
EXAMINATION IN DIGITAL SIGNAL PROCESSING (TSRT78)

ISY’S COMPUTER ROOMS

TIME: April 5, 2018, at 14.00–18.00

COURSE: TSRT78, Digital Signal Processing

EXAMINATION CODE (PROVKOD): TEN1

DEPARTMENT: ISY

NUMBER OF EXERCISES: 4

NUMBER OF PAGES: 2 + cover page

RESPONSIBLE TEACHER: Fredrik Gustafsson, tel 013-282706

VISITS: 15.00, 16.00, 17.00

COURSE ADMINISTRATOR: Ninna Stensgård, tel 013-282225, ninna.stensgard@liu.se

APPROVED AIDS: The course book (“Signal Processing” by Gustafsson, Ljung and Mill-
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grade 4 23 points
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N.B. The solutions to all exercises should be presented with calculations as well as the
MATLAB code and plots with clear cross references between these. Mark all print-
outs with your AID on the first line and write your AID in the title of the plots
(title(’AID’)). Enclose the numbered attachments and refer to these in the solution.
You may choose to write your solutions in English or Swedish.

Good luck!





1. (a) A zero-phase filter

F (z) =

∣∣∣∣1− 0.5z−1

1− 0.8z−1

∣∣∣∣2
is applied to a signal y(t) = s(t) + e(t) to separate the signal component s(t) from the
independent white noise e(t) having variance 1. For which spectrum Φss(ω) is this
filter optimal according to the Wiener filter theory? (4p)

(b) The following experiment is done to investigate the effect of under-modelling. Consider
the AR(2) signal

y(t) = 1.6y(t− 1)− 0.64y(t− 2) + e(t)

which has the theoretical covariance function Ryy(0) = 35.1509, Ryy(1) = 34.2936
and Ryy(2) = 32.3731. Suppose we estimate an AR(1) model

ŷ(t) = −a1y(t− 1),

with the least squares method, show that the estimate will converge to

â1 → a∗1 = −0.976

To validate this model, one can study the covariance function for the prediction errors
Rεε(k). Compute theoretically the value of this function for k = 0, 1. (6p)

2. Consider the signal y[k] in the file HM.mat. The signal has been collected by the lab equip-
ment from lab 2 in this course on a patient having a heart pump of the model HeartMate
II operated inside the body. This is a viable solution to support the heart while waiting for
a heart transplantation. However, the pump can like the heart suffer from trombosis when
the pump becomes clogged, and there are also mechanical failures reported. The idea in
this project is to listen to the pump to detect early indications of failures. For this reason,
spectral analysis can be done, as we will investigate here.

For this data, the pump frequency was set to 9600 rpm (rotations per minute). The motor
is controlled with PWM (pulse width modulation) with frequency 7200 Hz. The sound was
collected with fs = 44100 Hz.

Load the data file. Apply appropriate low-pass filtering and decimation to focus on the
frequency content below 1000 Hz, to get rid of the PWM disturbance. Estimate an AR(na)
model to find the true fundamental frequency of the pump and to describe its harmonics.
Motivate carefully your choice of model order na after model validation. What is the
fundamental frequency, and which are the three most important harmonics (in descending
order)? (10p)
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3. Generate the following signal s(t) and measurement y(t):
fs=50;
f0=5;
N=100;
sigma=0.1;

t=(1:N)’/fs;
s=sin(2*pi*f0*t.*(1+t/10)).^3;
y=s+sigma*randn(N,1);

figure, plotfix
plot(t,s)
xlabel(’Time [s]’)
ylabel(’Signal y(t)’)

(a) Apply an adaptive algorithm to recursively estimate an AR(4) model for y(t), and
compute the frequency components corresponding to the estimated AR parameters.
Present a plot of the estimated frequencies. (8p)

(b) What is the theoretical fundamental frequency for this signal (defined as the rate of
change of the argument to the sinusoid). Add the theoretical fundamental frequency
to the plot. (2p)

4. Consider a signal with known frequency ω(t) and a known cubic nonlinearity, but with
unknown time-varying amplitude and phase

y(t) =
(
A(t) sin

(
ω(t) + ϕ(t)

))3
+ e(t). (1)

where e(t) is an additive independent noise process. There are a few alternatives how a
linear Kalman filter can be used to track the amplitude and phase. The starting point is
to use the standard trick to rewrite the sinusoid as

A(t) sin
(
ω(t) + ϕ(t)

)
= a(t) cos

(
ω(t)

)
+ b(t) sin

(
ω(t)

)
, (2)

where we can recover amplitudeA(t) =
√

a2(t) + b2(t) and phase ϕ(t) = arctan2
(
b(t)/a(t)

)
,

but how to deal with the cubic nonlinearity?

(a) Expand (1) using (2) and rewrite the result in the standard form of the measurement
equation for a linear Kalman filter

y(t) = H
(
ω(t)

)
x(t) + e(t).

What is x(t)? (6p)
(b) Use the identity

sin3(x) =
3 sin(x)− sin(3x)
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and rewrite (1) using (2) in the standard form of the measurement equation for a
linear Kalman filter

y(t) = H
(
ω(t)

)
x(t) + e(t).

What is x(t) in this case? (4p)
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