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1. Answer the following concept questions. Remember to motivate your answer.

(a) In Figure 1 the realization of three AR(1) process (yk = −ayk−1 + ek) are shown.
Which of the three process has the lowest a value? (2p)

(b) You want to fit a polynomial model of the form sk =
∑p

i=0 θik
i to an observed signal

yk using the least squares method. Can the Akaike’s Information Criterion be used
to determine the model order p? (2p)

(c) Your friend have used the least square method to calculate the parameter estimate
θ̂ = 1± 0.1 with 95% confidence. How many more data points are needed to reduce
the 95% confidence interval from ±0.1 to ±0.01? (2p)

(d) Your friend has estimated the normalized frequencies 0.10, 0.15, 0.40, and 0.49 of
four sinusiods in the signal yk, 0 ≤ k ≤ 31. Are these realistic frequency estimates?
(2p)

(e) Consider the signal model

xk+1 = βxk + wk

yk = xk + ek

You which to estimate xk from yk. Under which assumptions on the signal model
will the causal Wiener filter and the stationary Kalman filter be the same? (2p)
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Figure 1: AR(1) process with different parameter values.
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2. Consider the signal model

yk =
0.6

q − 0.8
vk︸ ︷︷ ︸

=sk

+wk (1)

where vk and wk are independent white noise process with unit variance. Generate the
noise sequences as

randn(’seed’,3)

N=1024;

v=randn(N,1);

w=randn(N,1);

(a) Simulate N = 1024 data points and estimate the spectrum of yk and sk using Welch
method. Plot both spectrum estimates in the same figure and make sure that the
unit on the frequency axis is correct. (2p)

(b) Estimate sk from yk using a 6:th order non-causal Butterworth low-pass filter. At
what cut-off frequency is the root mean square error (RMSE) defined as

RMSE=sqrt(mean((s-shat).^2))

is minimized? Present a plot of the RMSE as a function of the cut-off frequency.(4p)

(c) The signal yk can also be represented as

yk = T (q)ek. (2)

How should T (q) and ek be selected so that the spectrum of signal model (1) and (2)
are the same? (4p)

3. Consider the signal model

sk = T (q)ek

yk = sk + nk

where T (q) = 1/(1 − 0.95q−1). Further, ek and nk are independent white noise process
with unit variance.

(a) Determine the non-causal Wiener filter for estimating sk from yk and plot the fre-
quency response. (3p)

(b) Determine the 3-tap zero-phase FIR Wiener filter for estimating sk from yk and plot
(in the same plot as in part (a)) the frequency response. (7p)
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4. Consider the signal model

θk+1 = θk + wk

yk = θk + ek

where wk and ek are independent white noise process with variance var(wk) = qk and
var(ek) = 0.12, respectively. To estimate θk an adaptive filter based upon the Kalman
filter algorithm is used.

(a) Under which conditions on the signal model is the prediction error εk , yk − ŷk|k−1
a sequence of uncorrelated random variables with a Gaussian distribution? (3p)

(b) What is the variance of the prediction error, i.e., var(εk)? (1p)

(c) When tuning an adaptive filter there is a trade-off between tracking and variance
error. If the parameter θk is known to most of the time vary slowly, but every now
and then suddenly change rapidly, a change detector can be added to Kalman filter
to get both good tracking and a low variance error. One way to implement such a
change detector is to let the process variance q depend on the normalized prediction
error as follows:

qk+1 =

{
q, |εk|/

√
var(εk) ≤ 5

αq, |εk|/
√

var(εk) > 5

Here α � 0 and q is a small value controlling the variance error. Modify algorithm
9.3 in the book to include this change detector and use the modified algorithm to
estimate θk from the data in adaptive filter data.mat. Tune q and α to give both
good tracking and low variance error. Plot the estimated parameter θk together with
the measurements. (6p)
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