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Bertsekas. Dynamic programming and optimal control
Chap. 4 - Problems with perfect state information

Contents:

sLinear systems and quadratic cost,
(presentation with the DP-costume, some proofs)
*Optimal stopping problems,
(presentation, an example)
*Dynamic Portfolio Analysis,
(presentation)
sInventory control, kf?)
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Linear discrete systems and quadratic cost

The system: Xpq = Axy + Buy +w,

N-1

Cost function: E%CJCQNxN + Z}(x,fok + u,fRuk)%
(l = D
The DP-algorithm:
Jy(xy) =x,0,x, =x1 K, x,

J,(x,)= nlinE{x,fok + u,fRuk + Jk+1(xk+1)} =

= minE{kaka +u, Ru, +J,,,(Ax, + Bu, +wk)}
Uy 2
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DP- agorithm derivations |

Next last term: N
Jya(Xy4) = I’;’II NEDX,,Ox, tuy Ru, o +x,Kyx, [

H H

=min E{x;\}—lng—l Rty + (A + Buy g +wy ) Ky (A + Buy , + WN—1)} =

Uy

= mi n{x;—lng—l + uva—lRuN—1 +(Axy, + BuN—l)T Ky (Axy_y+Buy )+ E(le:l—lKNwN—l)}

Toa(x) = min%ﬁ (0+ 47K A +x" ATK \Bu+u" B'K Ax+1" (R + BTKNB)MQ
u | S —— N—_— —— N—_— — —_—

0. o, o, O

Noise isindependent of the states and the control signal and has mean value = 0

J(x’ u) = xTQxxx + xTquu + MTQZHX + uT uuu
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DP- algorithm derivations |
Minimise;
=(w+0r0lx) 0. lu+ 070" x)-x" (020" ) 0..(070" e +x" 0. .x
u ==0,.0,x
With index and noise;
Jyalxya) = x;—lKN—lxN—l + E{w;—lKNWN—l}

N-1
Jo(x,) = x{ Kyxy + Z E{wl.TK,.ﬂwi}
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DP- algorithm derivations 111
Ky..=f(Ky) : Riccati-equation
-17 T T T 17
KN—l = Qxx _quQuuqu = Q+A KNA _A KNB(R +B KNB) B KNA
= A" (KN—KNB(BTKNB ¥ R)'lB"KN)A +0

Gives the losses and the control

N-1
Jo(xy) = x{ Kyxy + ZE{W,TKMW,.}

uy = _(R + BTKk+1B)_1BTKk+IAxk
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DP- algorithm derivations IV

Ky.=4"(K -k B(B'K B+R)'BK, )4+

Index change: P =K,
P =4"\P~P,B(B"P,B+R)'B' P J4+0

x K,x, = x| Px, fina steploss
xgKyxy = xgPyx, tota loss

T : ,
Xo P.x, : Givesthelossfrom state x, in a k-step control i
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Proposition 4.1

P =4'\p,~P,B(B P B+R)"BP, )4+

(4, B) controllable  (4,C) observable, 0 =C'C
@ [P=0:0FR =00 Limg =P
where P isthe unigue solution of

P=4A (K - PB(B"PB+ R)‘lBTK)A +0
within the classof pos. semidef.sym. matrices

(b) The closed system is stable
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Convergence of the Riccati equation |

Proof:
I) Convergence of P, in the case P,;=0, P (0) :
No fina loss

Given the system:
X, =Ax +Bu,,i=01..,k-1
(The noise does not effect the L and the P, )
Minimize:

k-1

> (0%, +u/ k)
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Convergence of the Riccati equation 11

For any control sequence;

k-1

xs P,(0)x, = min Z (x,.TQx,. + ulTRu,.)

=
k

<miny (7 Ox, + ! Ru,) = x5 B, , (0)x,
Giving: xOTPk (0)x, is monotonically increasing
Controllability gives: xOTPk (0)x, is bounded from above

Then the sequence {Pk (O)} converges,

[imP (0)=P (can be shown element by element) 9
k- o
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Stability |
Proof:
1) Stability

For : k o o

9

T — T T -7 T T T —
Xy Pxy = Z (x,. Ox, +u, Ru,) =x, Ox,y + uy Ruy + Z (xl Ox, +u, Rul) =
i=0 =1

=X, (Q + LTRL)xO +x/ Px,

Gives:
P=Q+IL'RL+D"PD, where D=A+BL

10
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Stability |1
For any k:

x! Px, —x! (0 + L' RL)x, = x/ D" PDx,
X, Px, = x| (Q + LTRL)xk = X P

k

xoTPxo - Z xiT (Q + LTRL)xi = x£+lpxk+l (1)

0< RHS < x!Px, andwith R>0and Q=CTC we get:

limCx, =0 and lim Lx,

k — o k- o0

The observability assumption gives: I[imxk =0
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Continuation of prop 4.1
Proof:

[11) Positive definitness of P
IV) Arbitrary initial matrix P,

12
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Random systems |

Xpo1 = Apx, + By, +w,

Sy =min E {0x +ul Rug + T (x0)f =

k
Wi 'A/c 'B/c

=min F {x,{ka +u, Ru, +J,,,(Ax, + Bu, + wk)}

u
k
wy A By

Ky = {4’ K ot} E{a' K Bk + BB’ K BY) BB K AL+ O,

13
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Random systems ||

TP?

E{AZ}PkR * E{BZ}P R
k+

Pk+1 :ﬁ(Pk) = E{BZ}P +R
k

+

T= E{AZ}E{B }—EZ{A}EZ{B}

Uncertainty threshold principle:

T>T

divergence

= Riccati equation does not converge

14
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Random systems |11

Convergence of the Riccatieguation

-1 05 0 05 1 14 2 25 E a5 4
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Optimal stopping problem |
Asset selling: w (random offer), u ={u1 uz} (sell, donot sell )
r (revenue)
Given system:
rifx, =T, orifx, #T and u, =u" (sdl),
Xpp = 0 .
0 w, otherwise
0 o O
E |:gN(xN)-'- ng(xkvukwk)m
Wy |:| k=0 l:l
k=01,.,N-1
vy ifxy 2T, COL+7) "y, if x, 2T andu, #u* (sell)
gy(xy) = E Ootherwise, & (xpuw,) =0

otherwise

16
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Optimal stopping problem [1

The DP-algorithm:
DCN if Xy T,
J =
v (i) EOotherwise,

J, (xk)ﬁ)nax[(h r)N-kxk’E{Jkﬂ(wk)}] if x, 2T,

otherwise
Define:
E{J ()} x, <a, donotsll
q, = ATkl
k (1+r)Vk v, >a, sl )
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Optimal stopping problem a

Optimal stopping

Can beshown:
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Optimal stopping problem example

pw=0)=05
r =0, w-constant distribution:  p(w=0.5) =0.25
p(w=1)=0.25

In(xy)=xy =w

Inalxy-g) = max[xN—l! E{JN (xy )}]

19
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Optimal stopping problem example cont.

In-2(xy-2) = max[xN_z, E{JN—l(xN—l)}]
G, U
9 B 8

EE—ll—+1E-l1:+1E-]1:D
82 24 4

I
3
R

é
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I
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R

90
16H

20
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More optimal stopping problems

Asset buying: w (random price), u ={u1 uz} (buy , do not buy )

Correlated prices: include a model

21
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Dynamic Portfolio Analysis|

X, - initial wealth

n— risky assets

e —random rates of returis1,2,...,n
S— rate of return, riskless asset

Wealth difference equation:

n n
x, = 5(xg =y —.—u,) + ZeiUi = sx, + Z (e, = s)u,
= i=

22

11
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Dynamic Portfolio Analysis ||

_U'(x%)
U"(x)
then ' (x) =a’(a+bsx)

If =a+bx

Admissible U(x):
exponential:e_g, b=0
logarithmic:In(x+a), b =1

power (LB -D)(a+bx)" Y bz0, bzl

23
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