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1. Suppose a signal is generated by the AR(1) process

s(t) +
1

2
s(t− 1) =

1

2
w(t),

where w(t) is white noise with variance 1, and that the signal is observed in white noise
n(t) with variance 1,

y(t) = s(t) + n(t).

(a) Compute the non-causal Wiener filter and describe with equations how it can be
implemented in Matlab (no Matlab code is needed in this sub-task). (5p)

(b) The causal Wiener for a onestep prediction is given by

H(z) =
−0.118

z + 0.382

Generate the signals s and y from the noise realizations

randn(’seed’,0);
w=randn(1000,1);
n=randn(1000,1);

Apply both the non-causal and the causal Wiener filter. What is the sum of squared
prediction errors

∑100
t=1

(
s(t) − ŝ(t)

)2 in the two cases? Motivate why one filter is
better. (5p)

2. Consider the problem of estimating the state x(t) in the model

x(t+ 1) = ax(t) + w(t)

y(t) = x(t) + v(t),

where w(t), v(t) are independent white noise processes with variance Q and R, respectively,
where Q = R. En engineering approach is to form an estimate as a moving average

x̂(t) = αy(t) + βy(t− 1).

(a) Derive expressions for the bias and variance of the estimate x̂(t). (5p)

(b) What is the constraint on α and β so the estimate is unbiased? (1p)

(c) What is the minimal variance of the unbiased estimator, and what is the optimal
values of α and β? (4p)

3. Road stripes can be used to alert the driver about unintended and dangerous lane changes.
The stripes are shorter and placed much more frequently than the usual lane markings,
and gives rise to characteristic vibrations in the car. These vibrations can be detected
with software from accelerometer measurements. By loading the file exam20170825 you
get access to two recordings ax1 without stripes and ax2 with stripes, respectively, from
an accelerometer. These are about 4 seconds long and recorded with 100 Hz sampling
frequency, and the speed of the car was about 30 m/s.
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(a) Apply spectral analysis to characterize what the difference is in the frequency domain.
Present a spectral estimate of ax1 and ax2 in the same plot. Which frequency interval
is affected by the stripes. What is the distances between the stripes? (5p)

(b) An on-line stripe detector can be implemented by bandpass filtering the signal to
extract the relevant frequency interval, followed by a simple energy estimate, which
can be realized by lowpass filtering the squared amplitude (of the bandpass filtered
signal).

s1(t) =HBP (q)ax(t),

s2(t) =HLP (q)s
2
1(t),

Design the bandpass and lowpass filters and apply to the longer signal ax. Plot the
output of this example of test statistic. Hint for interpretation: During the data
collection, the line with stripes was passed several times. (5p)

4. Consider the problem of estimating the variance θ(t) = σ2(t) in an observed signal with
mean zero,

y(t) = e(t),

E(e(t)) = 0,

Var(e(t)) = σ2(t).

Compare the following four adaptive algorithms:

A : θ̂(t) = θ̂(t− 1) + µ
(
y(t)− θ̂(t− 1)

)
,

B : θ̂(t) = θ̂(t− 1) + µ
(
y2(t)− θ̂(t− 1)

)
,

C : θ̂(t) = θ̂(t− 1) + µ
(
y2(t)− θ̂(t− 1)

)2
,

D : θ̂(t) = θ̂(t− 1) + µsign
(
y2(t)− θ̂(t− 1)

)
.

(a) Suppose that these algorithms have been derived from a cost function V (θ) using the
stochastic gradient method (where LMS is one example). For each case above, give
the cost function V (θ) that leads to each adaptive algorithm A–D. Motivate, based
on the cost function, which of these algorithms is feasible for estimating the variance.
(5p)

(b) Derive a recursive formula for the estimation error for the algorithms B and D above,
and analyse how the expected value of the estimation error depends on the initial
error when the algorithm is started. (5p)
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