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1. Let the continuous time signal x(t) be de�ned as

x(t) = sin(ω1t) + cos(ω2t).

The signal is sampled N times with sampling frequency fs [Hz],

x[k], k = 0, . . . , N − 1.

(a) After computing the DFT X[n] we want both frequencies ω1 [rad/s] and ω2 [rad/s] to
be visible, and correctly represented, when we plot the DFT. What are the require-
ments on fs and N? (3p)

(b) Let ω1 = 5 [rad/s], ω2 = 10 [rad/s] and fs = 15 [Hz]. Generate N = 300 samples of
the signal x[k] and plot the DFT with a normalized frequency axis. (2p)

(c) Now, let x[k] be sampled with sampling time Tx = 1 [sec] and assume there is no
truncation, i.e. we have an in�nite number of samples. De�ne the signal y[k] as

y[k] = x[2k − 3], k = −∞, . . . ,−1, 0, 1, . . . ,∞

Express the Discrete Time Fourier Transfrom (DTFT) of y[k], denoted YTy(eiωTy), in
terms of the DTFT of x[k], denoted XTx(eiωTx). (5p)

2. (a) We wish to design a �lter by specifying it in the frequency domain. We generate the
sequence

H[n] =

{
1 n = 3, 4, 5, 11, 12, 13
0 otherwise

, n = 0, . . . , 15

What type of frequency selective �lter is H[n]? (2p)

(b) Let the sampling time be 7 seconds. Compute the �lter's cut-o� frequency/frequencies.
You may answer in either [rad/s] or [Hz]. (3p)

(c) Consider the signal in noise problem y(t) = s(t) + n(t) where n(t) is white noise with
variance 1, and the signal is

s(t) =
1 + 0.75q−1

1 + 0.25q−1
w(t)

where w(t) is white noise with variance 1. The two noise processes are independent.
Calculate the non-causal Wiener �lter H(z). Give your answer on the form
H(z) = H+(z)H−(z), where H+(z) is stable and causal and H−(z) is stable and
anti-causal. (5p)

3. Industrial robots, such as the ones produced by ABB, are subject to wear and tear. If
a robot breaks down it can result in a halt in the production chain, which can be very
expensive. It is therefore of interest to monitor the robots during operation, such that
maintenance can be scheduled in due time before the robot breaks down. One method is
to use signal processing to monitor the friction in the robot's joints, because a joint break
down is typically preceeded by an increase in friction.

A model of friction τF (k, v(k)) as a function of discrete time k and velocity v(k) is

τF (k, v(k)) = FC(k) + FV (k)v(k) + FS(k)e−v(k)/vs ,

with parameters FC(k), FV (k), FS(k) and vs. An expert has estimated the time constant
parameter vs to 12.8595, however the remaining three parameters are unknown and must
be determined.
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The data in the �le Jan14.mat contains two N ×m matrices fric and vel with friction
and velocity measurements from an ABB robot. Here N is the number of discrete time
steps and m are the number of velocity measurements. In other words, the two vectors
fric(k,:) and vel(k,:) contain friction and velocity at time step k.

(a) For each of the N time steps, use the least squares method to estimate the parameters
FC(k), FV (k) and FS(k). Present your results by plotting the estimates against time,
use one �gure for each parameter. (6p)

(b) The answer to the previous question gives a time series of parameter estimates, which
we can denote F̂C(k), F̂V (k) and F̂S(k). However, the estimates are computed in-
dependently for each time step. We know that the values of the parameters at time
step k+ 1 are related to the values of the parameters at time step k, because friction
at time step k + 1 is related to friction at time step k. De�ne pseudo-measurement
models

F̂C(k) = FC(k) + eC(t), F̂V (k) = FV (k) + eV (t), F̂S(k) = FS(k) + eS(t),

where eC(t), eV (t) and eS(t) are independent white noise processes. In other words:
the parameter estimates are seen as pseudo-measurements of the true parameters.
Your task is to use the LMS algorithm to compute recursive estimates of the parame-

ters FC(k), FV (k) and FS(k). Denote the estimates
ˆ̂
FC(k),

ˆ̂
FV (k) and

ˆ̂
FS(k), compare

to F̂C(k), F̂V (k) and F̂S(k), and motivate your choice of tuning parameter. (4p)

4. Consider the following state space model with scalar state and scalar measurement,

x(t+ 1) = x(t) + w(t), y(t) = x(t) + v(t)

where Var(w(t)) = q, Var(v(t)) = r, and w(t) and v(t) are independent. The sample time
is one second.

(a) For the stationary Kalman �lter and stationary Kalman predictor, derive the station-
ary �lter covariance P̄f and the stationary prediction covariance P̄p. (3p)

(b) In �xed interval Rauch�Tung�Striebel smoothing (see Algorithm 8.5 in course book,
page 316) we apply the following time recursion backwards in time:

x̂(t− 1|N) =x̂(t− 1|t− 1) + P (t− 1|t− 1)ATP−1(t|t− 1) (x̂(t|N)− x̂(t|t− 1))

P (t− 1|N) =P (t− 1|t− 1)+

P (t− 1|t− 1)ATP−1(t|t− 1) (P (t|N)− P (t|t− 1))P−1(t|t− 1)AP (t− 1|t− 1)

Using P̄f , P̄p and the Rauch�Tung�Striebel smoother derive the stationary smoothing
covariance P̄s. (3p)

(c) The signal-to-noise-ratio (SNR) is related to the relationship between q and r. Express
the smoothing covariance as P̄s = αP̄f , where α is a function of P̄p and P̄f . For
lim r = 0 and lim r = ∞ (let q be constant), what is the relationship between the
stationary �lter covariance and the stationary smoothing covariance, i.e. what is α?
Furthermore, what does this mean in terms of the performance we can gain by doing
smoothing rather than �ltering? Note that the insight that we can gain from this
simple example extends to multivariable systems. (4p)
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