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ABSTRACT

In this study, a method is proposed to calculate the bias and
mean square error matrix of Harris detector calculated cor-
ners. The main result is presented in a theorem and the per-
formance of the algorithm is shown on an example.

Index Terms— Harris corner detector, bias, covariance,
mean square error.

1. INTRODUCTION

Vision sensors as cameras are becoming standard sensors in
many sensor fusion applications, as:

• Automotive collision avoidance algorithms [1], where
vision information is being merged with radar and lidar
sensors, for tracking surrounding vehicles and detect-
ing stationary objects.

• Augmented reality applications [2], where inertial sen-
sor information is supported with features detected in
the image frames to prevent drift in dead-reckoning,
and in the end provide accurate camera pose estimation
and prediction.

• Airborne navigation and surveillance systems using for
instance unmanned aerial vehicles, where the basic goal
is the same as in augmented reality; to prevent drift in
the navigation system.

A simple yet powerful algorithm to detect features in an im-
age is the Harris detector [3]. As shown in [2], it gives real-
time estimation of a large number of features, which can be
tracked from frame to frame with classical target tracking al-
gorithms [4, 5] for data association, track management and
Kalman filtering. The only part that is missing to use the Har-
ris detector in tracking and navigation applications as listed
above is a reliable measure of uncertainty. It is the purpose
of this contribution to provide an expression for bias and co-
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variance1 of the detected feature, that can be directly used in
a Kalman filter based sensor fusion algorithm.

This document is organized as follows. Section 2 intro-
duces our notation. The main result of the paper is given in
Section 3 as a theorem and the performance of our algorithm
is illustrated in Section 4. We finalize the paper with brief
conclusions in Section 5.

2. THE HARRIS DETECTOR

2.1. Notation and definitions

Let I(x, y) be a function of two spatial coordinates x and y.
For black and white images I ∈ R1, while color images give
I ∈ R3. Let

H(x, y) =

(
∂I2

∂x2
∂I2

∂x∂y
∂I2

∂y∂x
∂I2

∂y2

)
(1)

denote the Hessian of this function. The Harris operator based
on I(., .) is defined as

RI(x, y) = det(H(x, y))− k
(
tr(H(x, y))

)2
(2)

= λ1λ2 − k(λ1 + λ2)2, (3)

where λi are the two eigenvalues of the Hessian and k is
an empirical scalar which is generally chosen in the interval
[0.04, 0.06]. For color images where the function I is three-
dimensional, the Harris operator can be generalized in differ-
ent ways, see [6]. Most easily, the sum of R(x, y) for each
dimension can be used. Features are detected as

[x̂, ŷ] = arg localmax
x,y

|R(x, y)|. (4)

Basically, the Harris detector works as follows:

• For a constant function, the Hessian is zero, and so is
the Harris operator.

• For a pure gradient in the function, the Hessian has one
non-zero and one zero eigenvalue, and the Harris oper-
ator becomes negative.

1More rigorously, we must say the mean square error matrix. However,
in this study, we will use the terms covariance and mean square error matrix
interchangeably for the sake of simplicity.



• For two intersecting gradients (a “corner”), both eigen-
values are non-zero and the Harris operator is positive.

2.2. Numeric approximation

A true image Io(x, y) is measured subject to quantization and
additive noise Î[i, j] = Io(xi, yj) + w[i, j] for 1 ≤ i ≤ Nx

and 1 ≤ j ≤ Ny . The partial derivatives in (1) can be approx-
imated2 as
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y [i− j, y − n] (7)

where g[., .] is a weighting window with radius Ng and the
gradient images are given using suitable derivative operators
(e.g. Sobel operators etc.) Dx[., .] and Dy[., .] as

Îx[i, j] = Dx[i, j] ∗ Î[i, j] and Îy[i, j] = Dy[i, j] ∗ Î[i, j].

3. MAIN RESULT

Assumptions:

• Pixels of the noise image w[., .] are independent and
identically distributed with a density function w[i, j] ∼
N (0, σ2

w) for all i and j.

• There is one and only one true corner in the vicinity of
the Harris detector calculated corner estimate

[̂i, ĵ] = arg local max
i,j

RÎ [i, j]. (8)

• The local maximum of the cornerness map obtained us-
ing the true image Io[., .] gives the true corner position
i.e.,

[̂io, ĵo] = arg local max
i,j

RIo [i, j]. (9)

The main result can now be stated as follows.

Theorem 1 Suppose that we have obtained an estimate [̂i, ĵ]
from the Harris corner detector, then, we define the bias and
the covariance of this estimate as

αm,n = P
{

im = îo&jn = ĵo
}

(10)
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î

ĵ
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2The approximations here are correct up to a scaling factor.

where im = î+m and jn = ĵ +n and m,n ranges in the in-
terval [−Np, Np]. Here, Np is the radius of the region around
the corner estimate [̂i, ĵ] in which the probabilities αm,n that
the pixel [im, jn] is the true corner will be calculated. The
probability calculations are done as follows:

αm,n =
∏

l

normcdf
((

1
σw

Q̄−1
m,nr̄m,n

)

l

)
(13)

where the l’th element of a vector ξ is shown as (ξ)l. In (13),

• The vector r̄m,n is in R8 if |m|, |n| ≤ 1 and in R9

otherwise. Its first 8 elements are formed

(r̄m,n)l , RÎ [im, jn]−RÎ [iu, jv] (14)

for integers u and v satisfying −1 ≤ u, v ≤ 1, and
|u|+ |v| 6= 0 where iu = im + u and jv = jn + v.3 Its
9th element (if any) is equal to

(r̄m,n)9 , RÎ [im, jn]−RÎ [̂i, ĵ] (15)

• The size of the real positive definite matrix Q̄m,n is 8×8
if |m|, |n| ≤ 1 and 9 × 9 otherwise. It is the positive
definite square root of R̄m,nR̄T

m,n where R̄m,n has 8
rows if |m|, |n| ≤ 1 and 9 rows otherwise. Its first 8
rows are formed using elements of
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− ∂RI [iu, jv]
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(16)

for the same [u, v] pairs as in (14). Its 9th row (if any)
is formed of the elements of 4
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. (17)

• normcdf(.) is the cumulative distribution function of a
univariate Gaussian random variable with zero mean
and unity variance.

Proof: Omitted in this draft version.

4. EXAMPLE

In this section, we are going to calculate the covariance and
bias of the corners on a test image. For this purpose the Harris
corner detector as described above, which uses Sobel opera-
tors for the derivatives and takes k = 0.4, is executed and the
local maxima of the cornerness map which have cornerness

3There are a total of 8 [u, v] pairs which satisfy these inequalities. These
correspond to 8 neighbors of [im, jn].

4Calculation of the partial derivatives ∂RI [im,jn]
∂I[s,t]

of the cornerness mea-
sure at point [im, jn] with respect to intensity of the pixel [s, t] is straight-
forward and not added here due to space limitations.



value greater than the threshold 105 are selected to be the cor-
ner estimates. Then the covariance and bias estimates are cal-
culated for each detected corner. The radius of the probability
calculation area around a corner is selected as Np = 4 pixels.
Once all (2 × 4 + 1)2 = 81 probabilities are calculated they
are normalized so that the normalized probabilities sum up
to unity5. The covariance and bias are then calculated using
the normalized probabilities which represent an approximate
density for the true corner. The smoothing window g[., .] is
a Gaussian window of standard deviation set to 1 pixel with
radius Ng = 3 pixels. The standard deviation σw of the noise
on the image is assumed to be 20. The results are illustrated in
Figure 1. The red(green, blue) + signs denote the corner po-
sitions detected by the Harris detector in the red(green, blue)
component of the image. The corresponding · signs and el-
lipses illustrate the bias compensated (i.e., expected) corner
positions and 99% confidence regions calculated using the
covariance estimates of our algorithm respectively. Figure

Fig. 1. Covariances (%99 confidence region ellipses), ex-
pected (· signs) and detected (+ signs) corners in the red greed
and blue components of the image [2].

Fig. 2. Zoomed version of Figure 1.

5This normalization amounts to a conditioning of the probabilities by the
event that the true corner is in the area where the probabilities are calculated.

2 shows the middle top part of Figure 1 zoomed. It is appar-
ent here that, the obvious corners of picture on the wall are
represented by “small” covariances whereas the detected cor-
ners inside the pictures are assigned large uncertainties due
to the fact that the cornerness map around those points are
fluctuating significantly to allow nearby points to get selected
as corners with almost equal chance. This increases the bias
calculated by our algorithm and makes the components of the
covariance in the direction of the bias grow. It is also re-
markable for Figure 2 that the covariance and bias estimates
can vary for different (red green or blue) components of the
image. The magnitude of the calculated uncertainty represen-
tations therefore can be used to select the component of the
image that gives less uncertainty (e.g. for tracking purposes).

5. CONCLUSIONS

Uncertainty descriptions for Harris corner detector are de-
fined and a method is proposed to calculate them. Our work
is specialized to the cornerness measure of (3), however it is
straightforward to apply the same framework to other corner-
ness measures as well. Moreover, it is possible to generalize
the method to correlated noise processes as long as the sec-
ond order statistics of any noise vector w̄ which is formed
from the elements of the noise image w[., .] is supplied.
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