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1. Example of Matlab code:

(a) k=(0:99)’;

s=exp(-0.05*k).*sin(0.5*k);

f=(0:length(k)-1)’/length(k);

plot(f,abs(fft(s)).^2)

xlabel(’Frequency [Hz]’)

title(’Periodogram of s’)

The periodogram of the signal is plotted in Fig. 1.

(b) Direct application of the definition of DTFT gives

W (eiω) = T

∞∑
k=0

e−0.05ke−iωk

= T

∞∑
k=0

e−(0.05+iω)k

=
T

1− e−(0.05+iω)

The magnitude curve of the window can be shown to be (not necessary for
the solution)

|W (eiω)| = T
(1− e−0.05 cos(ω))2 + (e−0.05 cos(ω))2

1− e−0.1

(c) REmember to verify the direct approximation using zero-padding.

w = exp(-0.05*k);

omega = 2*pi*k/length(k);

What = 1./(1 - exp(-(0.05+1i*omega)));

figure;

plot(f,abs(What));

hold on

wz=[w;zeros(900,1)];

fz=(0:length(wz)-1)’/length(wz);

semilogy(fz,abs(fft(wz)),’--r’);

xlabel ’Frequency[Hz]’

legend ’Analytical W(e^{i\omega})’ ’Approx W(e^{i\omega})’

The approximation of the function |W (eiω)| plotted in Fig. 2.

2. This is a variation of exercise 5.9. Since R(k) = 0 for k > 2 it must be an MA(2)
process

y(t) = b0e(t) + b1e(t− 1) + b2e(t− 2)
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Figur 1: Periodogram of the signal s(t).

This gives the covariance function as a system of nonlinear equations

Ryy(0) = b20 + b21 + b22 = 3,

Ryy(1) = b0b1 + b1b2 = 2,

Ryy(2) = b0b2 = 1.

With the additional clue that h(2) = b2 = 1, we can prove by back substitution
that the solution b0 = b1 = b2 = 1 is unique, and indeed a feasible solution.

3. Note that the signal is non-stationary, so any model has to be time-varying. Thus,
model selection procedures from system identification cannot be used, and the
model has to be validated using an adaptive filter.

The frequency of a chirp signal in a short time interval can be approximated
as a sinusoid. The most natural model is thus an AR(2) model. However, to be
systematic, different model orders should be compared. It is also important to
test different adaptation parameters. If RLS is chosen, different forgetting factors
λ must be tested to get full points.

Example of code using RLS and the arrls function from the course book:

ty=0:0.001:0.5;

y=chirp(ty,0,1,1000);

na=[1:6];

lam = [0.001 0.01 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95 0.99];

for j=1:length(na)

leg{j}=[’na = ’,num2str(na(j))];

for i=1:length(lam)

[tht,Pt,epsi]=arrls(y’,na(j),lam(i));

V(i,j)=sqrt(epsi(11:end)*epsi(11:end)’/(length(y)-10));

end

end
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Figur 2: Analytical DTFT (blue) and approximated DTFT (dashed-red) of the expo-
nential signal w(t).

[Vjmin,jmin]=min(V,[],2); % Minimum over na for each lambda

[Vmin,imin]=min(Vjmin); % Minimum over lambda

[tht,Pt,epsi]=arrls(y’,na(jmin(imin)),lam(imin));

figure;

semilogy(lam,V,’-o’)

legend(gca,leg)

xlabel(’Forgetting factor \lambda’)

ylabel(’Loss function V(\lambda)’)

title([’min RMSE(\lambda) = ’,num2str(Vmin)])

Another alternative could be to use the function recursiveAR in SysID toolbox.
The resulting loss functions are plotted in Fig. 3. In this case without noise, a
very small forgetting factor turns out to be the best choice for minimizing the
predictions errors and the RLS loss function.

Maybe a bit surprisingly, a higher model order gives even better performance.
Based on the plot, na = 4 and small but non-zero (zero gives singular algorithm)
is the best choice, for instance λ = 0.05.

When computing the loss function, it is always wise to omit the first samples
originating from transients when the filter is started.

In a noise free scenario, one should be careful with numerical issues. The loss
function may become degenerate, even for non-zero forgetting factors, which is
evident from the plot.

The resulting prediction error is shown in Figure 4. It is close to zero after the
transient, which is also indicated by the small loss function.

4. (a) The stability condition of the innovation model with e(t) as input and y(t)
as output is |a| < 1, since the transfer function from e to y could be written
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Figur 3: The RLS loss function as a function of forgetting factor λ for different AR
orders na.

as

G(z) =
b

z − a
+ 1 =

z − a+ b

z − a
Considering y(t) as input and s(t) as output, we have the difference equation
s(t + 1) = as(t) + b

(
y(t) − s(t)

)
= (a − b)s(t) + by(t), where the stability

condition is |a− b| < 1.

(b)

Φyy(eiω) = |G(eiωT )|2σ2
e

=

∣∣∣∣eiωT + b− a
eiωT − a

∣∣∣∣2 σ2
e

=
(b− a)2 + 1 + 2(b− a) cos(ω)

)
1 + a2 − 2a cos(ω)

(c)

Φyy(eiω) =
1

|eiωT − 0.5|2
+ 1

=
1 + |eiωT − 0.5|2

|eiωT − 0.5|2

=
2.25− cos(ω)

1.25− cos(ω)

Note that the noise inputs are independent here, thus the spectra originating
from w and v are additive.

(d) The stationary Kalman filter is given as

P̄ 2 − 0.25P̄ − 1 = 0,

K̄ =
P̄

P̄ +R
.
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Figur 4: Prediction error for the chosen adaptive filter.

Solve the second order equation and choose the positive value, P̄ = 1.1328
and K̄ = 0.5311. The coefficients of the innovation model are

b = 0.5K̄ = 0.2656,

a = 0.5− 0.5K̄ = 0.2344,

σ2 = P̄ = 1.1328.

Note: equating the output spectra gives another way to derive the stationary
Kalman gain!

A = 0.5;

B = 1;

C = 1;

Q = 1;

R = 1;

[Kbar,Ppbar,Pfbar] = dlqe(A,B,C,Q,R);

b = A*Kbar;

a = A - A*Kbar*C;
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