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1. Consider the signal in noise problem

y(t) = s(t) + n(t)

where the signal and noise are independent, with spectra given by

Φss(ω) = cos2(ω/2),

Φnn(ω) = sin2(ω/2),

respectively.

(a) What is the non-causal Wiener filter Hnc(ω)? Plot the signal spectra and filter. (2p)

(b) What is its pulse response hnc(k)? Numerical computations are allowed here using
ifft, but be careful with the frequency grid and how these map to time instants.
Answer with a plot of the pulse response hnc(k). Note that some negative time
indexes k = 0,±1,±2, . . . appear in a non-causal filter.. (4p)

(c) What is the variance of the estimation error from the non-causal Wiener filter? Again,
numerical computations are allowed. (4p)

2. Consider a stationary stochastic process y(t) with covariance function Ryy(k).

(a) Assume we estimate an AR(1) model from data. What will the parameter a1 converge
to according to the Yule-Walker equations? (2p)

(b) Assume now instead that we estimate an AR(2) model from data. What will the
parameter a1 then converge to according to the Yule-Walker equations? (4p)

(c) If the data are indeed generated by an AR(1) process, what is then the asymptotic
variance of a1, evaluated as the limit of NVar(â1), in the two cases of AR(1) and
AR(2) models, respectively? (4p)

3. The harbour porpoise (sv. tumlare) is an endangered species in the Baltic sea. Kolmården
Zoo has developed a sensor to detect the narrow-band high-frequency “click” sound of the
porpoise, with the goal to get more observations and knowledge of these animals.

The picture below shows the sensor and the porpoise,

while the following plot shows an extract of the signal recording.

1



This segment starts with background noise n(t), followed by a porpoise ping s(t). The
sampling frequency is fs = 106 Hz, and the signal y(t) and fs are available with load
porpoise.

(a) Estimate the spectra of the click sound and background noise, respectively. What are
the dominating frequencies? (5p)

(b) Compute the non-causal Wiener filter to estimate the signal, based on the estimated
signal spectra. Use a spectral estimate with a smoothing that you consider appropriate
for these spectra. Apply the filter to the signal y(t), and plot ŝ(t) together with y(t).
(5p)

4. (a) Algorithm 8.5 provides the RTS recursion for Kalman smoothing. What is the sta-
tionary Kalman smoother? In other words, assume that P (t|t− 1) and P (t− 1|t− 1)
have converged to P̄p and P̄f , respectively, and rewrite the RTS recursion in filter
form, for instance as

x̂(t|N) = Hb(q)x̂(t|t)

Express Hb(q) in terms of P̄f and the system matrices (A,C,Q,R) only. (7p)

(b) The stationary KF can be written as

x̂(t|t) = Hf (q)y(t),

so the Kalman smoother can be expressed in a forward-backward filter form

x̂(t|N) = Hb(q)Hf (q)y(t)

What is Hf (q) in this stationary case in terms of K̄ and the system matrices? (3p)
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