Bayes rule and the total probability theorem,

Pl 2D, you) = / plyr )p(r e, yor)der  (22)

= /P(%Wr)?(ﬂﬁr\x?,Z/o:kfl)dxr (23)
where yj is dropped from the given COIldlthIl since x()
given already. Hence, the likelihood p(yr\az % s Yo:k) is depen-
dent on a smoothed density of the state at the OOSM time
stamp p(xf|x,(:), Yo:k—1)- Here, both the measurements yo.;—1
and the particle state xg) must be interpreted as measurements
i.e., the particle state :1:,(;) is a measurement of the state x,_;
using the state dynamics f () as the measurement relation with

(4)

z,” = frr—1(Th—1) + Wi p—1. (24)

Since the density p(x7|x,(j),y0;k,1) is a smoothed density
and since using the state value x;”’ as a measurement must
eliminate a possibly dominant multi-modal behavior of the
density caused by processing only the measurements yg.;—1,
we, in the following, assume that it can be represented by a
single Gaussian or with much less particles than the original
particle filter has i.e., either

(el yok—1) & N (@101 40 Srjo—1,60) (25)

or

(9)
Zwﬂok 1 ko O(Tr xTJ‘O;k_Lk(i))-
(26)

p(xr \xff), Yo:k—1)

where M < N is the number of particles in the auxiliary
particle filter'.

In the former case, the likelihood p(y.|z\”, yo.x) is given
with an EKF approximation of p(y,|z.) as

p(yTlml(gZ)a ink) = N(yTy y-r\():kfl,k:(i) ’ Z£|0:k_17k(i)) 27
where
Urj0k—1,6) =hr (Trj0:k—1,5) (28)
szk 1,k =H: X o—1,00 H + R~ (29)
with H, = %p R and R, is the covariance of
T=T 0k —1,6(D)

v,. UKF type approximation is also an alternative that can be
applied in this situation.

UIn this document, the term “auxiliary particle filter” is used in a completely
different meaning than that of [19]. What we mean by it is "additional and/or
supporting” particle filter.

In the latter case, i.e., in the case of particle approximation
of p(xT\J:g), yo;k_;)) given by (26), we can calculate the
likelihood p(yy|2\”, yo.) as

M
_ () v ()
- waj\o:k—l,k@pr (yT - h(x-rj|0:k—1,k<i))>
=1
(30)

p(yr |2\ yor)

Since the likelihood p(yT|x§:),yo:k) can be calculated by
either (27) or (30) in the cases given by (25) and (26)
respectively, we here turn to the problem of how to obtain
the appr0x1mat10ns (25) and (26) of p(xT|xk , Yo:k—1)- We
write p(x7|xk ), Yo:k—1) by partitioning yo.x—1 as

(@

P\ s Yk—t4+1:k—1|T
($T|$k s Yo:k— 1) ((Z)k as | T) p('rT‘yO:k—K)
(2} Yk—t41:k—1|Y0:k—e)
(€1))

This density update is a measurement update of the density
p(Zr-|yo.k—e) using the measurements {xS),yk,gH;k,l}.
Therefore, we need a representation of the past
ie, p(or|lyok—¢) to update with the measurements
{I}E}l),yk_[_i_l:k_l}. We here choose to summarize all
the past information by a single mean Iy, and covariance
value X, for the state i.e., the stored information need to be

Qo6 = {{Zmims Smim Y m—k—tmas s Ym Y immk—tan 41 -

32)

Updating the density p(x|yo.x—¢) to obtain p(x7|x,(;), Yo:k—1)
is a fixed point smoothing problem for which, we are going
to consider three different cases, namely, extended Kalman
smoother (EKS), unscented Kalman smoother (UKS), and
particle smoother (PS). The fixed-point smoothing methods
for the EKS and UKS approaches have been adapted from
[20] as follows.

1) Auxiliary Extended Fixed-Point Kalman Smoother: The
density p(z,|yo.x—¢) is given using the EKF approximation as

p(xr|y0:k—é) = N(-/I;T;jj‘r\kféa 27’\1@7@) (33)
where
Tt =frh—e(Tr—g)l—r) (34)
Skt =Fr ot Sh—oi—eF p_g + Qri—e (35)
with Frp_p = %;‘(z) A . Then we define the
T=Tg—¢|k—t

augmented system state

L x
&cé[g’g}z[w’“} (36)
with dynamics
1
Cort = [ €k+1 } _ ( fk+1,k(§k)2+ Wht1,k > 37)
€k+1 gk
with initial state and covariance
| Trp—e | Bkt Brjr—e }
T — - ) PT - 38
¢ { Lr|k—t } [ Yrh—t k-t (38)



The augmented system has the measurements

0 =g (eh) +0 (39)
where
R (), k—/l+1<m<k-2
(1) — r
I () = hy—1(z) ]
m =k-1
| fre1(@) "
(40)
_ UTIM k_€+1§m§k_2
Om = V-1 }7 me=k—1 (41)
| Wk,k—1
Yms k—/l+1<m<k-2
(1) — oy
T vt ] ’ ek 1 (42)
L Tk

Then, the smoothed density p(mT|x,(j),y0;k_1) is given as

i £(4),2 1),22
p(x’r|x](c)vy01kfl) = N(x7'7§](€21‘k,17P]£,)1|k,1) (43)

i),22
1|k 1

of the state estimate fk k-1 (covariance P()l‘k 1) ob-
tained by processing the initial estimates &, and P, using
EKF recursions on the augmented system with measurements
)

Remark 1: Note that the filters use the same initial esti-
mates and the same measurements up to time k — 1, i.e., the

measurements {nm k- Qk ¢41 are i-independent. Therefore a

where f il 1| b1 (P,i ) is the lower (bottom-right) block

single filter is run until time £ —1. Then the estimates f Pl 1| k1

(1),22
and the covariances Pk 1k—1

mon filter’s estimate fk 1jk—2 and covariance Py_q;_2 by
applymg the EKF measurement update with the measurements
{nk 1 HL 0

Remark 2: In the case that 7 € [ty_1, 1), i.e., the OOSM
belongs to the last sampling period, the filter has to use only
xg) as the measurement by updating the sufficient statistics of
time k£ — 1, with the measurement equation

are obtained using this com-

JU,(f) = frok—1(Tp—1) + Wi k—1- 44)
O
In the context of (25), we have
N 2(4),2
Erfodo 1) =65 T (45)
1),22
ook =P (46)

and (27) can be used to obtain the likelihood p(yT|x,(;)7 Yok )-

2) Auxiliary Unscented Fixed-Point Kalman Smoother:
The UKS case follows exactly the same lines as the EKS
case except the initial estimates £, and P, are updated using
UKF [21]-[23] recurs1ons on the augmented system with
measurements {1 }© k1"

3) Auxiliary Fixed-Point Particle Smoother: Note that, as
mentioned in Section I, when the measurements are stored,
one has the chance to order the measurements in the interval
[,tx] and redo all the particle filtering steps in between
with ordered measurements. However, this really needs ex-
tensive computation facilities available. Here we propose an
alternative solution with less computations. With the intuitive
argument that the smoother density p(x7|x};, Yo:k—1) requires
much less particles than the original particle filter, we start an
auxiliary particle filter at time k—¢ with number of particles set
to M < N. The steps of the algorithm are given as follows.

Algorithm 1:

Some parts of the algorithm described below are over-
summarized due to space considerations and details will be
added in the final submission if space constraints allow us.

« Initialization:

— Obtain M samples {£;” () }M , from the density
N(Tp—r; B—gph—r, Dp— (’\k /)

— Predict the particles {f pid e}M 1 to time 7 and set the
weights of the particles according to the importance
density used as usual. Note that these initial particles

9 ) should always be kept track of until getting the
likelihood p(yT\J:,C L Y0ik)-

e Recursion: Foreachm, k—/+1<m<k-1

- Setr = T b1 <7
m — 1, otherwise
— Predict the particles {£Y )}Ml to time t,, set the

weights of the particles accordmg to the importance
density used as usual.

— Check resampling condition < M. If

ZM ( (J))z

true, resample to obtain the new particles {&, Dy M

Jj=1"
Keep track of the corresponding 59 ) while choosing
the new particles. Set u( ) = =1/M for1 < j < M.
If false, set &) = €9) for 1 < j < M.

— Increment m and go to the beginning of the recur-
sion.

o Include x,g R

of the particles as usual by using the likelihood of x;
derived from state dynamics (24).

as a measurement by updating the weights
(@)

Now, the approximated smoothed density p(mT\xS), Yo:k—1) 18
given as

. (J)
p($7|$l(ql)>y0:k 1 Z,U/(JZ ( f( w6 )) (47)

where k(& @ 1) is the index of the particle (in the set {§T -:1)

which corresponds to the updated particle f,gjjl. In the context
of (26), we have

(7 (4:%)

Wr0:k—1,k0 —HE—1 (48)
K,(E(J)
Lr|0:k—1,kH :57( ) 49)

and (30) can be used to obtain the likelihood p(y7|m§f)7 Yok )-



Remark 3: Note that, until the inclusion of :E,(;) in the
estimation process, the particles do not depend on <. Therefore,
a single particle filter is run before the weights are updated
based on xg). As soon as weights are updated with x,(;) the
formula (30) can be used calculate the ith likelihood. It is
also important to notice that the updated states of the particle
filter do not carry any information other than the index of the

corresponding initial particle.
IV. SIMULATION STUDY

In this section, the performances of the proposed methods
are going to be compared on a simulated target tracking
scenario. We consider a two-dimensional bearing only track-
ing problem with multiple sensors sending information to
a common fusion center. The single target in the scenario
makes a clockwise coordinated turn of radius 500m with a
speed about 200km /h beginning in y-direction with the initial
position [—500m,500m] for 30secs. Two primary tracking
sensors called as S; and Sy acquire bearing data of the
target corrupted by a Gaussian measurement noise with zero
mean and standard deviation of 0.05rads with sampling period
T = 1sec. The locations of the two sensors are selected to be
ps, = [-200m,0m] and pg, = [200m, 0m]. The sensors are
synchronized and their measurements are assumed to arrive
at the fusion center without any delay. A third bearing sensor
S3 which is located at ps, = [—750m,750m] and have a
standard deviation of 0.05rads is assumed to have serious
communication problems with the fusion center. The behavior
of this third sensor is modeled as follows. At each time value
ti that the fusion center gets information from the primary
sensors about the target, an OOSM of the third sensor arrives
at the fusion center with probability p,.sn, and delay ¢g4. The
time delay ¢4 of the OOSM is selected uniformly in the interval
(0, tmaz) Where 4, is a predefined maximum delay value.
The fusion center then makes its filter updates first using the
in sequence measurements coming from the primary sensors
and then using the OOSM coming from the third sensor if
any. The true target trajectory and the sensor positions used
in the example are illustrated in Figure 2. The target motion
is modeled in the filters with the discretized coordinated turn
model with unknown constant turn rate (i.e., the turn rate is
also a state variable) and with cartesian velocity. Therefore, the
state of the target is given as xy, = [pf, p¥,v¥, v}, wy]” where
p,v and w variables denote the position, velocity and turn
rate respectively. In all simulations, we selected the standard
deviations for the turn rate and speed as o, = 0.1rad/sec?
and o, = 10m/sec?® respectively.> The measurements are
the standard bearing measurements with additive Gaussian
noise with zero mean and standard deviation 0.05rads for all
sensors. All the filters to be run are assumed to know nothing
about the initial state of the target and therefore have been
initialized with the state value x¢ = [0,0,0,0,0]7 and a large
covariance Py = diag(2502,2502, 302, 302,0.12).

2Some of the state transition and covariance matrix descriptions are skipped
for space considerations. The details will be added in the final submission if
space constraints allow us.
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Figure 2. The target trajectory and the sensor positions used in the example.

It must be noted that for this state estimation problem with
the model and the initial conditions described above, the EKF
and UKF implementations failed to converge. The implemen-
tations of such filters also diverged with non-zero initial turn
rate values, or even with the correct turn rate of the target.
Note that there are several different UKF implementations in
the literature. The ones implemented and observed to diverge
in this study were the standard one given in [21], [22] and the
modified version [23], with the standard parameters o = 1073,
08 =2 and k = 0. As a result, only different particle filters
have been run and compared in Monte Carlo simulations. Six
different particle filters have been implemented:

o« A SIR particle filter which discards the OOSMs and
therefore processes only the measurements of the sensors
S7 and Ss5. This filter is called as PFstd filter in the
subsequent parts.

e An off-line SIR particle filter which collects all the
measurements from the three sensors and then processes
the time-ordered measurements. This filter is called as
PFord filter in the subsequent parts.

e A SIR particle filter implementation of the extended
version of the filter given in [13] proposed in Section
III-A. This filter is called as PFoosmEXT filter in the
subsequent parts.

o A SIR particle filter equipped with the auxiliary extended
Kalman smoother described in Section III-B1 to process
the OOSMs. This filter is called as PFoosmEKS filter in
the subsequent parts.

e A SIR particle filter equipped with the auxiliary un-
scented Kalman smoother to process the OOSMs. This
filter is called as PFoosmUKS filter in the subsequent
parts.

o A SIR particle filter equipped with the auxiliary particle
smoother described in Section III-B3 to process the
OOSMs. This filter is called as PFoosmPS filter in the
subsequent parts.



All the particle filters use 10000 particles. A very critical
property for healthy operation of a particle filter is its sample
diversity. During the extensive simulations, it was discovered
that, at occasional times, an OOSM update can significantly
reduce sample diversity which can cause significant perfor-
mance deterioration. Although this was especially evident in
PFoosmEXT filter, the other particle filters using the OOSMs
have suffered from the same phenomenon which is caused
either by the divergence of the OOSM update method or
severe mismatch between the current particles and the OOSM,
resulting in degenerate likelihood values, i.e., likelihood values
(and hence updated weights) only few of which are non-
zero. Inclusion of such OOSMs can reduce the estimation
quality of the filters beyond even what can be achieved without
using the OOSMs. Therefore, a detection mechanism for such
individual cases has been designed to avoid OOSM updates
which reduces the estimation quality. The detection process in
our study works as follows:

o Before each OOSM update, calculate the number of ef-
fective samples using the non-updated weights {wézi}f\il
as NI =1/ 350, (wg))?

o After the OOSM update, calculate again the number of
effective particles using the updated weights {w(()lLT N
as Ng)osterior _ 1/ Eil\il(w(i) )2

fr 0:k,7 .
« Reject the OOSM if NZ77"*" < NPT /100 and set
w(()ZLT = wé’}c fori=1,...,N.

The above procedure amounts to accepting only the OOSMs
which do not decrease the number of effective samples by a
hundred times or more.

The UKF used in the filter PFoosmUKS is the one proposed
for solving the negative covariance matrices [23] with the
standard parameter selections o = 1073, B =2and k = 0.
The particle smoother used in the filter PFoosmPS is a standard
SIR implementation with 1000 particles which is the one tenth
of the number of particles used in the main filters.

A total number of 2000 Monte-Carlo runs have been made
with the particle filters with changing the number OOSMs,
OOSM arrival times and measurement noise realization af-
fecting the sensor outputs in each run. The probability p,osm
of the arrival of OOSM from the sensor S3 has been selected
as 0.7. The maximum time lag ¢,,,, of the OOSMs is set to
5secs. If an OOSM arrives from sensor Ss, its time stamp is
selected to lie uniformly in the interval [0, t,,q,). With these
selections, the smoothers must make at most five updates for
each OOSM. The particle smoother used in PFoosmPS has
the highest computation load which is limited to about half of
a single update (both prediction and measurement updates) of
the main particle filter.> Therefore, the computation load of our
filters is also quite limited as well as the storage requirements.

3This is because the particle smoother has 1000 particles. For each OOSM,
at most 5 prediction and measurement updates will be made, which makes a
maximum number of 5000 prediction and measurements updates. Since the
main particle filter has 10000 particles, it has to make 10000 prediction and
measurement updates at a single step which is twice the maximum number
of updates required for an OOSM.
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Figure 3. RMS position errors of the particle filters with PCRLB of the case
without OOSMs.
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Figure 4. RMS velocity errors of the particle filters with PCRLB of the case
without OOSMs.

The RMS position and velocity errors of the particle filters
are illustrated in Figures 3 and 4 respectively. The parametric
Cramer-Rao lower bounds (PCRLB) calculated for the case
without OOSMs are also shown in the figures. As expected, the
filter PFord which uses the ordered measurement data shows
the best performance except for some transient behavior at
the initial times of the velocity estimation. One must notice
that in the case of velocity estimation, even the filter PFord
with all its extra higher quality information cannot beat the
PCRLB curve of case without OOSMs, which shows the
degree of challenge involved in the problem. Moreover, there
are isolated instances of lower performance of a filter using
OOSMs (like PFoosmUKS in some periods of time in the
position and especially velocity curves) than the filter PFstd
which discards OOSMs. This clearly shows that OOSMs must



be used carefully in the estimation process. The reasons about
the failure of PFoosmUKS in incorporating OOSMs into the
particles can be attributed partly to the extreme divergence of
the UKF on the original target scenario and partly to the pos-
sible ineffectiveness of the OOSM discarding logic presented
above in detecting this divergent cases. Requiring the OOSMs
to keep the number of effective samples at a higher level by
increasing the threshold in the logic can obviously reduce this
phenomena. However, these cases are still worth illustration
to point out the requirement of OOSM selection/discarding
logics for similar applications using particle filters.

The EKS based filter PFoosmEKS obtains the best perfor-
mance among the filters using OOSMs which actually con-
firms the fact that the smoothed density is p(a:T|ac,(j)7 Yoik—1)
uni-modal most of the times if not always. The slightly worse
performance of the particle smoother based PFoosmPS than
PFoosmEKS is quite expectable because Kalman filter based
solutions of the smoothing problem might have better results
than particle based solutions in the case when the smoothed
density is uni-modal and especially if the number of particles
is low. Except the filter PFoosmUKS, the estimation errors
of our smoother based filters are quite comparable to those
of PFoosmEXT which shows that they can serve as storage
efficient alternatives to the existing methods.

V. CONCLUSIONS

This paper presents particle filters which use auxiliary fixed
point smoothers for the OOSM problem. The methodology
adopted allows the most general nonlinear state-space sys-
tem framework with both system dynamics and measurement
equations nonlinear. The resulting storage efficient particle
filters are compared to an extended version of a previously
proposed solution on a challenging simulated target tracking
scenario. The results show that some of proposed solutions
are at least capable alternatives to the existing ones with
less storage requirements and moderate computational load.
The results of the auxiliary extended Kalman smoother based
particle filter is especially promising suggesting its use over
the other algorithms.

ACKNOWLEDGMENTS

The authors gratefully acknowledge fundings from SSF
(Swedish Foundation for Strategic Research) Strategic Re-
search Center MOVIII and the Vinnova/FMV TAIS project
ARCUS.

The first author would also like to thank Gustaf Hendeby
of Link6ping University for his advices on code optimization
in Matlab to reduce the simulation time of the methods
implemented in the paper, and for his guidance for UKF
implementation.

REFERENCES

[1]1 S. Blackman and R. Popoli, Design and Analysis of Modern Tracking
Systems. Norwood, MA: Artech House, 1999.

[2] Y. Bar-Shalom, “Update with out of sequence measurements in tracking:
Exact solution,” IEEE Trans. Aerosp. Electron. Syst., vol. 38, no. 3, pp.
769-778, Jul. 2002.

[3] R.D. Hilton, D. A. Martin, and W. D. Blair, “Tracking with time-delayed
data in multisensor systems,” Naval Surface Warfare Center, Dahlgren.
VA, Tech. Rep. NSWCD/TR-93/351, Aug. 1993.

[4] Y. Bar-Shalom and X. R. Li, Multitarget-Multisensor Tracking: Princi-
ples, Techniques. Storrs, CT: YBS Publishing, 1995.

[5] M. Mallick, S. Coraluppi, and C. Carthel, “Advances in asynchronous
and decentralized estimation,” in Proceedings of IEEE Aerospace Con-
ference, vol. 4, Mar. 2001, pp. 1873-1888.

[6] S. Challa, R. J. Evans, and X. Wang, “A Bayesian solution and its

approximations to out of sequence measurement problems,” Journal of

Information Fusion, vol. 4, no. 3, pp. 185-199, Sep. 2003.

S. Challa, R. J. Evans, X. Wang, and J. Legg, “A fixed-lag smotthing

solution to out of sequence information fusion problems,” Communi-

cations in Information and Systems, vol. 2, no. 4, pp. 325-348, Dec.

2002.

K. Zhang, X. R. Li, and Y. Zhu, “Optimal update with out of sequence

measurements,” IEEE Trans. Signal Processing, vol. 53, no. 6, pp. 1992—

2004, Jun. 2005.

Y. Bar-Shalom, M. Mallick, H. Chen, and R. Washburn, “One step

solution for the general out of sequence measurement problem in

tracking,” IEEE Trans. Aerosp. Electron. Syst., vol. 40, no. 1, pp. 27-37,

Jan. 2004.

[10] H. A. P. Blom and Y. Bar-Shalom, “The interacting multiple model
algorithm for systems with Markov switching coefficients,” IEEE Trans.
Automat. Contr., vol. 33, no. 8, pp. 780-783, Aug. 1988.

[11] E. Mazor, A. Averbuch, Y. Bar-Shalom, and J. Dayan, “Interacting
multiple model methods in target tracking: A survey,” IEEE Trans.
Aerosp. Electron. Syst., vol. 34, no. 1, pp. 103-123, Jan. 1998.

[12] Y. Bar-Shalom and H. Chen, “IMM estimator with out of sequence
measurements,” IEEE Trans. Aerosp. Electron. Syst., vol. 41, no. 1, pp.
90-98, Jan. 2004.

[13] M. Orton and A. Marrs, “A Bayesian approach to multi-target tracking
and data fusion with out-of-sequence measurements,” in Proceedings
of IEE Conference on Target Tracking: Algorithms and Applications,
vol. 1, Oct. 2001, pp. 1-5.

, “Particle filters for tracking with out-of-sequence measurements,”
IEEE Trans. Aerosp. Electron. Syst., vol. 41, no. 2, pp. 693-702, Apr.
2005.

[15] M. Mallick, T. Kirubarajan, and S. Arulampalam, “Out-of-sequence
measurement processing for tracking ground target using particle filters,”
in Proceedings of IEEE Aerospace Conference, vol. 4, 2002, pp. 1809—
1818.

[16] A. Doucet, N. de Freitas, and N. Gordon, Eds., Sequential Monte Carlo
Methods in Practice. Springer Verlag, 2001.

[17] A. Doucet, S. J. Godsill, and C. Andrieu, “On sequential simulation-
based methods for Bayesian filtering,” Statistics and Computing, vol. 10,
no. 3, pp. 197-208, 2000.

[18] S. Arulampalam, S. Maskell, N. Gordon, and T. Clapp, “A tutorial on
particle filters for on-line non-linear/non-Gaussian Bayesian tracking,”
IEEE Transactions on Signal Processing, vol. 50, no. 2, pp. 174188,
Feb. 2002.

[19] M. Pitt and N. Shephard, “Filtering via simulation: Auxiliary particle
filters,” Journal of the American Statistical Association, vol. 94, no. 446,
pp. 590-599, Jun. 1999.

[20] K. K. Bismas and A. K. Mahalanabis, “Suboptimal algorithms for
nonlinear smoothing,” IEEE Trans. Aerosp. Electron. Syst., vol. 9, no. 4,
pp. 529-534, Jul. 1973.

[21] S. Julier, J. Uhlmann, and H. Durrant-Whyte, “A new method for
the nonlinear transformation of means and covariances in filters and
estimators,” IEEE Trans. Automat. Contr., vol. 45, no. 3, pp. 477482,
Mar. 2000.

[22] S. Julier and J. Uhlmann, “Unscented filtering and nonlinear estimation,”
Proc. IEEE, vol. 92, no. 3, pp. 401422, Mar. 2004.

[23] E. Wan and R. Van Der Merwe, “The unscented Kalman filter for
nonlinear estimation,” in Proceedings of IEEE Adaptive Systems for
Signal Processing, Communications, and Control Symposium. AS-SPCC,
Oct. 2000, pp. 153-158.

[7

—

[8

[t}

[9

—

[14]




