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Lecture4
Adaptivefilteringapplications

•Summary
•Communicationproblems:blindandnon-blindequalization
•Noisecancellation
•Vehicularproblems:frictionestimation
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SignalModels

yt=G(q;θ)ut+H(q;θ)et

A(q;θ)yt=
B(q;θ)

D(q;θ)
ut+

C(q;θ)

F(q;θ)
et

yt=ϕ
T
tθ+etorϕ

T
t(θ)θ+et

Optimizationalgorithms:Gauss-Newton,steepestdescent

V(θ)=Êε
2
t(θ)=Ê(yt−ϕ

T
tθ)

2

Algorithms:LMS,NLMS,RLS,WLS,KF

θ̂t+1=θ̂t+Ktεt,
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AdaptiveBlindEqualization

Channel --Equalizer-Decision- utytztût
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ThechannelandequalizeraremodeledasFIRfilters

B(q)=b1(t)q
−1

+b2(t)q
−2

...+bnb(t)q
−nb

C(q)=c1(t)q
−1

+c2(t)q
−2

...+cnc(t)q
−nc

Overallresponse

h(t)=bchannel∗cequalizer(t)

Goodperformanceisdefinedby

h(t)≈mδ(t−k),|m|=1
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SteepestDescentAlgorithms
Lossfunctions

V=E[(1−z
2
)
2
]modulusrestoral(Godard)

V=E[(sign(z)−z)
2
]decisionfeedback(Sato)

Algorithms

ϕt=(yt−1,yt−2,..,yt−n)
T

zt=ϕ
T
tθ̂t−1

ε
Sato
t=sign(zt)−zt

ε
Godard
t=zt(1−z

2
t)

θ̂t=θ̂t−1+µϕtεt

û(t)=|z(t)|
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PerformanceMeasure

Considerthecaseofinputalphabetu(t)=±1.Forsuccessful
demodulationwhennonoiseisguaranteedifthelargestcomponent
ofh(t)islargerthanthesumoftheothercomponents.Thatis,
m(t)>0,where

m(t)=2−

∑
(|h(t)|)

maxt|h(t)|
.

Perfectequalizermeansm(t)=1.
Open-eyeconditioncorrespondstom(t)>0.
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Example
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Open-eyemeasureandresidualsforSato’sandGodard’salgorithms.
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Impulseresponseofchannel,equalizerandcombined
channel–equalizer(almostanimpulsefunction).
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Equalization

Twophases:
1.Channelestimationfromtrainingsequence.

ChannelB(q) --MatchedfilterA(q)- utytb̂t
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Equalization,cont.

2.InputestimationusingtheViterbialgorithm.

-B(q)6

-B(q)
?

utyt

ûtyt(û)

Similaritymeasure-̂ut
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ChannelEstimation

ThestandardmodelforchannelsistheFIRmodel

yt=
n∑

k=1

bkut−k=ϕ
T
tb

where

b=(b1,b2,...,bn)
T

ϕt=(ut−1,ut−2,...,ut−n)
T
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ParameterestimationusingLS:

b̂=

(N∑

t=1

ϕtϕ
T
t

)−1N∑

t=1

ϕtyt

=
N∑

t=1

ϕ̄tyt
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MatchedFilter

Matchedfilteravoidsthematrixinversionandmatrixtimesvector
multiplication,whenthetrainingsequenceisknownaprior.

Def.ofmatchedfilter:(a∗u)t≈δ0.
Here

b̂(t)=(a∗y)t=(a∗b∗u)t=(b∗(a∗u))t≈bt

Identifyingtheequationsgives:

(a∗y)t=
N∑

k=1

at−kyk⇒at−k=ϕ̄
(k)
t.
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TheViterbiAlgorithm
1.Enumerateallpossibleinputsequenceswithintheslidingwindow
ofsizen(thechannelmodellength).Appendthesecandidatestothe
estimatedsequenceû

t−n
.

2.FilterallcandidatesequenceswithB(q).

3.Estimatetheinputsequencebythebestpossiblecandidate
sequence.Thatis,

û=argmin
u1,u2,...,uN

N∑

t=1

(B(q)ut−yt)
2

Theorem:ThisistheoptimalMLestimatorifnoiseisGaussianand
foraknownFIR(n)channel.

InpractiseuseanestimateofB.
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ProofoftheViterbiAlgorithm

FromBayes’rule

p(y
t
|u

t
)=p(yt|u

t
,y

t−1
)p(y

t−1
|u

t
)

=p(yt|u
t
t−nb+1,y

t−1
)p(y

t−1
|u

t−1
t−nb+1,u

t−nb
)

Supposethatwehavecomputedthemostlikelysequenceattime
t−1foreachsequenceu

t−1
t−nb+1,sowehave

p(y
t−1

|u
t
t−nb+1,u

t−nb
)asafunctionu

t
t−nb+1.Herewehavealso

usedthealreadycalculatedoptimalu
t−nb

.Themostlikelysequence
attimetcannowbefoundbyjustmaximizingoveru

t
t−nb+1byusing

thealreadyoptimalu
t−nb

.
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NoiseFreeExample

Channel:yt=ut+0.5ut−1

Possibleu
t
t−1=(1,1),(1,−1),(−1,1),(−1,1)

Trueinput:u
t
=(1,−1,1,1)⇒y

t
=(−0.5,0.5,1.5)

Attime1:Calculateu1+0.5u0foreachpossiblesequenceu
1
0,⇒

1.5,−0.5,0.5,−1.5andcomparewiththemeasuredy1=−0.5.
Thisgivestheoptimalestimatesû

1
0=(1,−1).Savealsothecost

functionforû
1
0=(1,1).

Attime2:Calculateu2+0.5u1foreachpossiblesequenceu
2
1.

Calculatethecostfunction
∑2

t=1(B(q)ut−yt)
2

asafunctionofu
2
1

⇒û
2
1=(−1,1)

Attime3:...
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BER

Forevaluation,thebiterroriscommonlyused,anditisdefinedas

BER=
numberofnon-zero(ut−ût)

N
(1)

wheretrivialphaseshifts(signchange,ormodulusm)oftheestimate
shouldbediscarded.
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Example:Equalization

ChannelB(q)=q
−1

+q
−2

+q
−3

.

InvestigatehowsignaltonoiseratioinfluencesBERfordifferent
lengthsofthetrainingsequence.
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EqualizationinGSM
Equalizationoffading

GSMtransmitsburstsof148bits.Ofthese,16bitslocatedinthe
middlearethetrainingsequence.

Optimizationofall2
16

sequencesgivesthebestpulseapproximation,
g∗a(t)≈δ(0).

TheequalizerassumeschannelFIR(4).Thisissufficienttoequalize
Rayleighfadingforvelocitiesupto250km/h.
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NoiseCancellation

- Signals
�

��
Σ

Mic.2:y

6

G

?

?

Noisev

- Mic.1:u

-

F(θ)
Speaker:ŷ

?

�

��-Ear:ŝ
Σ

−
�ε Alg.

6∆θ
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UndergraduateLabinLinköping

Tworadiostations,twomicrophonesandheadphones.

Task:useLMSonFIR(50)channelmodel,movemicorradio
speakersandlistentotheconvergence!
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SAAB2000

SAAB2000isthemostquitepropellerairplaneonthemarketpartly
duetoactivenoisecancellation.

Systemconsistsof64microphonesand32speakers.

Overallperformanceis10dBlessenginenoiseforallpassengers
(onlyfornormalpositionsintheseat).

FilteredX-LMSalgorithmused.Thetransferfunctionfromspeakersto
mic’sareestimatedoff-lineontheground,andtheregressorelements
uareprefilteredwiththisfilter.

Spin-offCompany:CaranA2Acoustics”Thesingingwindow”
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FrictionEstimation

-Driver-Car

� Sensors � Comp. � Filter � Classifier
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Description
wheelvelocities(ABS)

Sensorsloadsignalfromengine

brakinglightsignal

velocity,yawrate

Statecomputationaccelerations,gearinglevel,

torques,slip,relativetireradii

Filteringparametersina

frictionmodel

Classificationfriction/surfaceevaluation

basedontestdrives.
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Tire–RoadFriction

Slip:s
4

=
Adrivenwheel’scircumferentialvelocity

Itsabsolutevelocity
−1

Measurement:sm=
ωfront

ωrear

−1

“Frictioncoefficient:”µ
4

=
Ff

N

Measurement:µmfromstaticenginemodel

Lecture4,200526
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Tire-roadfrictioncharacterizedbytheslipcurve,thatisµversuss.
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SlipSlope

Question:Canµmaxbeestimatedfromobservationsonsmallvalues
ofµ?

DefinitionSlipslope:k
4

=
dµ

ds

∣∣
∣µ=0

Intheliterature,theslipslopeisrefereedtoasthelongitudinal
stiffness,whichisapuretirecharacteristics.

Hypothesis:Theslipslopeisa(one-to-one?)functionofthefriction
µmax.
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Filtering

Relations:

k=
Ff

sN=
µ

s
sm=

ωd

ωn−1=s−δw−δR+es

µm=µ+eµ

Ncomputablenormalforce
δwoffsetcausedbytireradiidifferences
δRcomputableoffsetcausedbycornering

VariationsinNandδRareveryimportanttoincorporateincurves.

Parameters:ktime-varyingandabruptlychangingandδwslowly
time-varyingduetotireradiichanges.
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RegressionModel:

sm−δR=
1

k
µm+δw

Parameterestimationfilter:

Filter
-

-

-

-

µm

sm−δR
1̂
k

δ̂w

Time-variationsinslipslopekmuchfasterthanintheoffsetδ.RLS
andLMSgivethesametrackingspeedofallparameters(onlyone
degreeoffreedom).
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KalmanFilter

k̂(t)andδ̂w(t)arecomputedbyaKalmanfilterforthemodel

x=(1/k,δw)
T

y=s−δR

H=(Ff/N,1)

x(t+1)=x(t)+w(t)

y(t)=H(t)x(t)+e(t)

Design:

R1(t)=diag(rk,rδ)

R2=1

Chooserk>>rδwhichimpliesthatkistrackedfasterthanδ.
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PotentialProblems:

•Outliers,somemeasurementsdon’tmakesense.

•LackofexcitationifVar(µ)issmall⇒largeparameter
uncertaintyinestimates.

•Measurementerrorinµintroducesaparameterbias.
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ParameterUncertainty

AssumeconstantparametersforNsamples.

PN=Cov(x̂N)=σ
2

(N∑

t=1

H
T
(t)H(t)

)−1

Wecancheckhowclosethismatrixistosingularitybycomputingits
determinant

det

(N∑

t=1

H
T
(t)H(t)

)
=N

2
Var(µ(t)).

Conclusions:Excitationoftractionforceimportantforparameter
accuracy.
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NoisyRegressors

Assumethat

µm(t)=µ(t)+vµ(t),Var(vµ(t))=λµ

isusedintheregressorH(t).Straightforwardcalculationsgive

k̂≈k
Var(µ)+λµ

Var(µ)
>k

Conclusions:Excitationoftractionforceimportantforparameter
bias.

Generally:Noiseintheregressorcausesparameterbias
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ExampleModeling

Asphaltsnow
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Thelinescorrespondtotheestimatedslopeandoffset.
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Classification
Testdrivesonasphalt(a),wetasphalt(w),gravel(g),ice(i)andsnow
(s).Plotofatexturemeasureversusslipslopeforwinter(left)and
summer(right)tires.
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Aclassifieriseasytoconstructforagiventire.Gravelisclassified
separatelybythesurfaceroughness.
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Testshaveshownfairrobustnesstotirepressure,weatherandload.
Problemsaftertirechangeandcoldstart.
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ExercisesforLectures4

Exercise:19,20,23,24,(25,26,27,28,29,30,31)
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NextTime:ChangeDetectionbasedon
ParallelorMultipleFilters.

•Parallelfiltersasaconsistencycheckormodelvalidation

•Distancefunctions:constantvariance

•Distancefunctions:thegeneralcase

•Diagnosis

•Multiplefilterapproaches

•Lossfunctions

•Minimizationstrategies
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