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To Mattias and Elsa





Abstract

The aim of this work is to �nd a good method to select regressors for
nonlinear system identi�cation. A literature survey over possible methods
to select the model structure for nonlinear systems, mainly autoregressive
processes, is �rst given. The main ideas are:

1. Compare estimated models, using di�erent regressor vectors, with
each other.

2. Compare the variability of the output data, given one regressor vector,
with the variability of the output data given other regressor vectors.

The second idea is investigated further by applying a common statistical
tool, analysis of variance, to system identi�cation applications. This method
di�ers from most of the suggested methods by treating the variability in a
stochastic framework, instead of treating the problem from a geometrical
point of view. An investigation of the properties of analysis of variance
(ANOVA), practical considerations with its use and Monte-Carlo simula-
tions covering several aspects of the use of ANOVA in system identi�cation
applications is performed. It is shown that ANOVA is reliable, useful for
di�erent types of input signals and not critically sensitive to the amount
of measurement noise. Moreover, the computations are fast, without iter-
ations or minimisations. The result of this work is a suggested procedure
for selecting a model structure from input/output data, using analysis of
variance.
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1

Introduction

The problem of system identi�cation is to �nd a good model for a system
from measured input/output data, without necessarily knowing anything
about the physical laws controlling the system. A system can be any object
we are interested in, physical or imaginary. For example, a water-tap, an
industrial robot, the growing rate of a child or the happiness of a country's
inhabitants. Output data are typically things that are important to us,
such as the ow and temperature of the water, the movements of the robot
arm, the length and weight of the child and, e.g., the suicide rate in a
country. Things that a�ect the system are divided into two groups: inputs
and disturbances. Inputs can be controlled, e.g., the ow of cold water
and the ow of warm water, the voltages to the robot motors, the amount
and contents of the food fed to the child and the quality of arts and sports
activities available to people. Disturbances cannot be controlled, such as
the hot water temperature, the load of the robot arm, how much the child
moves and the interest in arts and sports activities among people. The
questions of what a�ects the system and whether it is an input or not, are
not always easy to answer. The example of the happiness of a country's
inhabitants is one such system.
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2 Introduction

A model is a mathematical description of the system. It will never
be complete, but good approximations are possible. The model can have
several purposes: give greater insight of how the system works, give a foun-
dation for how to control the system or give a possibility to tell if something
new has happened in the system.

The process of �nding a good model can be divided into �ve tasks:

Experiment design Decide what input signal(s) should be used in the
identi�cation experiment (Godfrey, 1993; Ljung, 1999) and what sam-
pling interval to use. Signal range and frequency content should be
considered as well as in what working points the model will be used.
Good experiment design is necessary to get informative measurement
data that can be used for estimation of useful models. In some sys-
tems the possible experiments are strictly limited, due to, e.g., safety
constraints or cost.

Regressor selection Decide what regressors, i.e., which present and old
inputs and old outputs, to use for explaining the output of the model.
The regressor selection can be done completely guided by measure-
ment data or in combination with knowledge gained from other sources,
e.g., physical laws. If proper regressors are found, the tasks of choos-
ing an appropriate model type and estimate the model parameters
are much easier. For nonlinear systems, the regressor selection is not
extensively studied in the system identi�cation literature.

Model type selection Determine what function is suitable to describe
the relation between the regressors and the output. There are sev-
eral versatile model types available for both linear (see, e.g., Ljung
(1999)) and nonlinear relations (Sj�oberg et al., 1995). The exibility
of the model type has to be weighted against the amount of introduced
parameters. Nonlinear model types tend to have a large number of
parameters, even for few regressors, due to the curse of dimensional-
ity. A large number of parameters makes it necessary to have a large
amount of estimation data.

Parameter estimation The parameters associated with the chosen model
type have to be estimated. This is done by minimising some criterion
based on the di�erence between measurements and predictions from
the model (e.g., Ljung (1999)). This is often the easiest task to handle,
but time consuming.
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Model validation The estimated model has to be validated to make cer-
tain that it is good enough for its proposed use. Prediction and simu-
lation performance, model errors and stability are important to check.
The input/output data used for estimation should not be reused for
validation, but instead a new data set should be used (Ljung, 1999).
The importance of the model validation cannot be overrated.

In this thesis, the focus is on regressor selection when the input/output
data originates from a nonlinear system. The motivation to put some e�ort
on regressor selection is to dramatically reduce the e�ort necessary to select
a model type and estimate the associated parameters. If the regressors are
not �xed beforehand, several models have to be tried to determine which
regressor set that works best. For nonlinear model types, the parameters
often takes considerable time to estimate, and it is not only regressors that
have to be chosen. Also the degree of nonlinearity (or model order) and
other structural issues need to be considered. All in all, the amount of tried
models can grow very large.

Several existing regressor selection methods are presented in the thesis
and a common method from statistics, Analysis of Variance (ANOVA), is
applied to the regressor selection problem in an approach novel to the system
identi�cation area.

1.1 Thesis Outline

The thesis begins with a short introduction to system identi�cation and
some common models for nonlinear systems in Chapter 2. In Chapter 3,
available methods for regressor selection are presented. In Chapter 4, the
Analysis of Variance method is presented in some detail, and in Chapter 5,
the practical aspects of the method are discussed. The theoretical chapters
are then followed by several simulation experiments with di�erent types of
input signals, with the objective to understand the possibilities and limi-
tations of the analysis of variance method for this problem. In Chapter 6
a multi-level pseudo-random signal is used, in Chapter 7 a random input
signal and in Chapter 8 an input signal with autocorrelation is used to iden-
tify the structure of NFIR-models. In Chapter 9, several NARX-systems are
investigated with ANOVA. Finally, the conclusions are given in Chapter 10.
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2

System identification

In general, system identi�cation is the method to obtain a mathematical
description for an unknown dynamical system, see Figure 2.1, given a mea-
sured output signal yt and the corresponding input signal ut. To keep things
nice and easy, the usual thing to do is to assume that a linear model can
describe the relations between the input and output signals good enough.
That is, yt can be written

yt = G(q)ut +H(q)et; (2.1)

with G(q) and H(q) the transfer functions from the input signal ut and
the disturbance et, see, e.g., Ljung (1999). One important subgroup of the

ut yt

Figure 2.1: System with input signal ut and output signal yt.

5



6 System identification

linear model structures is the autoregressive (ARX) model structure,

yt = �a1yt�1 � a2yt�2 � : : : � anyt�n +

b0ut + b1ut�1 + b2ut�2 + : : :+ bmut�m + et: (2.2)

This model structure uses both old values of the output signal and the
present and old values of the input signal to explain the present output.
The noise model is H(q) = 1=A(q), with A(q) = 1 + a1q+ : : :+ anq

n. Since
the noise, et, is assumed to be white, an estimator ŷt(�) for yt is obtained
by omitting et in the formula above:

ŷt(�) = �a1yt�1 � a2yt�2 � : : :� anyt�n +

b0ut + b1ut�1 + b2ut�2 + : : : + bmut�m: (2.3)

The parameter vector � contains the parameters a1; : : : ; an and b0; : : : ; bm,
and is estimated by minimising a loss function, often formed by the sum
of squares of the residuals between measured output data and estimated
output from the model:

V (�) = min
�

NX
t=1

l(yt � ŷt(�)): (2.4)

This gives the maximum likelihood estimate �̂ of �, in case l(x) is chosen as
the negative logarithm of the probability density function of the disturbance
et. For Gaussian disturbances this gives l(x) = 1=2x2.

When a linear model structure is not suÆcient to describe the rela-
tion between the input and output signals, nonlinear model structures are
introduced. The class of nonlinear models is huge. The nonlinear autore-
gressive (NARX) model structure (Billings, 1980; Haber and Unbehauen,
1990; Mehra, 1979) is similar to the ARX-model above:

yt = g(yt�1; : : : ; yt�n; ut; : : : ; ut�m; �) + et: (2.5)

Also the nonlinear �nite impulse response (NFIR) model structure,

yt = g(ut; : : : ; ut�m; �) + et; (2.6)

and the NAR model structure

yt = g(yt�1; : : : ; yt�n; �) + et; (2.7)
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which are special cases of the NARX model structure, will be discussed. The
estimation of the parameters is done by minimising the same loss function
as for the linear case, with ŷt(�) given by

ŷt(�) = g(yt�1; : : : ; yt�n; ut; : : : ; ut�m; �): (2.8)

This gives a nonlinear least squares problem, which can be solved with the
Gauss-Newton algorithm (Rao (1973): 'the method of scoring', Dennis and
Schnabel (1983): 'damped Gauss-Newton'):

�̂(i+1) = �̂(i) � �(i)[R(i)]�1V 0(�̂(i)); (2.9)

where �̂(i) is the ith iterate and the norm is l(x) = 1
2x

2. The step size �(i)

is chosen such that

V (�̂(i+1)) < V (�̂(i)); (2.10)

and the search direction is chosen as R(i) = H(�̂(i)). H(�) is a positive
semide�nite approximation of the Hessian:

V 00(�) =
1

N

NX
t=1

@

@�
ŷt(�)(

@

@�
ŷt(�))

T � 1

N

NX
t=1

@2

@�2
ŷt(�)(yt � ŷt(�))

� 1

N

NX
t=1

@

@�
ŷt(�)(

@

@�
ŷt(�))

T = H(�): (2.11)

The minimisation procedure is more diÆcult than in the linear case since
there may be many local minima, and many iterations are needed to �nd one
of these, regardless of the parameterisation. The global minimum cannot
be guaranteed to be found. If the global minimum is found and the noise et
is assumed to be white Gaussian, �̂ is the maximum likelihood estimator of
the parameter vector. If the noise is not Gaussian, a change of norm l will
give the maximum likelihood estimator.

The additional problem for nonlinear model structures is to select the
function g(�). This problem can be divided into two parts by introducing
the notation

g(yt�1; : : : ; yt�n; ut; : : : ; ut�m; �) = g('t; �): (2.12)

The �rst problem is now to determine the regressor vector 't and the second
problem to choose a function g. The selection of the regressor vector 't is
what this thesis is all about.
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The options for the function g are quite many: arti�cial neural net-
works (Haykin, 1994; Kung, 1993), fuzzy models (Brown and Harris, 1994;
Wang, 1994), hinging hyper planes (Breiman, 1993; Chua and Kang, 1977;
Pucar and Sj�oberg, 1998), local polynomial models (De Boor, 1978; Schu-
maker, 1981), kernel estimators (Nadaraya, 1964; Watson, 1969), nearest
neighbour (Ljung, 1999) etc. Most of these methods can be described by
the function expansion

g('t; �) =
X
k

�k�(�k('t � k)); (2.13)

where �k, �k and k are parameters with suitable dimensions, and � is
a 'mother basis function'. For example, the Fourier series expansion has
�(x) = cos(x) with �k corresponding to the frequencies and k correspond-
ing to the phases. For an overview of the possible choices, see Sj�oberg et al.
(1995). Two special model structures that will be used later, are the linear
in the parameters NARMAX model structure and the radial basis neural
network. The NARMAX model structure (Leontaritis and Billings, 1985)
is function expansion of the form

yt = F l(yt�1; : : : ; yt�n; ut; : : : ; ut�m; et; : : : ; et�p) + et: (2.14)

The nonlinear mapping F l may include a variety of nonlinear terms, for ex-
ample, terms raised to an integer power (e.g.,u4t�1), products of past inputs
(e.g.,utut�4), past outputs (e.g.,yt�1ut�4) or cross terms (e.g.,utyt�4). The
radial basis neural network is a function expansion of the form

g('t; �) =
X
k

�kr(�k('t � k)); (2.15)

where r is a radial function. The k's are the centers of the radial function
and the �k's decide how large the support for the function is. Also the
sigmoidal neural network, which is de�ned in the example below, is used
later in this thesis.

The amount of parameters for the nonlinear case grows very rapidly
with the number of regressors | the curse of dimensionality. Any scheme
to reduce the number of parameters would be useful, since each parameter is
estimated with an error. Additivity is one inner structure of the regressors
which reduces the amount of parameters, see the example below.

De�nition 2.1 (Additivity)

By additivity means that the nonlinear function g can be divided into ad-
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ditive functions dependent on one regressor each:

yt = g(yt�1; : : : ; yt�n; ut; : : : ; ut�m; �) + et

= g1(yt�1; �) + : : : + gn(yt�n; �) +

gn+1(ut; �) + : : : + gn+m+1(ut�m; �) + et: (2.16)

De�nition 2.2 (Interaction)

In the cases where the division in (2.16) is not possible, the regressors inter-
act. The interaction can be of di�erent order, e.g., two-factor interaction or
four-factor interaction. Full interaction is when all regressors interact. In

yt = g1(ut�1) + g2(ut�2; ut�3; ut�4) + et; (2.17)

there is a three-factor interaction between ut�2, ut�3 and ut�4 and in

yt = g1(ut�1; ut�4) + g2(ut�2; ut�3) + et; (2.18)

there are two two-factor interactions between ut�1 and ut�4 and between
ut�2 and ut�3. A simple function which gives (two-factor) interaction is

yt = ut � ut�1 + et: (2.19)

Example 2.1 (Parameter reduction by use of inner structure.)

In this example, sigmoidal neural networks will be used. These are function
expansions of the form

g('t; �) = � +
X
k

LWk�('tIWk + bk); (2.20)

with the sigmoid function given by

�(x) =
1

1 + e�x
; (2.21)

and IWk (Input Weight) and LWk (Layer Weight) are weight matrices of
appropriate dimensions. The regressor vector 't consist of three lagged
inputs:

't = [ut; ut�1; ut�2]
T : (2.22)

We assume that these a�ect the output additively, that is, the function g
can be divided in the following manner:

g(ut; ut�1; ut�2) = g1(ut) + g2(ut�1) + g3(ut�2): (2.23)
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+ +
[ut; ut�1; ut�2] yt

30*1

30*1

1*3030

1*1

1

IW LW

bb

Figure 2.2: Neural network with 30 sigmoidal neurons and a full structure.
The picture shows the signal ow for one neuron and the remaining 29
should be thought of as parallel, all summed in the last summation. The
input to the net is [ut; ut�1; ut�2]

T and the output is yt. IW stands for Input
Weight matrix, b for bias matrix and LW for Layer Weight matrix. The
dimensions of the matrices are given below the boxes. The total number of
parameters is 151.

A full network with 30 sigmoidal neurons, as depicted in Figure 2.2, for three
regressors use 151 parameters. If the inner structure is taken advantage of,
as in Figure 2.3, only 91 parameters are used. The reduction is 40%. The
number of parameters can probably be reduced further, since more neu-
rons (for each dimension) should be needed to describe a multi-dimensional
surface than a scalar function.
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+ +IW

b

LW

b

+IW

b

LW

+IW

b

LW

ut

ut�1

ut�2

yt

10*1

10*1

10*1

10*1

10*1

10*1

10

10

10

1*10

1*10

1*10

1*1

1

Figure 2.3: Neural network with 30 sigmoidal neurons and an additive struc-
ture, which gives 10 neurons for each input. The inputs to the net are ut,
ut�1 and ut�2 and the output is yt. IW stands for Input Weight matrix, b
for bias matrix and LW for Layer Weight matrix. The dimensions of the
matrices are given below the boxes. The total number of parameters is 91.
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3

Methods for finding significant

regressors in nonlinear

regression

Some existing methods to select the regressor vector ' in Equation (2.12)
will be described briey in this chapter. Many of the methods have their
origin in the literature of statistics or chaos theory.

3.1 Non-parametric methods

3.1.1 Non-parametric FPE (�nal prediction error) and re-
lated methods

This method aims at minimising the expected squared prediction error for
NAR processes, Equation (2.7), in a non-parametric setting,that is

FPE(ĝ) = E[( ~yt � ĝ( ~'t))
2w( ~'M;t)]: (3.1)

In Tschernig and Yang (2000) the tilde-denoted time series are independent,
but identically distributed to yt; 't. w is a continuous nonnegative weight
function with compact support, mapping the vector ~'M;t of length M to
a real number. The noise et is allowed to have time-varying variance and
may be non-white. ĝ is a non-parametric estimate of the true function g.

13



14 Methods for finding significant regressors

A locally constant or locally linear estimate of g is obtained with w chosen
as a kernel weight function. The FPE-criterion (introduced by Akaike)
is computed for di�erent choices of the regressor, 't, and the one with
smallest FPE is chosen as indicator of the correct regressors to use in the
model. Auestad and Tj�stheim (1990) give a heuristic justi�cation, which is
followed by a theoretical investigation in the companion articles Tj�stheim
and Auestad (1994a) and Tj�stheim and Auestad (1994b). Tschernig and
Yang (2000) prove consistency and make some improvements, for example,
modi�cations to the local linear estimator to achieve faster computation. A
Monte-Carlo study is made which con�rms the theoretical reasoning.

Cross-validation

Cheng and Tong (1992), Yao and Tong (1994) and Vieu (1995) proposed an
order selection method for smooth stationary autoregressive functions. The
objective is to minimise the prediction error without including too many
explanatory variables. The proposed method has much in common with
the non-parametric FPE (above). The main di�erence is that the residual
variance is computed by the 'leave-one-out' method in the cross-validation
approach.

3.1.2 Local conditional mean and ANOVA

Truong (1993) investigated the convergence properties of local conditional
mean and median estimators, which inspired Chen et al. (1995) to use Anal-
ysis of Variance (ANOVA, see Chapter 4) together with Truong's local con-
ditional mean estimator to do additivity tests on autoregressive processes.
The method is similar to the approach used in this thesis, but the applica-
tion was limited to check if the function g(X) can be divided into additive
functions of one regressor each, which reduces the dimensionality of the
function estimation process, see Example 2.1.

3.1.3 'Statistical approach'

Poncet and Moschytz (1994) suggest an optimal model order selection
method, which in spirit is close to ANOVA. Their idea is to estimate the
minimum mean squared prediction error realizable from data. An estima-
tion theoretic argument claims that the prediction error lower-bound of
order m (the length of '), �2m, is equal to the conditional variance,

�2m = V ar(yj') = E[V ar(yj' = x)]: (3.2)
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To estimate the quantity in the right hand side, the local variance of the
output signal y given regressor length m, several data points with exactly
the same regressor x are needed. Since this is very rare in practice, some
approximation is done. One could discretize the space by making a grid
with size 2� and centers x0j, compute the estimates

V ar(yjk' � x0jk � �) (3.3)

and averaging them to get the estimate Æ2m(�) of �
2
m. Another possibility is

to use pairs of data points, y and y0, where k'�'0k � �: Since, under weak
conditions,

�2m = E[
1

2
(y � y0)2j' = '0]; (3.4)

provided that y and y0 are uncorrelated, the practical estimate of the con-
ditional mean-square di�erence of order m,

Æ2m(�) = E[
1

2
(y � y0)2jk' � '0k � �] (3.5)

is made. This estimate is more eÆcient with respect to the given data than
the previous one, Equation (3.3), and has some monotonic properties which
are useful for order selection. The minimum order m0 is chosen such that
the con�dence intervals for the numeric estimate of (3.5) are approximately
equal for all m � m0, where � should be chosen much smaller than the
output signal variance.

3.1.4 False nearest neighbours

The false nearest neighbours method is based more on geometrical than
stochastic reasoning. Kennel et al. (1992) introduced one version of the
false nearest neighbours concept to �nd the correct embedding dimension,
that is, the number of regressors, needed to give a reasonable description of
a nonlinear time series. Their purpose was to �nd the smallest embedding
dimension needed to recreate the dynamics of autonomous chaotic systems.

The idea is to compare the distance between two neighbouring explana-
tory regressors with the distance between their respective output observa-
tions. If the length of the regressor is suÆcient, the distance between the
observations should be short when the distance between the regressors is
short, assuming that the nonlinear function is smooth. If the regressors are
too short, the distance between the observations could be long even though
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Figure 3.1: Two input/output data are plotted in this �gure. Both ut and
ut�1 are needed to explain yt. When the data are projected into the plane
given by ut and yt, there is no explanation for the di�erence in output
value, while the explanation is obvious in the higher dimension | false
nearest neighbours.

the distance between the regressors is short, due to the projection of the re-
gressor space, see �gure 3.1. This is what is called a false nearest neighbour.

Kennel et al. (1992) propose a measure, which tells if two points are false
nearest neighbours, and uses it to calculate the percentage of false nearest
neighbours for each length of the regressor. When this percentage drops to
nearly zero (or low enough), for growing dimensions, the correct embedding
dimension is found.

Rhodes and Morari (1998) develops the idea to include systems with
exogenous input and consider noise corrupted data in more detail.
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3.1.5 Lipschitz numbers

He and Asada (1993) compare the distances between measurements with
the distances between regressors. They compute the Lipschitz quotient,

qkij =
jyi � yjj
kxi � xjk2

; (i 6= j); (3.6)

for each regressor length k and all data pairs (i; j). Then the geometrical
average of the p largest quotients is formed. p is chosen to be approximately
one percent of the number of data. For k less than optimal, this average
decreases rapidly with growing k, but for k larger than optimal, the average
is more or less constant. This is used to �nd the correct regressor length.
The method is claimed to work also when a low level noise is present, that
is, not only noise-free conditions, and is applicable to autoregressive models
with exogenous input.

Bomberger (1997) compares the Lipschitz numbers method and the False
Nearest Neighbours method on a few chemical engineering processes.

3.1.6 Æ-test

Pi and Peterson (1994) worked with nonlinear autoregressive processes.
They used the continuity of the nonlinear function to obtain a statistical
measure of the dependence on each regressor, yt�1; : : : ; yt�n. The measure
is the probability that two measurements are close when the regressor vec-
tor 't of length k are closer to each other than a speci�ed value, Æ. This
probability depends on the amount of noise in the process and the presence
of a functional dependence on the regressors. The achieved information can
be used to determine the amount of noise in the process, the embedding
dimension and which regressors contribute to the output.

3.1.7 Rank of linearised system

Autin et al. (1992) worked with input-output systems with measurement
errors. They suggest to linearise the system around several operating points,
by using a constant input signal to �x the operating point and add white
noise to form the input signal. From an input-output data matrix, the order
of the linearised system can be estimated by examination of the singular
value decomposition, i.e., rank estimation. The size of the added input noise
is important. It should be small enough to ensure a good approximation by
a linear system and large enough to give a good signal to noise ratio in the
presence of measurement errors, see (Autin et al., 1992).
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3.1.8 The BRUTO algorithm

Chen and Tsay (1993) compare two methods to form non-parametric esti-
mates of nonlinear additive autoregressive processes with exogenous signals,
see Equation (2.16). One of the methods, the BRUTO algorithm of Hastie
and Tibshirani (1990), can also be used to select the regressors that should
be included in the model. The other method studied, alternating conditional
expectation, is used in a fashion similar to the exhaustive search method
described in this thesis, see Section 3.2.4. The BRUTO algorithm is an
adaptive back-�tting procedure using ideas of cross-validation in selecting
the smoothing parameter. The back-�tting idea is that, if the assumption
of additivity is valid, then an estimate of fl(xl) is given by a smoothed

y �
X
k 6=l

f̂k(xk); (3.7)

where xk is the regressor that goes with function fk. All f̂ 's are estimated
in the same manner sequentially. The procedure is repeated until conver-
gence of each function is achieved. Various smoothers with a smoothing
parameter, �, can be used, e.g., the Gaussian kernel smoother. For each
f̂ , the �-value minimising a global criterion is chosen as the candidate for
the next iteration model. In each iteration of the BRUTO algorithm only
one change of f̂ is incorporated, namely the one which decreases the global
criterion most. Also linear �ts or no �t at all can be chosen by the � values
�1 and 0 respectively. Thereby regressors can be excluded from the model.
For more details, see Chen and Tsay (1993).

3.1.9 Genetic algorithms

The paper by Gray et al. (1998) is not closely connected to the subject of
�nding the correct regressors. Their work focus on �nding a proper model
structure, including speci�c nonlinear functions and time delays. Their idea
is to combine block libraries with a wide range of possible functions to chose
from with a genetic programming algorithm. This is an interesting approach
but beyond the scope of this thesis.

3.1.10 Mutual information

Zheng and Billings (1996) proposed the use of mutual information to select
input nodes to radial basis networks, see Equation (2.15). This is appli-
cable to determine what regressors should be used in system identi�cation
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applications. Mutual information is a fundamental information measure
in information theory. It is a measure of the general dependence, including
nonlinear dependence, between two variables, or, alternatively, a measure of
the degree of predictability of the output knowing the input. The suggested
algorithm aims at �nding the subset of explanatory variables that maximises
the mutual information. For details see Zheng and Billings (1996).

3.1.11 Coherence function of input-output data

Krishnaswami et al. (1995) suggest the use of the coherence function to �nd
the signi�cant regressors. Their version of the coherence function is de�ned
as

yu =
jSyuj2
SyySuu

; (3.8)

where Syu is the cross-correlation between the signals y and u, and Syy and
Suu are the autocorrelations of the signals. If yu is small the dependence
between the signals is weak and if it is large the dependence is strong. Also
nonlinear functional dependencies are claimed to have large values of yu.
The procedure to �nd the signi�cant regressors is then as follows:

1. Calculate the coherence function ytyt�i between yt and all yt�i up to
i = k, for some large k. The computational e�ort is not high. Choose
the i = �1 with the largest value of .

2. Use Gram-Schmidt orthogonalisation to orthogonalise yt with respect
to yt��1 , giving ~yt.

3. Then the coherence function ytyt�i should be computed for ~yt as
in step 1, giving �y. In the same manner the coherence function
ytut�i between ~yt and all ut�i should be computed, giving �u. Let
�2 = max(�y; �u).

4. Orthogonalise ~yt with respect to both yt��2 and ut��2 .

5. Repeat coherence function computation and orthogonalisation until
~yt approaches zero.

The order of the input is then the maximum �u value and the order of the
output is the maximum �y value.

The suggested algorithm is quite sketchy with few explanations on the
choices made. Some comparison with the Lipschitz quotient method is done
on simulated data.
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3.2 Parametric methods

3.2.1 Orthogonal structure detection routine

Korenberg et al. (1988) work with linear-in-the parameters NARMAX mod-
els, see Equation (2.14), where the model order is assumed to be known.
They suggest a method to calculate the least squares problem for the pa-
rameter estimation, which gives the side e�ect that the contribution to the
mean squared error for each parameter can be calculated. The suggested
error reduction ratio can provide an indication of which terms to include in
the model. Thresholds are needed to give useful result, but are not much
discussed in their article. The noise is assumed to be zero-mean and white.
In Billings et al. (1988) the method is extended to output-aÆne models
without noise.

3.2.2 Stepwise regression

Billings and Voon (1986) have done successful modelling of nonlinear sys-
tems using NARMAX models in combination with stepwise regression to
select signi�cant terms. The idea is to include one term at a time, the one
which contributes most, and deleting terms one at a time if they are found
insigni�cant when more terms are added. This common method for select-
ing regressors in linear system identi�cation is here adapted to NARMAX
models. The method is known to have problems with convergence.

3.2.3 Bootstrap-based

A bootstrap-based method of reducing the number of parameters in the
NARMAX models is suggested by Kukreja et al. (1999). It should be seen
as an alternative to the method suggested in Section 3.2.1. They start with
computing a parameter estimate with the extended least squares method.
To get estimated con�dence intervals on the parameters the following pro-
cedure is done.

1. The parameter estimate is used to compute the residuals from the
linear regression.

2. The residuals are sampled with replacement to form new sets of data
(the 'residuals' for the bootstrap data series).

3. The predicted output and the re-sampled residuals are used to form
new 'measurements'. Each such data series gives a new parameter
estimate, here called the bootstrap parameter estimate.
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4. A con�dence interval of the parameter estimate can then be formed
using all the bootstrap parameter estimates.

If zero is contained in the con�dence interval for a parameter, the parameter
is considered as spurious.

The method is claimed to work well for moderately over-parameterised
models. An important drawback in this context though, is that the max-
imum model order is considered known, that is, the maximum number of
lagged inputs, the maximum number of lagged outputs, the maximum num-
ber of lagged errors and the maximum order on the polynomial expansion
are considered as known.

3.2.4 Exhaustive search

The idea behind the exhaustive search method to �nd the model structure
is to enumerate all possible combinations of the regressors and estimate a
model for each such combination. There are mainly three ways to do the
model selection:

Cross-validation The one model that has the best prediction performance
on an untouched set of input/output data ('validation data') is chosen
as the model for the system (Ljung, 1999). For example, the root mean
square error (RMS) between measured and predicted output,

RMS =

vuut 1

N

NX
t=1

(yt � ŷt)2; (3.9)

can be used as comparison measure. This approach is used in this
thesis.

AIC If the minimisation criterion, Equation (2.4), in the parameter esti-
mation is replaced by

VAIC = (1 +
2dim �

N
)V; (3.10)

a proper choice among the estimated models can be done without
having a validation data set (Akaike, 1981). The model with the lowest
VAIC should be chosen. Akaike's information criterion introduces in
this way an extra penalty for the amount of parameters used in the
model, in an attempt to avoid over-�t to the data.
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Hypothesis tests If two models ĝ1('t; �) and ĝ2( t; �), where  t is a sub-
set of 't, are compared, a hypothesis test can be used to determine
if the di�erence in performance is signi�cant (Ljung, 1999). The null
hypothesis,

H0 : the data have been generated by ĝ2( t; �); (3.11)

is tested against

H1 : the data have been generated by ĝ1('t; �): (3.12)

That means that we are prejudiced against the larger model. The test
variable used is

N � V (ĝ2( t; �)) � V (ĝ1('t; �))

V (ĝ1('t; �))
; (3.13)

computed for estimation data, which is asymptotically �2-distributed
with (dim '�dim  ) degrees of freedom (at least for linear regressions
and ARMAX models). If the value of the test variable is large enough,
compared to a �2�(dim '�dim  )-table, the null hypothesis is rejected
at the con�dence level �.

If we are lucky, the chosen model has the same structure as the system
we want to identify the structure of. This method does not distinguish
between the task of �nding the model structure and the task of �nding a
model, thereby a lot of tuning is done to improve models before we know if
they are going to be used or not.

The models used to parameterise the system depend on our assumptions
of the system structure, i.e., if it is linear, nonlinear, dynamic or static etc.
If we had been identifying a linear system there would not have been any
big problems with using the exhaustive search method to �nd the correct
structure. The identi�cation methods for �nding good linear models are
eÆcient and reliable. Of course, we could still do the wrong choices some-
times, due to the noise e�ects in the signals. Here, the issue is to identify
the structure of nonlinear systems, which gives more points to consider.
There are no really eÆcient and completely reliable methods to estimate a
nonlinear model of a nonlinear system. It is common to use neural networks
to do it, but these su�er from the lack of search algorithms that guarantee
that the global minimum is found. They also take lots of computations to
�nd a minimum at all. So, we cannot be sure that the global minimum is
found for each of the models we compare and can thereby not be sure that
we have found the model structure that describes the system best.
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3.3 Comparison of methods

Most of the methods above belong to one of two main categories of methods.
The �rst category can be called neighbour methods. These methods use the
idea to compare distances between output values with distances between
the corresponding regressor vectors of di�erent length. Methods that belong
to this category are: Local conditional mean and ANOVA, Section 3.1.2,
'Statistical approach', Section 3.1.3, False nearest neighbours, Section 3.1.4
and Lipschitz numbers, Section 3.1.5. A probably better alternative to many
of these methods is to use ANOVA, which is a statistical tool for this kind
of problem, see next chapter.

The second category can be called estimate and compare. Several dif-
ferent models are estimated and their performance compared. Methods
that belong to this category are: The non-parametric FPE, Section 3.1.1,
the BRUTO algorithm, Section 3.1.8, genetic algorithms, Section 3.1.9, or-
thogonal structure detection routine, Section 3.2.1, and stepwise regression,
Section 3.2.2. A complete investigation of all possible models should be
done if one wants to make certain that the correct regressors are found, as
in Section 3.2.4.
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4

The ANOVA idea

The statistical analysis method Analysis of Variance (ANOVA) (Miller,
1997; Montgomery, 1991) is a widely spread tool for �nding out which fac-
tors contribute to given measurements. Though common in medicine and
quality control applications, it does not seem to have been tried in system
identi�cation applications. The method has been discussed in the statistical
literature since the 1940's.

The method is based on hypothesis tests with F-distributed test variables
computed from the residual quadratic sum. Below, the �xed e�ects variant
of the method is stated in a statistical framework for two factors. The
complexity grows rapidly with the number of factors. But �rst a few words
about sampling distributions.

One of the most important sampling distributions is the normal distri-
bution. If z is a normal random variable, the probability distribution of z
is

f(z) =
1

�
p
2�
e�

(z��)2

2� ; (4.1)

where � is the �nite mean of the distribution and �2 > 0 the variance.
If z1; : : : ; zu are normally and independently distributed random variables

25
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with zero mean and variance 1, then the random variable

�2(u) =

uX
i=1

z2i (4.2)

follows the chi-square distribution with u degrees of freedom. If �21(u) and
�22(v) are two independent chi-square random variables with u and v degrees
of freedom, then the ratio

F (u; v) =
�21(u)=u

�22(v)=v
(4.3)

follows the F-distribution with u nominator and v denominator degrees of
freedom. The probability distribution of F is

h(F ) =
�(u+v2 )(uv )

u=2F (u=2)�1

�(u2 )�(
v
2 )[(

u
v )F + 1](u+v)=2

0 < F < inf : (4.4)

Also a non-central F-distribution is de�ned, as F (u; v; Æ), where Æ is a non-
centrality parameter. If Æ = 0 the non-central F-distribution becomes the
usual F-distribution.

4.1 Two-way analysis of variance

Assume that we have a batch of a � b � n observations, corresponding to the
ab treatment/level combinations of the factors A and B. A has a di�erent
levels, B has b di�erent levels and the experiment is repeated n times. The
measurements are made in random order to be sure to avoid e�ects of time
dependency etc. To use ANOVA in a system identi�cation application, we
can consider, e.g., the nonlinear FIR-model

yt = g(ut�i1 ; ut�i2) + et: (4.5)

yt is seen as the measurements, ut�i1 as factor A and ut�i2 as factor B.
This structure gives that a = b = m, which is the limited number of levels
we allow ut to assume.

The observations may be described by a linear statistical model,

yijk = �+ �i + �j + (��)ij + �ijk; (4.6)

where i = 1; : : : ; a, j = 1; : : : ; b, k = 1; : : : ; n, � is the overall mean e�ect,
�i is the e�ect of the ith level of the factor A, �j is the e�ect of the jth
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level of the factor B, (��)ij is the e�ect of the interaction between the ith
level of factor A and the jth level of the factor B and �ijk is a random error
component from a Gaussian distribution with constant variance �2. This
means that we assume that there are deterministic e�ects from the level of
the factors, and that the stochastic e�ects are totally due to measurement
noise. The e�ects from A and B are de�ned to be �xed deviations from
the overall mean, so

Pa
i=1 �i = 0,

Pb
j=1 �j = 0,

Pa
i=1(��)ij = 0;8 j andPb

j=1(��)ij = 0;8 i.
We are interested in testing the following hypotheses regarding the treat-

ment e�ects:

H0AB : (��)ij = 0;8 i; j; (4.7)

that is, the measurements do not depend on the level combination of factors
A and B (interaction e�ect), against

H1AB : at least one (��)ij 6= 0; (4.8)

that there is at least one signi�cant interaction e�ect. (The null hypoth-
esis corresponds to the model yt = g1(ut�i1) + g2(ut�i2) + et.) If the null
hypothesis H0AB is accepted, we are also interested in testing:

H0A : �1 = �2 = : : : = �a = 0; (4.9)

H0B : �1 = �2 = : : : = �b = 0; (4.10)

against, respectively,

H1A : at least one �i 6= 0; (4.11)

H1B : at least one �j 6= 0: (4.12)

If any of the null hypotheses is rejected, we assume that the factor involved
does have some e�ect on the measurements. (If the null hypotheses can
not be rejected, the appropriate model corresponds to: for H0A that yt =
g2(ut�i2) + et, for H0B that yt = g1(ut�i1) + et, and for both H0A and H0B

that yt can not be explained by ut�i1 and ut�i2 . )
To do the hypothesis tests we use a two-factor analysis of variance. We

compute the overall mean, the cell means and the means over the factor
levels. Let

y::: =
1

abn

aX
i=1

bX
j=1

nX
k=1

yijk; (4.13)
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yi:: =
1

bn

bX
j=1

nX
k=1

yijk; (4.14)

y:j: =
1

an

aX
i=1

nX
k=1

yijk; (4.15)

yij: =
1

n

nX
k=1

yijk: (4.16)

The total residual quadratic sum can be written

SST =

aX
i=1

bX
j=1

nX
k=1

(yijk � y:::)
2

=

aX
i=1

bn(yi:: � y:::)
2 +

bX
j=1

an(y:j: � y:::)
2

+
aX
i=1

bX
j=1

n(yij: � yi:: � y:j: + y:::)
2 +

aX
i=1

bX
j=1

nX
k=1

(yijk � yij:)
2

= SSA + SSB + SSAB + SSE; (4.17)

where

SSA =
aX

i=1

bn(yi:: � y:::)
2; (4.18)

SSB =

bX
j=1

an(y:j: � y:::)
2; (4.19)

SSAB =

aX
i=1

bX
j=1

n(yij: � yi:: � y:j: + y:::)
2 (4.20)

and

SSE =
aX

i=1

bX
j=1

nX
k=1

(yijk � yij:)
2: (4.21)

From a theorem by Cochran (Montgomery, 1991, page 59) it is possible to
show that



4.1 Two-way analysis of variance 29

� the stochastic variables SSA, SSB , SSAB and SSE are independent,

� the stochastic variable 1
�2
� SSE � �2(ab(n� 1)),

� if �1 = : : : = �a = 0, then 1
�2
� SSA � �2(a� 1),

� if �1 = : : : = �b = 0, then 1
�2
� SSB � �2(b� 1),

� if (��)ij = 0;8i; j, then 1
�2
� SSAB � �2((a� 1)(b � 1)),

under the assumptions that the measurement noise is Gaussian with con-
stant variance �2 and the design is balanced. The � sign means 'distributed
as'. A design is balanced if the number of data is equal in all cells, and un-

balanced otherwise. These observations are used to design test variables to
test the proposed hypotheses. The test variable associated with factor A is
chosen as

vA =
SSA=(a� 1)

SSE=(ab(n� 1))
: (4.22)

If H0A is true, then vA � F (a� 1; ab(n� 1)), i.e., vA is F -distributed with
a � 1 and ab(n � 1) degrees of freedom. The null-hypothesis is rejected if
we get a large value of vA, that is, we reject H0A if vA > c, where c is taken
from an F�(a � 1; ab(n � 1))-table and � denotes the level of signi�cance
(the probability to reject H0 though H0 is true). H0B and H0AB are tested
analogously. We can also estimate the standard deviation, �, associated
with the random error component, as �̂2 = SSE

ab(n�1) . The degrees of freedom

are ab(n� 1). Note that n needs to be larger than 1 to do the analysis with
all interaction e�ects.

The results from the hypotheses testing can be used to determine which
factors have e�ect on the measurements and if there are interaction e�ects
between di�erent factors.

4.1.1 Assumptions

The most important modelling simpli�cations made are the assumptions
that the variance is constant through the batch and that the random error
component is Gaussian distributed. The F-tests are quite robust against
violations against both assumptions (Krishnaiah, 1980, Chapter 7). To
test if the assumption of normal distribution is valid, a normal probability
plot of the residuals from the linear statistical model can be used: Order
the N residuals �i in ascending order. Plot the �i's versus �

�1(i=(N + 1))
for i = 1 : : : N , where �(�) is the cumulative distribution function for the



30 The ANOVA idea

Factor A
Low High

Factor B Low y111 = 2 y112 = 1 y211 = �2 -1
y113 = 0 y114 = 1 -1 0

High y121 = �5 -4 5 6
-6 -3 4 4

Table 4.1: Measurement data divided into cells. There are 4 measurements
for each combination of factor levels.

normal distribution with zero mean and variance 1. If the residuals belong
to a normal distribution, the result is a straight line.

Example 4.1 (This example is meant to enlighten the formulas
above.) Consider the data in Table 4.1. These are collected from an
experiment where both factor A and factor B have two levels, low and high.
To compute SSA, we need the column means �y1�� = �14=8 and �y2�� = 15=8
and the overall mean �y��� = 1=16. We get

SSA = na

2X
i=1

(�yi�� � �y���)
2

= 4 � 2((�14
8

� 1

16
)2 + (

15

8
� 1

16
)2) = 52:5625 (4.23)

SSB is computed using the row means �y�1� = 0 and �y�2� = 1=8:

SSB = nb

2X
j=1

(�y�j� � �y���)
2

= 4 � 2((0 � 1

16
)2 + (

1

8
� 1

16
)2) = 0:0625 (4.24)

For SSAB also the cell means �y11� = 1, �y21� = �1, �y12� = �18=4 and
�y22� = 19=4 are needed:

SSAB = n
2X

i=1

2X
j=1

(�yij� � �yi�� � �y�j� + �y���)
2 = 4((1 +

14

8
� 0 +

1

16
)2

+ (�1� 15

8
� 0 +

1

16
)2 + (�18

4
+
14

8
� 1

8
+

1

16
)2

+ (
19

4
� 15

8
� 1

8
+

1

16
)2) = 126:5625; (4.25)
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Degrees of Mean
E�ect Freedom Square F p-level

A *1 *52.56 *53.68 0.0000*
B 1 0.06 0.06 0.8048
AB *1 *126.56 *129.26 0.0000*
Error 12 0.97

Table 4.2: Analysis of Variance Table for the data in Table 4.1. The
columns are from the left; the degrees of freedom associated with each sum
of squares, the sum of squares divided by its degrees of freedom, the value
of the F-distributed test variable associated with the corresponding null hy-
pothesis and, �nally, the probability level of the null hypothesis. The rows
marked with stars denotes rejected null hypotheses at the signi�cance level
� = 0:01.

and, �nally, SSE is computed as:

SSE =

2X
i=1

2X
j=1

4X
k=1

(yijk � �yij�)
2

= (2� 1)2 + (1� 1)2 + : : :+ (4� 19=4)2 = 11:75: (4.26)

The sums of squares are customarily collected in an ANOVA table, see
Table 4.2, in the form of mean squares, that is, each sum of squares is divided
by its degrees of freedom. In the table are also the degrees of freedom, df,
associated with each sum of squares, the value of the F-distributed test
variable associated with the corresponding null hypothesis (for row 1 that
is (4.22)) and its probability level stated. The last column can be interpreted
as the signi�cance level �, which must be used in the hypothesis tests in
order to accept the null hypothesis. The rows marked with stars correspond
to rejected null hypotheses at the signi�cance level � = 0:01.
The ANOVA table is read from the bottom. In this example it is clear
that there are interaction e�ects between factor A and factor B since the
p-level is close to zero. Normally the signi�cance level � is 0.05 or 0.01 and
any p-level lower than the chosen � will correspond to rejecting the null
hypothesis. Since there are interaction e�ects present, the linear statistical
model will not be simpli�ed by further testing. Both factor A and factor
B are considered as good regressors for these data. If the null hypothesis
H0AB had been accepted, it had been interesting to check the rows above
to see if there had been signi�cant main e�ects. The results from all the



32 The ANOVA idea

hypothesis test is that we have selected a model structure for the system:
the regressors A and B, and their interaction pattern, which is that they
enter the model additively.

4.2 Random e�ects and mixed models

For sure, it is not always possible to view the factors A and B as giving
�xed e�ects �i, �j and (��)ij . One example is when the factors represent
continuous variables instead of discrete variables. Another thing to consider
is if the conclusions will be generalised to more than the analysed factor
levels. In these cases the random e�ects model is the proper model to use.

The random e�ects model is

yijk = �+ �i + �j + (��)ij + �ijk; (4.27)

where i = 1; : : : ; a, j = 1; : : : ; b, k = 1; : : : ; n, � is the overall mean e�ect,
and

�i independent N(0; �2a); (4.28)

�j independent N(0; �2b ); (4.29)

(��)ij independent N(0; �2ab); (4.30)

�ijk independent N(0; �2e ); (4.31)

with independence between the di�erent lettered variables. Here the inter-
esting thing to do is to estimate the variance components �2a, �

2
b , �

2
ab and

�2e . The estimators for the variance components (balanced design) are based
on the expected mean squares for the sums of squares, (4.18) - (4.21). The
expectations are:

E[MSA] = E[
SSA
a� 1

] = �2e + n�2ab + nb�2a; (4.32)

E[MSB ] = E[
SSB
b� 1

] = �2e + n�2ab + na�2b ; (4.33)



4.2 Random effects and mixed models 33

E[MSAB ] = E[
SSAB

(a� 1)(b� 1)
] = �2e + n�2ab; (4.34)

E[MSE ] = E[
SSE

ab(n� 1)
] = �2e ; (4.35)

which gives the estimators:

�̂2a =
MSA �MSAB

nb
; (4.36)

�̂2b =
MSB �MSAB

na
; (4.37)

�̂2ab =
MSAB �MSE

n
; (4.38)

�̂2e =MSE: (4.39)

For unbalanced designs, i.e., not all nij equal, the estimators are compli-
cated, see (Searle, 1971, Chapters 10 and 11).

Here, we will not use the estimators directly. Instead we will test the
null hypotheses H0AB : �2ab = 0, H0A : �2a = 0 and H0B : �2b = 0 against
the non-zero alternatives. We use the test variable vAB = MSAB=MSE
which has a F ((a � 1)(b � 1); ab(n � 1))-distribution if H0AB is true. For
vAB > cAB , where cAB is a critical limit taken from an
F�((a� 1)(b� 1); ab(n � 1))-table, the null hypothesis is rejected. vA =
MSA=MSAB follows the F (a� 1; (a � 1)(b� 1))-distribution if H0A is true
and for vB = MSB=MSAB the distribution is F (b� 1; (a� 1)(b � 1)) for
H0B true. Note that the test statistics are not the same as for the �xed
e�ects case. If the null hypotheses are false, the test statistics are still
central F distributions.

If the design is poorly balanced these tests should not be used, since
the independence between the di�erent mean squares of sums of squares is
lost. Any better tests for the unbalanced case does not seem to have been
derived.

Mixed models

When some factors are treated as �xed and others are treated as random
the model is called mixed. For a discussion on this type of model, see Miller
(1997).
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4.3 Signi�cance and power of ANOVA

In order to decide the appropriate amount of measurements necessary to
gain an acceptable performance of the hypothesis tests, we need to know how
to calculate the power of the tests. There are two measures of performance
often used:

signi�cance level = � = P (H0 rejectedjH0 true) (4.40)

power = 1� � = P (H0 rejectedjH0 false) (4.41)

We want both � and � to be small. Do not confuse � with the e�ects �j .
We use the wanted � to calculate the critical limit for the test variable v,
that is, we regard � as a design parameter. It is harder to get a value of �,
since we need an assumption of in what way the null hypothesis is false and
the distribution of the test variable according to this assumption. For the
hypothesis test associated with factor A in the two-way �xed model analysis
of variance we have that (Sche��e, 1959):

vA =
SSA=(a � 1)

SSE=ab(n� 1)
� F (a� 1; ab(n� 1)) if H0A true (4.42)

and

vA =
SSA=(a� 1)

SSE=ab(n� 1)
� non-central F (a� 1; ab(n� 1); Æ) if H0A false;

(4.43)

where the two �rst parameters in the F -distribution are the degrees of
freedom and the third, Æ, is a non-centrality parameter with

Æ = na
aX
i=1

�2i
�2
; (4.44)

which is closely related to the signal to noise ratio through �i. The formula
for Æ depends on how many factors are included in the test and which
interaction e�ect is tested, see Krishnaiah (1980, p 201). The power of
the test depends on the number of repetitions of the measurements, n, the
number of levels of factor A, a, and the deviation from the null hypothesis
we want to test. The power is di�erent for the tests of main e�ects and for
the tests of interaction e�ects of di�erent orders.
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Example 4.2 (Compute power of hypothesis tests) As an example
of how to compute the power of the hypothesis tests, we will describe how
to compute the probability to �nd the correct model structure of a test
function,

yt = ut � 0:03ut�2 + et: (4.45)

We are using a three-way analysis of variance and want to �nd what inputs
have a signi�cant e�ect on the output and if they interact. Input/output
data from the function yt = ut � 0:03ut�2 + et are examined. We have
4 di�erent levels that ut can assume, and each measurement is repeated 4
times, that is, a = b = c = m = 4 and n = 4. The level of signi�cance, 1��,
equals 0.99 in the test and the noise is Gaussian with standard deviation 1.
The factor A is associated with ut�2, B with ut�1 and C with ut.
To �nd the correct model structure we need to:

�accept the null hypotheses for the interaction e�ects ABC, AB, AC,
BC and the main e�ect B, and

�reject the null hypotheses for the e�ects A and C.

The probability to accept the null hypothesis when it is true is given by 1��
and the probability to reject the null hypothesis when it is false is given by
1��. We neglect the fact that the di�erent tests for the null hypotheses are
not truly independent, due to the division by the estimated variance instead
of the true variance in the test variables. We get an upper level (due to the
neglected dependence) for the probability to �nd the correct model,

P (�nd the correct model structure) � (1� �)5(1� �A)(1� �C): (4.46)

�A is given by �A = P (vA < cAjH0A false), where cA is the critical limit
with con�dence level � for the test variable vA, which belongs to the distri-
bution

vA � non-central F (m� 1;m3(n� 1); ÆA) (4.47)

with

ÆA = nm2
mX
i=1

�2i
�2

(4.48)

when H0A is false. To �nd the critical limit cA we also need the distribution
for vA when H0A is true,

vA � F (m� 1;m3(n� 1)): (4.49)
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A level
-2 1 3 5 means k

-2 -1.94 -2.03 -2.09 -2.15 -2.0525 -3.75
C level 1 1.06 0.97 0.91 0.85 0.9475 -0.75

3 3.06 2.97 2.91 2.85 2.9475 1.25
5 5.06 4.97 4.91 4.85 4.9475 3.25

means 1.81 1.72 1.66 1.6 � = 1:6975
�i 0.1125 0.0225 -0.0375 -0.975

Table 4.3: Function values, means and e�ects, ut � 0:03ut�2.

See also Figures 4.1(a) and 4.1(b).
The value of �C is computed analogously. The deterministic values for all
factor combinations, mean values and factor e�ects are given in Table 4.3.
It is easy to compute the e�ects for factor A, �i; i = 1; : : : ; 4 and for factor
B, k; k = 1; : : : ; 4. We get ÆA = 1:54 and ÆC = 1713, and use tables to
�nd the corresponding values �A = 0:95 and �C = 0. The result is that the
probability to �nd the correct model structure is 4.2%. We can also verify
that

P (�nd only factor C) � (1� �)6(1� �C) = 0:94; (4.50)

which means that we are very likely to assume that only factor C, ut,
explains the output from the function.

4.4 Unbalanced design

There are several reasons why unbalanced data (unequal cell counts) might
occur. For example, a balanced design might have been planned, but for
some reason observations have been lost. The orthogonality property of the
main e�ects and interactions are lost when the data are unbalanced (Mont-
gomery, 1991). This means that the usual ANOVA techniques do not apply.

4.4.1 Proportional data

Only minor modi�cations are needed for proportional data. That is

nij =
ni�n�j
n��

; (4.51)
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Figure 4.1: Distributions for vA in Example 4.2. Observe that the x-axes
have di�erent scaling in the two plots.
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where nij is the number of data in cell ij, ni� is the number of data in the
ith row, n�j the number of data in the jth column and n�� the total number
of data. Proportional data is not very likely to occur in our application, so
the modi�cations of the ANOVA will not be described here.

4.4.2 Approximate methods

When the data are nearly balanced, some of the following methods could
be used to force the data into balance. The analysis will then be only
approximate. The analysis of balanced data is so easy that these methods
are often used in practice (Miller, 1997; Montgomery, 1991). The analyst
has to take care that the degree of approximation is not too great. If there
are empty cells, the exact method has to be used.

Estimation of missing observations

If only a few data are missing, it is reasonable to estimate the missing values.
The estimate that minimises SSE is the cell mean. Treat the estimates as
real data in the following analysis, but reduce the degrees of freedom for
the error with the number of estimated data.

Discard data

If a few cells have more data than the others, estimating missing data would
not be appropriate, since then many estimates would be used in the analysis.
It would be better to set the excess data aside. The data that are set aside
should be chosen at random. One alternative to completely discard excess
data, could be to repeat the analysis with di�erent data set aside (chosen
at random).

Unweighted means

In this approach, which can be used without misleading result if the ratios
of sample sizes do not exceed 3 (Rankin, 1974), the error sum of squares is
computed as:

SSE =

aX
i=1

bX
j=1

nijX
k=1

(yijk � �yij�)
2: (4.52)
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In the rest of the analysis the cell means �yij� are treated as if they were all
the averages of n� data, where n� is the harmonic mean of the sample sizes,

n� = (
1

ab

aX
i=1

bX
j=1

1

nij
)�1: (4.53)

The cell means are used instead of the data in the computation of the other
sums of squares. The degrees of freedom for SSE are adjusted to n�� � ab
instead of ab(n � 1), which is the degree of freedom in the balanced case.
Here n�� is the total amount of data and n is the number of data in each cell
in the balanced case.

The advantage of the method is its computational simplicity.

4.4.3 Exact method

If there are empty cells or if the ratios between cell sample sizes are large, an
exact method has to be used. The prudent analysis is to resort to multiple
regression,

Y = X� + e; (4.54)

where the regression matrix X should be constructed of 1's, 0's and -1's to
insert or leave out the appropriate parameters and satisfy the constraints
by expressing some parameters as negative sums of others. The parameter
sets are not orthogonal, so the analysis is more complicated than for the
balanced case. It makes a di�erence in what order the hypothesis tests are
made and the interpretation is not simple. For details regarding the exact
method, see Hocking (1984), since the algebra involved is extended.
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5

Practical considerations with

the use of ANOVA

5.1 Which variant of ANOVA should be used?

If a variable should be seen as �xed or random depends on what conclusions
are to be drawn from the analysis. If the conclusions only concern the factor
levels studied in the analysis, the variable associated with the factor can be
seen as �xed. If the conclusions are to be generalised to more levels of the
factor (e.g., a continuous variable), the variable should be interpreted as
random.

In system identi�cation, input signals should sometimes be viewed as
continuous. This should call for a random e�ects model. When using a
random number generator, though, it is hard to get a signal that can be
divided into intervals such that all cells in an experiment design are cov-
ered by equally many data. The unbalanced design gives some drawbacks
when using the random e�ects model, drawbacks that are poorly investi-
gated (Miller, 1997). To give a better motivation on why we instead choose
to work with the �xed e�ects model, some pros and cons for the di�erent
models are listed below.

41
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Fixed e�ects model

Pros

� The F-tests are relatively simple to derive and use.

� Non-normality of the error component does not have a considerable
e�ect on the signi�cance level of the F-tests.

� Unbalanced designs can be treated quite well, but they are sensitive
to outliers.

Cons

� It is not possible to use any information on how the null hypotheses
might be false to enhance the tests.

� Non-normality can reduce the power of the tests.

Random e�ects model

Pros

� The results from the analysis are suited for generalisation over the
entire range of the continuous variable.

� Power calculations are easier to perform for the random e�ects model,
since the test variables always follow a central F-distribution, even
when the null hypothesis is false.

Cons

� It is hard to handle unbalanced designs. Miller (1997) calls it a 'horror
story'.

� No work has been done on what happens if the measured data are
serially correlated, which is precisely the kind of data we would like
to apply ANOVA to. This means that we have absolutely no idea if
we can or cannot trust the results from an analysis of real measure-
ment (not simulated) data, since there probably is going to be serial
correlations in the data we can not build into our proposed model.

� If the null hypothesis is false, the tests for the interaction e�ects are
very sensitive to non-normality of both the speci�c e�ects (the �i's
etc.) and the error component �ijk. If we have lots of data the tests for
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the main e�ects might still be robust. When applying the analysis to
nonlinear systems, we can surely count on getting non-normal e�ects.
This will probably be a problem.

How easy or hard it is to implement the tests might be beside the point
here, because there are lots of commercial software that can perform all
kinds of ANOVA imaginable. It is more important to know if and why the
results are to be trusted.

For the purpose to �nd out what regressors of a signal contributes to
the level of another signal it should be enough to have results applicable to
some points in the regressor space. See, e.g., Autin et al. (1992), who uses
this as an argument to work with linearised systems to �nd the proper time
lags to use in the model of nonlinear systems. We need to be extremely
unlucky to pick out only such points, that the e�ect from one regressor is
not visible in any of them. If we choose an input signal that cover the range
of the input we would like to get a good model for, it is unlikely that we
would miss time lags that gives signi�cant e�ect with this scheme.

These are the reasons behind the choice to work with the �xed e�ects
model.

5.2 Division into levels

One of the largest practical problems one encounters with the use of ANOVA
is that the explanatory variables have to be grouped into levels. How should
that be done? We will examine the grouping of some di�erent input signals,
ut, and also discuss the grouping of the measurements, yt, when working
with NARX-models.

5.2.1 Fixed levels input signal

A pseudo-random multi-level signal is a typical choice of a �xed levels input
signal. ut can assume a number of di�erent values (e.g. �2, 1, 3 and 5 as
used in Chapter 6) and does so in a more or less random order. Multi-level
shift registers can be used to construct such a signal, see Godfrey (1993).

The natural grouping into factor levels for the ANOVA is to associate
each level of the input signal with one group. For NFIR-models this gives
ideal conditions for using the �xed e�ects model ANOVA.
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(a) Uniform distribution. ut is plotted
against ut�1 for 1000 data.
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(b) Normal distribution. ut plotted
against ut�1 for 1000 data.

Figure 5.1: Examples on groupings of random input signals. The lines give
limits for the di�erent groups.

5.2.2 Random input signal

Here, a random input signal denotes a series of independent identically
distributed random variables.

By dividing the range of a uniformly distributed random signal into three
or four equal intervals, each associated with one group, it is possible to get
an approximately even cell count for the ANOVA design, see Figure 5.1(a).

A normally distributed random signal needs to be divided into unequal
intervals, shorter ones close to the mean value, to give approximately equal
cell counts, see Figure 5.1(b). Note that the cells in the corners get fewer
data than the cells in the middle.

5.2.3 Correlated input signal

With autocorrelated input signals some problems are encountered. Most
divisions of the original input signal range lead to unequal cell counts, often
varying a factor 10 or more, see Figure 5.2. How large this e�ect is de-
pends on how large the correlation between the di�erent time lags is. The
unbalanced design a�ects the analysis badly.

One solution to the problem is to work with a shrunken range (Chen
and Tsay, 1993), that is, only consider data inside a closed cube of the same
dimension as the number of factors analysed, see Figure 5.3. The numbers
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Figure 5.2: The entire range for a correlated signal divided into intervals
with almost equal numbers of data. The grouping still leads to unequal cell
counts. ut is plotted against ut�1 for 1000 data.

of data in each cell are still not equal, but the unbalance is not as severe as
before. The intervals, (ai; ai+1) for i = 0; : : : ; (m � 1), are constructed as
follows:

ai = umin + (1� Æ)(ymax � ymin) + iÆ(ymax � ymin)=m; (5.1)

where Æ 2 (0; 1) is the shrinking factor. This partitions the shrunken range
Æ(ymin; ymax) into m equal intervals.

The method with the shrunken range might consume large numbers of
data depending on how large the autocorrelation of the signal is. If a choice
of input signal is possible, heavily correlated ones are not to be preferred.

The problem is the same with correlations between time lags (autocor-
relation) in one signal or with correlation between di�erent input signals if
there are more than one.

5.2.4 Autoregressive processes

The uneven cell counts are even more pronounced when autoregressive pro-
cesses, see Equation (2.5), are analysed. In many cases it is hard to get data
that is informative enough, especially if the signal-to-noise ratio is high.
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(a) Shrinking factor Æ = 0:5. ut plot-
ted against ut�1 for 1000 data.
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(b) Shrinking factor Æ = 0:3. ut plot-
ted against ut�1 for 1000 data.

Figure 5.3: In these plots the data from Figure 5.2 is divided according to
the shrunken range method.

Then the signal does not jump around enough to cover all cells, depending
on what time lags are chosen for analysis, see Figure 5.4.

5.2.5 Discard data

One way to get around the problems with uneven cell counts could be to
pick out just a few data in each cell. Then it would be possible to choose
the number of data in the cells such that the design gets balanced. If the
data included in the analysis are picked at random from all the data in
the same cell, this procedure would get us close to the experiment design
usually associated with ANOVA. The procedure would be as follows:

1. Choose what regressors should be included in the analysis, i.e., con-
sidered for inclusion in the process model.

2. Divide the data into cells, that is, choose what grouping is appropriate
for the regressors.

3. Let the smallest cell count nmin = n.

4. Pick n data at random from each cell and perform the ANOVA on
these data.
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(a) H�enon map (de�nition in Sec-
tion 9.1.8). yt plotted against yt�1
for 3000 data.
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(b) H�enon map. yt plotted against
yt�2 for 3000 data.

Figure 5.4: This is an example of an autoregressive process with strong
correlation between the time lags yt and yt�2, but small correlation between
yt and yt�1. It is hard to make a grid with more than two intervals for each
regressor without getting any empty cells.

5.3 How many regressors can be tested?

The answer to this question depends partly on the available data. For
regressors without correlation, more regressors can be tested at the same
time than for regressors with correlation. The reason is that the data reects
the correlation and makes it impossible to obtain a grouping without empty
cells for regressors with strong correlation. From a statistical point of view,
this limits the possible tests, since all possible regressors should be included
in the test at the same time. It seems that this restriction is not strictly
necessary to get useful insights of the structure of the data. A feasible way
to extract as much information as possible from available data is as follows:

Group the data. Try to get a grouping which enables as many regressors
as possible to enter the test at the same time. If nonlinear systems are
considered, at least three groups for each regressor are needed to cover
most types of nonlinearities. Some knowledge about the system is needed
to select the best groups. Perform a test with as many possible regressors as
can be done. Start with the ones assumed most likely to explain the output
signal or use a systematic scheme. The result will be that some regressors
show signi�cant e�ect and others do not. Discard the regressors that did
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not show any e�ect on the output and keep the ones that did. Now the
discarded regressors can be replaced by yet untested ones and a new test
performed. The same procedure can be repeated until all possible regressors
are tested or until all the regressors in the same test show signi�cant e�ect.

If the possible regressors are uncorrelated, it should be feasible to restart
the testing with only untested regressors in the test and keep on until all pos-
sible regressors are covered by tests. The regressors with signi�cant e�ects
from earlier tests are of course kept in mind. Interaction e�ect between re-
gressors tested in di�erent tests can unfortunately not be considered in this
scheme. Another drawback is that if the regressors are correlated, spurious
ones can show signi�cant e�ect if they are correlated with a contributing
regressor tested in a separate test.

Conclusion

The conclusion is that at least main e�ects from a large number of possible
regressors can be tested, and interaction e�ects to a limited extent. The
results can include spurious regressors and signi�cant interaction e�ects of
higher order can be missed.

Example 5.1 (Testing procedure) Consider data from a system with
the following structure:

yt = g1(ut; ut�6) + g2(ut�1) + g3(ut�5) + et: (5.2)

Suppose that a grouping with three groups, allowing test with three regres-
sors at a time has been done. Assume that the regressors ut, ut�1 to ut�10

are considered as possible regressors, that is, the model

yt = g(ut; ut�1; : : : ; ut�10) + et (5.3)

is considered. In test 1, ut, ut�1 and ut�2 are included. No interaction
e�ects are found and ut and ut�1 show signi�cant main e�ects. For test 2,
ut and ut�1 are kept and ut�2 discarded. In test 2, ut, ut�1 and ut�3 are
included. As before, only main e�ects from ut and ut�1 are signi�cant, so
ut�3 is discarded. In test 3, ut, ut�1 and ut�4 are included. The result is
that ut�4 is discarded. In test 4, ut, ut�1 and ut�5 are included. All show
signi�cant main e�ects, but no interaction e�ects are found. Since it is no
longer possible to discard regressors, next test includes only yet untested
regressors. ut�6, ut�7 and ut�8 are included in test 5. Only ut�6 show a
signi�cant main e�ect, so ut�7 and ut�8 are discarded. In test 6, ut�6, ut�9
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and ut�10 are included, with the result that only ut�6 is kept. This means
that the tested model is

yt = g1(ut; ut�1; ut�2) + g2(ut; ut�1; ut�3)

+g3(ut; ut�1; ut�4) + g4(ut; ut�1; ut�5)

+g5(ut�6; ut�7; ut�8) + g6(ut�6; ut�9; ut�10) + et: (5.4)

Note that most of the possible interaction e�ects can not be tested due to
the low number of regressors in each test and that this search scheme does
not consider all three-factor interactions, which of course could be done.
The resulting model is

yt = g1(ut) + g2(ut�1) + g3(ut�5) + g4(ut�6) + et; (5.5)

since no interaction e�ects between ut�6 and the other signi�cant regressors
have been tested. This can be done with two tests including ut, ut�1 and
ut�6 in the �rst and at least ut�5 and ut�6 in the second. If for some reason
these complementary tests are not done, the model structure

yt = g1(ut; ut�6) + g2(ut�1; ut�6) + g3(ut�5; ut�6) + et (5.6)

can be considered for further model building.

5.3.1 Linear systems and time delays

If only linear systems are considered, some simpli�cations can be done. A
linear system is a subgroup of the additive systems, see 2.16. This means
that no interaction e�ects need to be considered. A complete testing can be
done with only one data in each cell and it is not necessary to have more
than two groups for each regressor, which means that the minimum amount
of data needed for the analysis is 2k, where k is the number of regressors.
More data give better power for the tests. For example, a binary input
signal can be used. If the signal covers most frequencies it should also be
informative enough to enable tests with many regressors at the same time.
The testing 'window' can be moved to make it possible to spot time delays
by testing new batches of regressors.
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6

Determine the structure of

NFIR-models with a fixed levels

input signal

We want to design an experiment to determine which regressors have e�ect
on the output of a system, assumed to be described by a nonlinear FIR
model, yt = g(ut; ut�1; : : : ; ut�k)+et; where y is the output, g is an unknown
function of the input and e is additive Gaussian white noise with variance
�2.

The �rst experiment is designed to give a setup as ideal for analysis by
ANOVA as possible. This involves to select an input signal to the system
that can only assume a small number of di�erent �xed values.

To be able to evaluate the results a second regressor selection scheme
is necessary. The one chosen for comparison, exhaustive search (see Sec-
tion 3.2.4), is based on a simple idea, but is computationally very demand-
ing.

The networks used here to estimate the function g, are one hidden layer
neural networks with sigmoidal neurons in the hidden layer and linear neu-
rons in the output layer. The minimisation algorithm used is Levenberg-
Marquardt in MATLABTM's Neural Network Toolbox. See Haykin (1994)
for a treatment of neural networks.
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6.1 Input signal design

To do identi�cation experiments with the described variant of ANOVA, see
Chapter 4, we need to construct an input signal ut that contains all possible
combinations of levels of the time lags we want to be able to examine. As-
sume that we have p regressors we want to examine. These could be di�erent
input signals or, as in this case, time-shifted variants of the same signal ut.
We have m levels of ut and want n repetitions of each combination. The
most straightforward way to design this signal is to enumerate all possible
sequences of length p, with di�erent level combinations of the regressors,
repeat them n times, and sort them in random order. This gives us a se-
quence ut of length pnm

p. In this longer sequence, the short sequences will
occur more than n times each, and we use only every pth measurement of
the output from the system. The jumps are done to get an equal number of
data for each regressor level combination, but of course, all measurements
could be used.

It is also possible to create a periodic signal ut of length n(m
p�1), with

the help of a p-stage, m-level shift register (Godfrey, 1993, page 41). In this
signal all except one of the possible combinations occur n times and we use
all the output from the system. Measurements of the missing combination
(all time lags assuming the lowest level) might be easy to add afterwards,
since only a constant input signal is needed.

6.1.1 More details for this experiment

To compare the di�erent regressor selection methods, we test their perfor-
mance on a list of di�erent functions that �t into

yt = g(ut; ut�1; ut�2) + et; (6.1)

see Table 6.1. That is, we will perform a three-way analysis of variance
(p = 3). The level of the input signal ut can assume the values -2, 1, 3
and 5 (m = 4). All possible combinations of these levels in the sequence
ut�2, ut�1, ut are constructed. The signal is repeated n = 4 times. Then
the output yt is computed according to Equation 6.1, with et Gaussian
distributed noise with mean 0 and variance 1. The number of input/output
data, N is set to N = n � mp = 4 � 43 = 256. Two such data sets are
constructed in each Monte-Carlo run to give an estimation data set and a
validation data set.



6.2 Experiment setup and results 53

6.2 Experiment setup and results

The regressor selection methods are used in the following way to estimate
comparable system models. The performance criterion used in this exper-
iment is the root mean square error (RMS) between measured output and
simulated output from the model.

� Exhaustive search Divide the �rst data set into estimation data and
veri�cation data. Construct neural networks for all possible combina-
tions of regressors under the assumption that the largest k is equal
to 3, which gives seven possible networks: g(ut), g(ut�1), g(ut�2),
g(ut; ut�1), g(ut; ut�2), g(ut�1; ut�2) and g(ut; ut�1; ut�2). For each
such model structure, construct networks with di�erent numbers of
parameters (e.g. 5, 10 and 15 neurons in the hidden layer). Start
with random network parameters and estimate the parameters on the
estimation data. Start over 4 or 5 times with new random network
parameters to try to avoid getting stuck in a local minimum. Of all
these estimated networks, choose the one with the smallest RMS on
the veri�cation data.

� ANOVA Use all of the �rst data set and perform ANOVA. This gives
a model (which input time lags contribute to measurements) and a
model structure (the interaction pattern of the inputs). This de�nes
the regressor structure. To obtain a model, construct neural networks
with di�erent numbers of neurons (5, 10 ,15) for the chosen model.
The information of the interaction pattern (model structure) is not
used in this test. Estimate as in the exhaustive search method and
choose the network with the smallest RMS value on the veri�cation
data.
Note that one bene�t of the ANOVA test, when a �xed levels input
signal is used, is that we get a good estimate of the noise variance more
or less automatically. This information can be used to determine when
the minimisation algorithm has failed to �nd a minimum close to the
global minimum. If the RMS value is much larger than the ANOVA
estimated standard deviation we know that we have got a bad model.
Try to restart the estimation process more times with new random
network parameters to �nd a better local minimum. If this does not
lead to a smaller RMS value, try to get more estimation data or change
to another type of network. In this test, this useful feature is not taken
advantage of.
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Finally, we compare the network chosen by exhaustive search and the net-
work chosen by ANOVA on the validation data.

We are interested in how often the two methods can pinpoint the correct
input time lags, and for ANOVA, also the correct model structure, for a
speci�c function. We test this by running 100 Monte Carlo simulations of
our test functions given in Table 6.1. We also include a random network
function, which is the same type of network as the ones we try to estimate
the function g with. We vary the signal to noise ratio and the level of
signi�cance for the ANOVA method. The results are collected in Table 6.1
and Table 6.2. The theoretical probability of �nding the correct model
structure was computed as in Example 4.2.

6.3 Conclusion

From Table 6.1 and Table 6.2 we can draw the conclusion that the ANOVA
method is much better at spotting what input time lags contribute to the
output than the exhaustive search method. The results for the �rst function,
ut�0:03ut�2, show that it is important to have large enough signal to noise
ratio (SNR). If the SNR is increased by a factor 4 the theoretical probability
of �nding the correct model structure by ANOVA increases from 4% to 89%.

The di�erence in performance between the two methods becomes more
profound when the functions have a more nonlinear behaviour, e.g., expo-
nential functions. This indicates that the network we have been working
with does not handle this kind of functions very well, which can be con�rmed
by looking at RMS values on validation data.

In Table 6.2 the better performance for ANOVA as compared to Ta-
ble 6.1 is mostly due to the increased signi�cance level, except for the �rst
function, where the decrease in noise variance is important to explain the
better performance. We can also see that the decrease in noise variance
does not a�ect the performance for the exhaustive search method either,
except for the �rst function.

One important issue for further modelling is how the regressors should
enter the model, the interaction pattern. That information can be used to
reduce the number of parameters needed in the model, which gives better
variance properties for the model. If ANOVA is used, this information is
gained at the same time as selection of the regressors. If exhaustive search
is used, the search must be done among all possible interaction patterns
to gain the same information. For the case when only three regressors
are considered for inclusion in the model, the number of possible model
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ANOVA
No. Function Exhaustive ANOVA model Theoret.

search regressors structure average

1 ut � 0:03ut�2 10 6 5 4
2 ln jutj+ ut�1 + eut�2 77 100 98 96
3 ut�1 � [ut + 1

ut�2
] 100 100 98 98

4 sgn(ut�1) 84 94 94 94
5 sgn(ut�1) � ut�2 93 96 96 96
6 sgn(ut�1) � ut � ut�2 100 100 100 100
7 ln jut�1 + ut�2j 95 96 96 96
8 ln jut�1 � ut�2j 94 92 90 95
9 ut�2 � ln jut�1j 97 97 97 96
10 u3t�2 � ln jut�1j 50 95 95 96
11 ut�2 � (ln jut�1j)3 93 95 95 96
12 jut�2j � eut�1 54 96 96 96
13 ut�2 � eut�1 49 94 94 96
14 ut�2 � eut�1�0:03ut 58 100 100 100
15 jutj 83 96 96 94
16 network

g(ut�1; ut�2) 73 88 88 -

TOTAL 75.6 90.3 89.9 90.2

Table 6.1: Results from Monte Carlo simulations, 100 runs. Two regressor
selection methods, exhaustive search and ANOVA are tested. Stated are
percentage of correctly chosen models. The third column states how often
ANOVA also picks out the correct interaction pattern, see De�nition 2.2, of
the regressors. The fourth column states the theoretical average of �nding
the correct model structure with ANOVA, which is computed as in Exam-
ple 4.2. N = 256, � = 1 and � = 0:01.

structures would increase from seven to eighteen (if the search is done in
one step).

In this experiment the computation time for ANOVA is roughly one to
two seconds for each test. The computation time for exhaustive search is
about six to seven minutes for each test. This sums up to roughly two weeks
CPU time for the two result tables.
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ANOVA
No. Function Exhaustive ANOVA model Theoret.

search regressors structure average

1 ut � 0:03ut�2 94 100 100 99.95
2 ln jutj+ ut�1 + eut�2 78 100 98 99.96
3 ut�1 � [ut + 1

ut�2
] 100 100 100 99.98

4 sgn(ut�1) 80 100 100 99.94
5 sgn(ut�1) � ut�2 92 100 100 99.96
6 sgn(ut�1) � ut � ut�2 100 100 100 100
7 ln jut�1 + ut�2j 94 100 100 99.96
8 ln jut�1 � ut�2j 82 100 100 99.95
9 ut�2 � ln jut�1j 95 100 100 99.96
10 u3t�2 � ln jut�1j 56 100 100 99.96
11 ut�2 � (ln jut�1j)3 91 99 99 99.96
12 jut�2j � eut�1 54 100 100 99.96
13 ut�2 � eut�1 49 100 100 99.96
14 ut�2 � eut�1�0:03ut 58 100 100 100
15 jutj 73 100 100 99.94
16 network

g(ut�1; ut�2) 94 100 100 -

TOTAL 80.6 99.9 99.9 99.96

Table 6.2: Results from Monte Carlo simulations, 100 runs. Two regressor
selection methods, exhaustive search and ANOVA are tested. Stated are
percentage of correctly chosen models. The third column states how often
ANOVA also picks out the correct interaction pattern, see De�nition 2.2, of
the regressors. The fourth column states the theoretical average of �nding
the correct model structure with ANOVA, which is computed as in Exam-
ple 4.2. N = 256, � = 0:0001 and � = 0:0001.
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Determine the structure of

NFIR-models with a random

input signal

A �xed levels input signal is not practical in all situations. We would also
like to be able to use ANOVA when a random signal is used as input to the
system. In this chapter we evaluate ANOVA with a uniformly distributed
random input signal to test what happens for that case. This is also a �rst
step towards analysing autoregressive processes, since old outputs from the
system cannot be viewed as �xed levels signals.

7.1 Experiment setup

The output signal yt is computed according to the equation

yt = g(ut; ut�1; ut�2) + et; (7.1)

where the function g(�) is given in Table 7.1.
The input signal, ut, is an independent, identically distributed random

signal from the uniform distribution. It can assume values between -2.5 and
5.5, that is, close to range used in the earlier experiments.

The simulated measurement error signal et is zero-mean Gaussian noise
with standard deviation 0.0001.

57



58 NFIR with random input signal

 5.5

 3.5

 1.5

-0.5

-2.5

Input range Assigned factor levels

Level 1

Level 2

Level 3

Level 4

Figure 7.1: The range of the input signal is divided into intervals, each of
length two. Each interval is assigned a factor level, used in the ANOVA.

Now, these simulated time series can not be used directly. Levels need
to be assigned to the input values for use in the ANOVA. This is done
according to Figure 7.1. We get four factor levels for each time lag, which
gives 64 cells in the experiment design, each cell corresponding to a unique
combination of factor levels.

The level assignment introduces a new type of error in the ANOVA. The
output yt can now be seen as

yt = E[ytj(ut; ut�1; ut�2) 2 C] + et + nt; (7.2)

where E[ytj(ut; ut�1; ut�2) 2 C] is the expected value of yt, given that the
input is assigned to cell C, and

nt = g(ut; ut�1; ut�2)�E[ytj(ut; ut�1; ut�2) 2 C]: (7.3)

The distribution of the new error term, nt, depends on the function g, the
distribution of the input ut and the number of levels used to categorise ut.
The distribution is not necessarily equal in all 64 cells, which violates the
ANOVA assumption on equal variances in all cells.

To get a good experiment design for the ANOVA, all cells need to have
at least one observation. Preferably all cells should have the same number
of observations. With a random input signal this is impossible to guarantee,
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but if we let the number of input data be moderately high, we can be quite
sure to get observations in each cell. In the Monte-Carlo simulations, 800
input/output data are used for each run. The number of data needed grows
rapidly if more time lags are tested or if a �ner grid for the input signal is
used.

Exhaustive search was not used for comparison here. There is no reason
for that method to work either better nor worse with this type of input
signal. As long as the same type of input signal is used for both estimation
and validation of the models, the results should be comparable to the results
in the previous chapter.

7.2 Results from Monte-Carlo simulations

In Table 7.1 we see that for most of the selected functions the performance
of ANOVA is about 90%. There are four exceptions to this; three of them
will be discussed in detail later in this chapter. For function 1 the problem
is too low signal to noise ratio for the time lag ut�2, since the standard
deviation of nt is 0.6 in all cells. See Section 4.3 for a discussion on the
power of the tests.

The loss in performance compared with the case with �xed input levels
is not as great as anticipated. The division into intervals is, after all, very
rough.

Conclusions from the study will be given after the discussion of functions
2, 3 and 14.

7.3 What is the problem with function 2?

As we can see from Table 7.1, the time lags of function 2,

yt = ln jutj+ ut�1 + eut�2 + et; (7.4)

are almost never identi�ed correctly. What is the problem? In almost all
cases only the time lag ut�2 is found. If we check the function we see that
the error term, nt in cell C, is given by

nt = ln jutj+ ut�1 + eut�2 �E[ytj(ut; ut�1; ut�2) 2 C]: (7.5)

The variance of nt is large in the cells where ut�2 is large and does not
depend as strongly on ut and ut�1. The large within-cell variation leads
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% correct
No. Function results Comment

1 ut � 0:03ut�2 52 In 46% of the cases only ut
was found.

2 ln jutj+ ut�1 + eut�2 0 Interrupted after 40 runs.
3 ut�1 � [ut + 1

ut�2
] 8 Interrupted after 40 runs.

4 sgn(ut�1) 76
5 sgn(ut�1) � ut�2 90
6 sgn(ut�1) � ut � ut�2 100
7 ln jut�1 + ut�2j 92
8 ln jut�1 � ut�2j 90
9 ut�2 � ln jut�1j 90
10 u3t�2 � ln jut�1j 90
11 ut�2 � (ln jut�1j)3 90
12 jut�2j � eut�1 90
13 ut�2 � eut�1 88
14 ut�2 � eut�1�0:03ut 6 Interrupted after 40 runs.
15 jutj 96

Table 7.1: Results from Monte-Carlo simulations, 50 runs. ANOVA was
performed on 800 input/output data, where the uniformly distributed in-
put data was divided into four equal intervals. The normally distributed
'measurement' noise has standard deviation 0.0001, and the level of signi�-
cance for ANOVA is 0.01. After 40 runs, the analysis of functions 2, 3 and
14 was changed, due to the obvious failure, and the simulation rerun, see
Table 7.14.

Interval -2.5 - (-0.5) -0.5 - 1.5 1.5 - 3.5 3.5 - 5.5

ut 1.6 Inf 0.8 0.5
ut�1 2 2 2 2
ut�2 0.5 3.9 29 210

Table 7.2: Contributions to the range of nt (Equation (7.5)) from di�erent
sources. The entries state the di�erence between the maximum and mini-
mum value in the stated interval for the contribution from each source. The
contributions should be summed to give the range of nt in each cell. Note:
The possible in�nite variation of ut is in practice mostly about 1.
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(a) All cells included in the analysis. The plot shows
that the assumption of normal distribution of the
random error component is not valid, since it is
not a straight line.

(b) One level of ut�2 excluded from the analysis. The
residuals are still belonging to a non-normal dis-
tribution.

Figure 7.2: Normal probability plots of within-cell residuals for function 2.
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Degrees of Mean
E�ect Freedom Square F p-level

ut 3 1638 2.0 0.11
ut�1 3 934 1.1 0.33
ut�2 *3 *459191 *561.5 0.0000*
ut; ut�1 9 556 0.7 0.73
ut; ut�2 *9 *2562 *3.1 0.001*
ut�1; ut�2 9 155 0.2 0.99
ut; ut�1; ut�2 27 441 0.5 0.97
Error 734 818

Table 7.3: Analysis of Variance Table for Function 2, all cells included. For
an explanation of the table, see Table 4.2.

Figure 7.3: Normal probability plot of within-cell residuals for function 2.
Two levels of ut�2 excluded from the analysis. Here the assumption of
normal distribution is valid.

to a large residual quadratic sum. The between-cell variations of the other
parts of the function drown in the noise from ut�2, see Table 7.2.

This was not a problem when the input signal ut took only �xed values,
since then all the within-cell variation came from the measurement noise et,
which has equal variance in all cells.

This problem is not as bad as it looks though. If we perform the ANOVA
in a wiser fashion and check the assumptions before accepting the result we
will get a fair warning that everything is not as nice as usual. There are two
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Degrees of Mean
E�ect Freedom Square F p-level

ut *3 *156 *6.6 0.0002*
ut�1 *3 *1286 *54.1 0.0000*
ut�2 *2 *11381 *478.4 0.0000*
ut; ut�1 9 28 1.2 0.31
ut; ut�2 6 38 1.6 0.14
ut�1; ut�2 6 25 1.1 0.39
ut; ut�1; ut�2 18 21 0.9 0.58
Error 567 24

Table 7.4: Analysis of Variance Table for Function 2, one level of ut�2

excluded.

Degrees of Mean
E�ect Freedom Square F p-level

ut *3 *87 *70 0.0000*
ut�1 *3 *640 *515 0.0000*
ut�2 *1 *312 *251 0.0000*
ut; ut�1 9 1.3 1.0 0.42
ut; ut�2 3 1.7 1.4 0.25
ut�1; ut�2 3 0.1 0.1 0.95
ut; ut�1; ut�2 9 2.2 1.7 0.08
Error 370 1.2

Table 7.5: Analysis of Variance Table for Function 2, two levels of ut�2

excluded.

checks that will help us along. The �rst is the normal probability plot of the
within-cell residuals (they should be normal), see Section 4.1.1, and the sec-
ond is the within-cell standard deviations (which should be approximately
equal). For function 2, a typical normal probability plot of a complete (all
cells) analysis looks like Figure 7.2(a). This is clearly not normal and the
test results in the corresponding ANOVA table, Table 7.3, should not be
trusted. The power of the tests, which means the ability to spot contributing
regressors, is probably a�ected, see Section 5.1. The within-cell standard
deviations are very large whenever ut�2 takes a value between 3.5 and 5.5.
In the ANOVA table we see that ut�2 clearly contributes to the output, so
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we could decrease the number of levels to test for this factor and exclude
the 16 cells with large standard deviations. This leads to the ANOVA table,
Table 7.4, and the corresponding normal probability plot, Figure 7.2(b). We
can see that the estimated variance has decreased (MS Error) signi�cantly,
that now the contributions from all the time lags are found signi�cant, but
the normal probability plot still tells that the analysis should not be trusted.
Another check of the within-cell standard deviations gives that the analy-
sis might be improved if we exclude also the cells where ut�2 takes values
between 1.5 and 3.5. This gives another dramatic reduction of estimated
variance and the same test result as previous analysis, see Table 7.5. This
time the normal probability plot looks all right, see Figure 7.3.

A proper analysis can be made without knowing the function in advance,
even if this knowledge has been used here to explain the failure of the head-
on approach of the Monte-Carlo simulations.

7.4 A closer look at function 3

There are some problems with the analysis of function 3,

yt = ut�1 � [ut + 1

ut�2
] + et; (7.6)

as well. As for function 2, see Section 7.3, the problems are not as severe
as they look at �rst sight. A typical ANOVA table from the Monte-Carlo
study looks like Table 7.7. The corresponding normal probability plot can
be seen in Figure 7.4(a). We can see that the within-cell residuals are clearly
non-normally distributed, so the test results should not be trusted. When
a study of the within-cell standard deviations for the 64 cells is made, see
Table 7.6, it is found that when the time lag ut�2 takes values between �0:5
and 1.5, we get large contributions to the residual quadratic sum.

This is not surprising, as it might give division by very small numbers,
see Equation (7.6). When the problematic cells, with large variance of nt,
are excluded from the analysis, we get the ANOVA table in Table 7.8 and
the normal probability plot in Figure 7.4(b). Now the residuals are close
to normally distributed and we get test results that are much closer to the
truth, even if we on this data set �nd an erroneous structure.
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(a) All cells included in the analysis. The deviation
from normal distribution | a straight line | is
clear.

(b) One level of ut�2 excluded from the analysis. Here
the residuals have a normal distribution.

Figure 7.4: Normal probability plots of within-cell residuals for function 3.
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ut ut�2 ut�1

-2.5 { (-0.5) -0.5 { 1.5 1.5 { 3.5 3.5 { 5.5

-2.5 { (-0.5) -2.5 { (-0.5) 1.9 1.2 1.6 3.4
-0.5 { 1.5 5.0 3.9 81.3 20.5
1.5 { 3.5 1.2 0.8 1.5 3.2
3.5 { 5.5 1.3 1.0 2.0 2.5

-0.5 { 1.5 -2.5 { (-0.5) 1.2 0.2 2.0 2.8
-0.5 { 1.5 48.5 3.0 14.7 10.1
1.5 { 3.5 0.8 0.7 1.5 2.5
3.5 { 5.5 0.5 0.4 1.7 2.8

1.5 { 3.5 -2.5 { (-0.5) 1.7 0.7 2.5 1.9
-0.5 { 1.5 22.7 3.0 59.4 14.6
1.5 { 3.5 1.6 1.6 1.9 3.1
3.5 { 5.5 1.8 1.3 2.3 3.3

3.5 { 5.5 -2.5 { (-0.5) 1.9 1.9 2.3 3.3
-0.5 { 1.5 4.9 4.0 34.3 102.6
1.5 { 3.5 2.7 2.2 2.9 3.6
3.5 { 5.5 1.5 3.1 2.6 3.5

Table 7.6: Within-cell standard deviations for function 3. The cells are
indicated by the given intervals.

Degrees of Mean
E�ect Freedom Square F p-level

ut *3 *8560 *3.5 0.016*
ut�1 3 2929 1.2 0.31
ut�2 3 340 0.2 0.92
ut; ut�1 9 4207 1.7 0.08
ut; ut�2 9 1572 0.6 0.77
ut�1; ut�2 9 1915 0.8 0.64
ut; ut�1; ut�2 27 1839 0.7 0.82
Error 734 2467

Table 7.7: Analysis of Variance Table for Function 3, all cells included.
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Degrees of Mean
E�ect Freedom Square F p-level

ut *3 *2210 *507 0.0000*
ut�1 *3 *1911 *438 0.0000*
ut�2 *2 *205 *47 0.0000*
ut; ut�1 *9 *1422 *326 0.0000*
ut; ut�2 6 7.3 *1.7 0.13
ut�1; ut�2 *6 *169 *39 0.0000*
ut; ut�1; ut�2 *18 *9.2 *2.1 0.005*
Error 552 4.4

Table 7.8: Analysis of Variance Table for Function 3, one level of ut�2

excluded.

Figure 7.5: Normal probability plot of within-cell residuals for function 14
with two levels of ut�1 excluded from the analysis. The plot shows that the
residuals does not have a normal distribution.

7.5 Function 14

It is not as easy to obtain a good result for function 14,

yt = ut�2 � eut�1�0:03ut + et; (7.7)

see Table 7.1. When discarding levels as for function 2 and 3, Sections 7.3
and 7.4, we get the normal probability plot in Figure 7.5. This means we
have discarded, in this case, more than half of the available data and still
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Degrees of Mean
E�ect Freedom Square F p-level

ut 3 2.1 0.4 0.72
ut�1 *1 *624 *136 0.0000*
ut�2 *3 *782 *171 0.0000*
ut; ut�1 3 1.2 0.3 0.86
ut; ut�2 9 3.9 0.8 0.58
ut�1; ut�2 *3 *496 *108 0.0000*
ut; ut�1; ut�2 9 *3.2 0.7 0.70
Error 369 4.6

Table 7.9: Analysis of Variance Table for Function 14, two levels of ut�1

excluded.

have no trustworthy result, Table 7.9. One thing can still be done. The
division of the input into intervals is very rough. A �ner grid with more
intervals will reduce the variation in each cell. This could give us a more
trustworthy result. And, of course, if possible, more data could be collected
to help the analysis along. The number of intervals one can use to categorise
the data depends heavily on the available data. It is important that no cells
are empty and the same number of data in each cell makes a better analysis.

7.5.1 Finer grid

In Figure 7.6(a) we see the normal probability plot of the within-cell resid-
uals when we have divided ut�1 into 8 intervals while ut and ut�2 are still
divided into 4 intervals each to get enough data in each cell. The data in
this plot is clearly not from a normal distribution.

When the four intervals with largest variation of ut�1 are excluded from
the analysis, we get the normal probability plot in Figure 7.6(b). This
contains half of the original data, but is still not satisfactory. If we exclude
two more intervals of ut�1, Figure 7.7, the plot looks better, but now only
1/4 of the data are left.

The corresponding ANOVA tables are given in Table 7.10, Table 7.11
and Table 7.12. As we can see in the latter one, the contribution from ut is
not found.
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(a) All cells included in the analysis. There are strong
non-normal e�ects.

(b) Four levels of ut�1 excluded from the analysis.

Figure 7.6: Normal probability plots of within-cell residuals for function 14
with ut�1 divided into eight intervals.
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Figure 7.7: Normal probability plot of within-cell residuals for function 14
with ut�1 divided into eight intervals. Six levels of ut�1 excluded from the
analysis. Here the e�ects are almost normal.

Degrees of Mean
E�ect Freedom Square F p-level

ut 3 3758 1.5 0.21
ut�1 *7 *519198 *209 0.0000*
ut�2 *3 *818947 *330 0.0000*
ut; ut�1 21 1750 0.7 0.83
ut; ut�2 9 5541 2.2 0.02
ut�1; ut�2 *21 *330683 *133 0.0000*
ut; ut�1; ut�2 *63 *4731 *1.9 0.0001*
Error 670 2480

Table 7.10: Analysis of Variance Table for Function 14, all cells included
with ut�1 in �ne grid.

7.5.2 A look at the data

If we take a closer look at typical input/output data for function 14, see
Figures 7.8 and 7.9, we can see that the contributions from time lags ut�1

and ut�2 are clear, while the contribution from ut is not obvious at all. The
scatter plots should be interpreted carefully since the data are projected
into one dimension only.
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(a) Output values against time lag ut.
Notice that the variation of the
output data seems to be the same
over the whole range of ut.

(b) Output values against time lag ut.
Notice that the variation of the
output data still seems to be the
same over the whole range of ut.

(c) Output values against time lag
ut�1. Notice that the variation
of the output data grows approx-
imately exponentially with ut�1.

(d) Output values against time lag
ut�1.

Figure 7.8: Scatter plot with histograms for function 14. To the left all data
are plotted. To the right only 1/4 of the data, from the group with smallest
within-cell variation of ut�1, are included.
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Degrees of Mean
E�ect Freedom Square F p-level

ut 3 1.4 0.7 0.56
ut�1 *3 *295 *144 0.0000*
ut�2 *3 *619 *302 0.0000*
ut; ut�1 9 0.8 0.4 0.94
ut; ut�2 9 2.6 1.3 0.26
ut�1; ut�2 *9 *231 *113 0.0000*
ut; ut�1; ut�2 27 2.0 1.0 0.53
Error 337 2.1

Table 7.11: Analysis of Variance Table for Function 14, four out of eight
levels of ut�1 excluded.

Degrees of Mean
E�ect Freedom Square F p-level

ut 3 0.1 1.4 0.23
ut�1 *1 *4.5 *67 0.0000*
ut�2 *3 *17 *255 0.0000*
ut; ut�1 3 0.03 0.4 0.75
ut; ut�2 9 0.13 1.9 0.05
ut�1; ut�2 *3 *3.5 *51 0.0000*
ut; ut�1; ut�2 9 0.07 1.1 0.37
Error 172 0.07

Table 7.12: Analysis of Variance Table for Function 14, six out of eight
levels of ut�1 excluded.

7.5.3 Conclusions for function 14

It is probably not possible to �nd the contribution from the time lag ut
because of its size compared to the other two contributions, at least not
when using a random input signal like in this study. The division into
intervals makes nt so large that the signal to noise ratio with respect to the
time lag ut gets too small. See Table 7.13 to get a feeling for how large nt
is in the di�erent cells.
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(a) Output values against time lag
ut�2. Here the variation of the out-
put data varies more linearly.

(b) Output values against time lag
ut�2.

Figure 7.9: Scatter plot with histograms for function 14. To the left all data
are plotted. To the right only 1/4 of the data, from the group with smallest
within-cell variation of ut�1, are included.

7.6 New Monte-Carlo study for the problematic

functions

A new Monte-Carlo study with the same conditions as in Section 7.1 was
made for functions 2, 3 and 14 with the modi�cations described in Sec-
tions 7.3, 7.4 and 7.5.1, respectively. The results are given in Table 7.14.
A dramatic improvement of the performance on functions 2 and 3 can be
noted. As concluded in Section 7.5.3, the failure to �nd the contribution
from ut for function 14, is obvious.

7.7 Higher noise level

To complete this investigation, a Monte-Carlo simulation was run on simu-
lated data with a higher noise level. The experiment setup was exactly as
in previous sections, with the exception that the standard deviation of et
in Equation (7.1) is 1 instead of 0.0001. Functions 2, 3 and 14 were anal-
ysed with the modi�cations used in Section 7.6. Also the functions 4, 5, 12
and 13 needed a di�erent analysis, which can be explained by a more care-
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ut ut�2 ut�1

-2.5 { (-0.5) -0.5 { 1.5 1.5 { 3.5 3.5 { 5.5

-2.5 { (-0.5) -2.5 { (-0.5) 1.6 12.4 86.7 642.6
-0.5 { 1.5 1.0 7.5 55.8 412.4
1.5 { 3.5 2.2 16.0 118.1 872.7
3.5 { 5.5 3.3 24.4 180.4 1333.0

-0.5 { 1.5 -2.5 { (-0.5) 1.5 11.1 81.9 605.1
-0.5 { 1.5 1.0 7.1 52.6 388.4
1.5 { 3.5 2.0 15.1 111.2 821.9
3.5 { 5.5 3.1 23.0 169.9 1255.3

1.5 { 3.5 -2.5 { (-0.5) 1.5 11.4 84.6 625.0
-0.5 { 1.5 1.0 7.3 54.0 398.8
1.5 { 3.5 2.1 15.6 115.2 851.1
3.5 { 5.5 3.2 23.9 176.4 1303.4

3.5 { 5.5 -2.5 { (-0.5) 1.6 12.2 90.1 665.4
-0.5 { 1.5 1.0 7.7 57.1 421.7
1.5 { 3.5 2.3 16.7 123.0 909.1
3.5 { 5.5 3.5 25.6 189.0 1396.5

Table 7.13: Contributions to the range of nt from di�erent sources. The
entries are the di�erences between largest and smallest functional values in
the cells indicated by the given intervals.

% correct
No. Function results Comment

2 ln jutj+ ut�1 + eut�2 92 See section 7.3.
3 ut�1 � [ut + 1

ut�2
] 100 See section 7.4.

14 ut�2 � eut�1�0:03ut 6 See Section 7.5.1. In 80% of
the cases the regressor ut was
not selected.

Table 7.14: Results from Monte-Carlo simulations, 50 runs. ANOVA was
performed on 800 input/output data, where the uniformly distributed input
data was divided into intervals according to the referenced sections. The
normally distributed 'measurement' noise has standard deviation 0.0001,
and the level of signi�cance for ANOVA is 0.01.
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% correct
No. Function results Comment

1 ut � 0:03ut�2 4 52 In 92% of the cases only ut
was found.

2 ln jutj+ ut�1 + eut�2 96 92
3 ut�1 � [ut + 1

ut�2
] 100 100

4 sgn(ut�1) 92 76
5 sgn(ut�1) � ut�2 90 90
6 sgn(ut�1) � ut � ut�2 100 100
7 ln jut�1 + ut�2j 98 92
8 ln jut�1 � ut�2j 88 90
9 ut�2 � ln jut�1j 90 90
10 u3t�2 � ln jut�1j 82 90
11 ut�2 � (ln jut�1j)3 82 90
12 jut�2j � eut�1 98 90
13 ut�2 � eut�1 98 88
14 ut�2 � eut�1�0:03ut 2 6 In 96% of the cases only

(ut�1; ut�2) was found.
15 jutj 90 96

Table 7.15: Results from Monte-Carlo simulations, 50 runs. ANOVA was
performed on 800 input/output data, where the uniformly distributed input
data was divided into four equal intervals. The normally distributed 'mea-
surement' noise has standard deviation 1 in the �rst data column and 0.0001
in the second data column (the values are taken from Tables 7.1 and 7.14),
and the level of signi�cance for ANOVA is 0.01.

ful inspection of assumptions before the Monte-Carlo simulation. That is,
these modi�cations should have been done also in the former Monte-Carlo
simulation (Section 7.1). For functions 4 and 5, the data with ut�1 between
�0:5 and 1.5 were discarded, and for functions 12 and 13 the data with
ut�1 between 1.5 and 5.5 were discarded. The results from the Monte-Carlo
simulation are collected in Table 7.15. The introduction of more noise does
not give any surprising result. The functions 1 and 14, which have bad
signal-to-noise ratio, are still not giving any good results. The rest of the
functions get a test performance comparable to the results in Table 7.1.



76 NFIR with random input signal

7.8 Conclusion

It seems like it is possible to get good results from input/output data with
a random input signal. The ANOVA test seem to be more sensitive to the
noise term with non-normal characteristics, introduced by the random input
signal, than to the variance of the normally distributed measurement noise.

The extra noise term introduced by the division of the input into in-
tervals, can sometimes lead to a more complicated analysis. The two main
problems are the reduction of the signal to noise ratio and unequal variances
in the cells. The �rst problem can be counteracted by a �ner interval grid
in combination with more data and/or more control over the input signal
with less variation around �xed input levels. The second problem is most
pronounced when the functional relationship between input and output fea-
tures discontinuities, e.g., function 4, or large changes of the derivate, e.g.,
function 2. This problem can be counteracted by excluding the cells with the
largest within-cell standard deviation, e.g., the cells including the disconti-
nuity. Functions with high interaction order and large di�erences between
the size of the contributions from di�erent time lags, can be analysed erro-
neously. This might not pose a large problem, since the small contributions
might not enhance the �t of a model by very much anyway.
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Determine the structure of

NFIR-models with a correlated

input signal

Whenever the input signal ut is not a series of independent variables, the
factors in the ANOVA become correlated. In many applications, ANOVA
is used after a proper experiment design. Then care is taken that only the
examined factors change during the experiment and in such a fashion that
all cells in the design are covered by the observations in an equal manner. In
those cases, the experiment design guarantees orthogonality of the factors.

What happens then if normal operations data are used? In identi�cation
applications, it would be nice to be able to use a wide range of di�erent
input data. So far, we have covered multi-level pseudo-random signals and
uniformly distributed random signals. These correspond to the completely
planned experiment and to the simplest choice of a persistently exciting
input signal respectively.

When neither of these situations are applicable, for instance when we
have no possibility to choose the input signal, we need to know if the analysis
get tarnished by correlated input signals. The following analysis is meant
to give an indication if extra care is needed when the input is correlated.

77



78 NFIR with correlated input signal

0 50 100 150
−10

−5

0

5

10

15

u
t

t

u t

(a) 150 samples of ut plotted against
time.

−4 −3 −2 −1 0 1 2 3 4
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

3

k

u t*u
t−

k

(b) The covariance function for ut.

Figure 8.1: One data sequence from Equation (8.2)

8.1 Experiment setup

The output signal yt is computed according to the equation

yt = g(ut; ut�1; ut�2) + et; (8.1)

where the function g(�) is given in Table 8.1, as in previous chapters.
It is still necessary to get observations in all cells, so the input signal ut

must be persistently exciting in the considered dimension. To get results
comparable to results in previous chapters we would like ut to assume values
roughly between �2:5 and 5.5 and jump around in the regressor space given
by the �rst three time lags. In this test, we will also have a correlation
between adjacent time lags. One choice that ful�lls these criteria is the
moving average

ut = xt � xt�1 + xt�2; (8.2)

where xt is white noise uniformly distributed between �2:75 and 8.25, see
also Figure 8.1. There are two possible ways to proceed with this kind of
input signal. One is to use all the measurements in the data series, obtaining
a severely unbalanced design. The other one is to use the scheme described
in Section 5.2.5, obtaining a balanced design. The second method to use
the data is preferred and studied more carefully than the �rst one. 10
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Monte-Carlo simulations using all the data in the data set are run and 50
Monte-Carlo simulations with data selected from the data sets are run.

The same grouping as in Chapter 7 is used. That is, the range between
�2:5 and 5.5 is divided into four intervals to give four factor levels, i.e., 64
cells. To select a proper length, N , for the data series used in the Monte-
Carlo simulations, the lowest cell counts are investigated for some di�erent
lengths of the data series (2000 data series used). For N = 1000, 1815 data
series were giving empty cells and the rest had lowest cell count one, which
makes all the data series useless for analysis with ANOVA, at least with
this grouping. For N = 2000, the amount of useful data series was 16%, for
N = 3000 49%, for N = 4000 74% and for N = 5000 87%. See Figure 8.2
for the distribution of the lowest cell counts in the 2000 data series. Data
series with length N = 5000 will be used in the Monte-Carlo simulations.
This gives about 1600 useful observations with the level of ut between �2:5
and 5.5 for three adjacent time lags.

For the Monte-Carlo simulations with unbalanced design, data series
with empty cells will not be considered, to give a practical setup. For a real
case with empty cells, other groupings can be tried. For the Monte-Carlo
simulations with balanced design we will analyse 10 data series with lowest
cell count 2, 10 data series with lowest cell count 3, and so on up to lowest
cell count 6, which gives the total 50 runs. Especially the lowest cell counts
5 and 6 will be over-represented compared to the distribution in Figure 8.2.
Data series with other lowest cell counts are not considered.

8.2 Results from Monte-Carlo simulations

The results are collected in two tables. Table 8.1 which gives the total
percentage of correct results for the 10 unbalanced Monte-Carlo simulations
and the 50 balanced Monte-Carlo simulations, and Table 8.2 which gives
the number of correct results depending on the lowest cell counts for the
balanced cases.

The analysis in this chapter is enhanced using the methods described in
Chapter 7. The reason this is done here and not in the previous experiments
is that a more careful inspection of the data and a check to see if the
assumptions were ful�lled was done. For functions 2, 3, 4, 5, 11, 12, 13
and 14, groups with especially high within-cell variation had to be removed
from the analysis to get good normal probability plots and trustworthy
results. In the balanced case, it seemed like the analysis results were more
sensitive to the non-normal noise introduced by the grouping of the input
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% correct results
No. Function unbalanced balanced

1 ut � 0:03ut�2 60 14
2 ln jutj+ ut�1 + eut�2 100 98
3 ut�1 � [ut + 1

ut�2
] 100 100

4 sgn(ut�1) 100 94
5 sgn(ut�1) � ut�2 80 100
6 sgn(ut�1) � ut � ut�2 100 100
7 ln jut�1 + ut�2j 70 86
8 ln jut�1 � ut�2j 90 84
9 ut�2 � ln jut�1j 100 82
10 u3t�2 � ln jut�1j 90 90
11 ut�2 � (ln jut�1j)3 90 98
12 jut�2j � eut�1 100 84
13 ut�2 � eut�1 100 94
14 ut�2 � eut�1�0:03ut 10 6
15 jutj 70 98

Table 8.1: Results from Monte-Carlo simulations. ANOVA was performed
on input/output data, where the input data was generated by (8.2). The
normally distributed 'measurement' noise has standard deviation 0.0001,
and the level of signi�cance for ANOVA is 0.01. N = 5000, but the number
of useful input/output data varies in each simulation. The labels balanced
and unbalanced refer to the way the input/output data were treated before
analysis. 10 runs were made for the unbalanced case and 50 for the balanced.

data, compared to the unbalanced case. One reason could be that the non-
normal noise is not averaged over that many data points, which would give
a nearly normal distribution.

Comparing the result in Table 8.1 with previous results, see Table 7.1
on page 60 and Table 7.14 on page 74 (for functions 2, 3 and 14), we can
see that the frequency of correct answers is comparable for the case with
balanced design. The division of the results depending on the lowest cell
count, see Table 8.2, shows that it does not really matter how much data in
each cell that are used, with one exception. For function 12, it seems like
the drop in performance for cell count 2 might depend on a power reduction
due to the low number of data used.

The results for the unbalanced case should be interpreted with more care,
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No. of correct results
No. Function 6 5 4 3 2

1 ut � 0:03ut�2 1 1 4 0 1
2 ln jutj+ ut�1 + eut�2 10 10 10 10 9
3 ut�1 � [ut + 1

ut�2
] 10 10 10 10 10

4 sgn(ut�1) 8 10 10 9 10
5 sgn(ut�1) � ut�2 10 10 10 10 10
6 sgn(ut�1) � ut � ut�2 10 10 10 10 10
7 ln jut�1 + ut�2j 9 9 9 9 8
8 ln jut�1 � ut�2j 9 9 7 8 9
9 ut�2 � ln jut�1j 10 7 9 6 9
10 u3t�2 � ln jut�1j 10 10 9 8 9
11 ut�2 � (ln jut�1j)3 10 10 10 10 9
12 jut�2j � eut�1 10 9 9 10 4
13 ut�2 � eut�1 10 10 9 10 8
14 ut�2 � eut�1�0:03ut 0 0 0 1 2
15 jutj 9 10 10 10 10

No. of used data 384 320 256 192 128

Table 8.2: Results from Monte-Carlo simulations, 50 runs with balanced
design, 10 in each column. ANOVA was performed on input/output data,
where the input data was generated by (8.2). The number of correct results
are given in di�erent columns depending on the lowest cell count. In the
bottom line the total amount of data for each test is given. The normally
distributed 'measurement' noise has standard deviation 0.0001, and the level
of signi�cance for ANOVA is 0.01.

since there are fewer analysed data series. The good results for function
1 was a bit surprising, and the results for function 15 a bit worse than in
previous experiments, but otherwise there is nothing new to say about these
results.

8.3 Exhaustive search

Exhaustive search among neural networks with one to three regressors, as in
Chapter 6, was performed with data sets of length N = 1160. The networks
used here have 30 neurons in the hidden layer. Of 100 Monte-Carlo runs on
function 15 only 2% gave correct results. Another Monte-Carlo simulation
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with N = 5000 was run with 7% correct results. In 59% of the cases,
all regressors were included. The simulations took more than two weeks
computation time to �nish. The sigmoidal network does not model this
function very well. One reason could be that there are more neurons than
necessary to build a good model for this simple function, yt = jutj + et.
Then it does not matter if some neurons are used to model the non-existing
contributions from the other regressors.

8.4 Conclusion

The ANOVA results give us no reason to be extra cautious when a correlated
input signal is used in the identi�cation experiment, provided that all cells
in the design are covered by observations. In severely unbalanced cases it
can be a good idea to pick out an equal amount of data from each cell to
get a balanced design. When the input signal is strongly correlated it can
be hard to group the data such that no empty cells occur.

The ANOVA results are not very sensitive to the amount of measure-
ment noise. An increase in the noise variance a factor 108 does not change
the result, but an increase a factor 1012 give a too low signal-to-noise ratio
to get correct results for any function. These results are obtained by adding
di�erent noise sequences with varying variance to the function values ob-
tained by using one input signal.

The simulations show that results from exhaustive search should not be
trusted.
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Figure 8.2: Distribution of the lowest cell counts in 2000 data series of
varying length. The bars labelled with a nine contains all data series with
a lowest cell count � 9.
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9

Determine the structure of

NARX-models

The previous chapters have all aimed at giving a sound foundation for the
extension to NAR- and NARX-models. A NAR-model is given by

yt = g(yt�1; : : : ; yt�k) + et; (9.1)

and a NARX-model by

yt = g(yt�1; : : : ; yt�ky ; ut; : : : ; ut�ku) + et: (9.2)

As before, et is assumed to be additive Gaussian noise.
The following investigation was made to give some indication on how

ANOVA works on nonlinear auto-regressive processes and what the diÆcul-
ties are. It is not complete in any way. For the NAR-models, also some of
the methods from Chapter 3 could be applied to �nd appropriate regressors.

9.1 Test examples

The following examples were taken from di�erent articles treating aspects
on the identi�cation of NAR-models. The signal-to-noise ratio varies from

85
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example to example. Most of the examples are pure autoregressive without
exogenous input variables (see Equations (2.5) and (2.7)). The example
setup is taken from the di�erent papers, while the grouping and analysis is
new for this thesis. Data series with 3000 input/output data are used for
all examples.

9.1.1 Example 1: Chen 1

The �rst example NAR system is taken from Chen et al. (1995). It is a
nonlinear additive autoregressive process,

yt = 2e�0:1y2t�1yt�1 � e�0:1y2t�2yt�2 + et; (9.3)

where et is Gaussian noise with standard deviation 1. The model is similar
to an exponential autoregressive model, but has di�erent time lags in the
exponent so that it is additive, since it was used together with Example 2
to test algorithms for spotting additivity in NAR systems.

Grouping

The signal yt has heavy correlation between the time lags, which makes it
hard to get data in all cells, especially if many time lags are to be tested at
the same time. The data was divided into six intervals:

Group Interval

0 [2;1]
1 [1; 2]
2 [0; 1]
3 [�1; 0]
4 [�2;�1]
5 [�1;�2]

Of these, only groups 1 up to 4 were used in the analysis, following the idea
of the shrunken range (see Section 5.2.3), with slightly di�erent intervals.
With this division, it is only possible to test for two time lags at a time,
due to the amount of empty cells in higher dimensions.

Analysis

First, all time lags up to yt�8 were tested pairwise with the data in groups
1 up to 4 for both time lags. yt�5 to yt�8 could be excluded as they had
no signi�cant e�ect on the signal yt, see Table 9.1. When yt�1 was tested
together with yt�3 and yt�4 respectively, also yt�4 could be excluded.
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E�ect p-level groups

yt�1 0 1{4
yt�2 0 1{4

yt�3 0.002 1{4
yt�4 0.003 1{4

yt�5 0.13 1{4
yt�6 0.98 1{4

yt�7 0.51 1{4
yt�8 0.26 1{4

yt�1 0 1{4
yt�3 0.003 1{4

yt�1 0 1{4
yt�4 0.5 1{4

Table 9.1: Results from ANOVA test for Example 1. If the p-level is low
enough, below 0.01, the null hypothesis for the e�ect is rejected. The time
lags were tested pairwise. Since no two-factor interactions were found sig-
ni�cant, they were not included in the table.

E�ect p-level groups

yt�1 0 1{4
yt�2 0.003 2{3
yt�3 0.93 2{3

Table 9.2: Results from ANOVA test 2 for Example 1, only main e�ects
collected in the table.

Then another test was made for yt�1, yt�2 and yt�3. It was not possible
to perform the analysis with all factor levels included for all time lags, since
then some cells got empty. Instead groups 1{4 were used for yt�1, while
only groups 2 and 3 were used for yt�2 and yt�3, see Table 9.2. The result
is that yt�3 can be excluded as regressor.

Conclusion

yt�1 and yt�2 should certainly be included in further model building. Since
we suspect nonlinear functions, two levels of the factor yt�3 could possibly
be too little to draw any certain conclusions from this analysis. A care-
ful analyst would probably also build one model with yt�3 included, and
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postpone further regressor exclusion to the model validation phase. This
analysis took two to three hours to complete. The major part of the time
was spent on the grouping of the data and interpretation of the results.
Each ANOVA test is completed in a few seconds.

Comparison with exhaustive search

For this function, also regressor selection with the exhaustive search method,
see Section 3.2.4, was tried. Eight regressors, yt�1 to yt�8, were tried, giving
256 network models to compare. Each network has a single hidden layer
with 30 sigmoidal neurons and a linear output layer. The networks were
trained with the Levenberg-Marquardt minimisation algorithm with random
starting values of the parameters. Ten restarts with new random values were
used for each network to give a larger probability to �nd a good minimum for
the loss function. The data sequence was split in half to give 1500 samples
for training data and 1500 samples for validation data.

It took about 5 hours to prepare a MATLABTM script for the exhaustive
search and 300 CPU hours to run it, but the results were lost, and the
script had to be run a second time. The second try took 75 CPU hours to
complete. One important thing to consider when the computation time is
so long is what happens if there is a sudden computer shutdown. The result
was that the network with yt�1 and yt�2 as inputs had best RMS values on
validation data, which is the correct structure.

Networks with the suggested structure from the ANOVA tests were also
trained. The �rst network used yt�1 and yt�2 as regressors, entering addi-
tively:

yt = g1(yt�1) + g2(yt�2): (9.4)

The second network used yt�1, yt�2 and yt�3 as regressors, entering addi-
tively, which means that no interaction e�ects are considered in the model:

yt = g1(yt�1) + g2(yt�2) + g3(yt�3): (9.5)

The MATLABTM script took 30 minutes to prepare and 20 minutes to run.

The networks from the di�erent approaches were compared on a new set
of data of length 3000. Their simulation performance is almost equal. The
net from the exhaustive search has a slightly worse �t, RMS value 1:175,
than the others. The network with two additive regressors has the RMS
value 1:143, and the network with three additive regressors has the RMS
value 1:145. In Figure 9.1, the simulated output from the networks with
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Figure 9.1: Simulated output from networks with two regressors. The dotted
line corresponds to the net from the exhaustive search, the dashed line to
the output from the network structure suggested by ANOVA and the solid
line to the measured output.

two regressors and the real output are plotted for the �rst 100 data points.
The results are quite good, considering that the noise added to the signal
has variance 1.

9.1.2 Example 2: Chen 2

The second example, also from Chen et al. (1995), is almost the same as
the �rst, but this is an exponential autoregressive model,

yt = 2e�0:1y2t�1(yt�1 � yt�2) + et; (9.6)

where et is Gaussian noise with standard deviation 1.

Grouping

The same grouping as for Example 1 is used. Also in this example the
strong correlation makes it impossible to test more than two time lags at a
time if all groups 1 to 4 should be included, since there is the problem with
empty cells in higher dimensions.
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E�ect p-level groups

yt�1 0 1{4
yt�2 0 1{4

yt�3 0.0003 1{4
yt�4 0 1{4

yt�5 0 1{4
yt�6 0 1{4

yt�7 0.55 1{4
yt�8 0.35 1{4

Table 9.3: Results from ANOVA test for Example 2. If the p-level is low
enough, below 0.01, the null hypothesis for the e�ect is rejected. The time
lags were tested pairwise. Since no two-factor interactions were found sig-
ni�cant, they were not included in the table.

Analysis

When a pairwise testing is done, only the time lags yt�7 and yt�8 can be
excluded, see Table 9.3.

Since the pairwise testing could not give much information, a new anal-
ysis run with tests where three time lags were included were run. To avoid
empty cells only data from groups 2 and 3 were included, giving the results
in Table 9.4. The �rst test was made on yt�1, yt�2 and yt�3. yt�3 could be
excluded and there was room to test another factor, yt�4, which also was in-
signi�cant. Since yt�1 and yt�2 were clearly signi�cant, they were included
in all the remaining tests. No other regressors were found signi�cant. After
the second analysis the remaining time lags were yt�1 and yt�2.

Conclusion

The second analysis round should give the suspicion that the data only
depends on yt�1 and yt�2, possibly with interaction between them, but two
levels for each time lag are too few to give any con�dence, since nonlinear
behaviour is suspected. Possible regressors are yt�1 to yt�6, as given by the
�rst analysis round. Better grouping is needed.
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E�ect p-level groups

yt�1 0 2{3
yt�2 0.02 2{3
yt�3 0.19 2{3

yt�1 0 2{3
yt�2 0.001 2{3
yt�3 0.06 2{3

yt�1 0 2{3
yt�2 0 2{3
yt�5 0.23 2{3
yt�1 � yt�2 0.02 2{3

yt�1 0 2{3
yt�2 0 2{3
yt�6 0.79 2{3

yt�1 0 2{3
yt�2 0 2{3
yt�7 0.11 2{3

yt�1 0 2{3
yt�2 0 2{3
yt�8 0.81 2{3

Table 9.4: Results from ANOVA test for Example 2. If the p-level is low
enough, below 0.01, the null hypothesis for the e�ect is rejected. The time
lags were tested three and three.

9.1.3 Example 3: Chen 3

The third example is an additive threshold autoregressive model with an
asymmetric limit cycle (Chen et al., 1995),

yt = �2yt�1I(yt�1 � 0) + 0:4yt�1I(yt�1 > 0) + et; (9.7)

where et is Gaussian noise with standard deviation 1 and I(x) is an indicator
such that I(x) = 1 if x holds.

Grouping

The output data was divided into six intervals:
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E�ect p-level groups

yt�1 0 1{4
yt�2 0.57 1{4
yt�3 0.93 1{4

yt�1 0 1{4
yt�4 0.53 1{4
yt�5 0.71 1{4

yt�1 0 1{4
yt�6 0.60 1{4
yt�7 0.48 1{4

yt�1 0 1{4
yt�8 0.22 1{4

Table 9.5: Results from ANOVA test for Example 3, only main e�ects
collected in the table. If the p-level is low enough, below 0.01, the null
hypothesis for the e�ect is rejected. The time lags were tested three and
three, except in the last test.

Group Interval

0 [2;1]
1 [1; 2]
2 [0:5; 1]
3 [0; 0:5]
4 [�1; 0]
5 [�1;�1]

which gave an approximately equal number of data in groups 1 to 4. Three
time lags at a time could be analysed without empty cells when groups 1 to
4 were used.

Analysis

The �rst test was made with the time lags yt�1, yt�2 and yt�3. Only yt�1

was found signi�cant and included in the next test. This was the case for
the second and third tests too. In the fourth test only yt�1 and yt�8 were
tested.



9.1 Test examples 93

Conclusion

Only yt�1 was found to be a proper regressor for the analysed data series,
which coincides with the true model.

9.1.4 Example 4: Chen 4

This example is similar to the previous, a threshold autoregressive model,

yt = (0:5yt�1 � 0:4yt�2)I(yt�1 < 0)

+ (0:5yt�1 + 0:3yt�2)I(yt�1 � 0) + et; (9.8)

where et is Gaussian noise with standard deviation 1 and I(x) is an indicator
such that I(x) = 1 if x holds. This model is not additive, which means that
it cannot be separated in the following manner:

yt = g(yt�1; yt�2) = g1(yt�1) + g2(yt�2): (9.9)

Grouping

Compared to the example in Section 9.1.3, a di�erent grouping was used
here. The data range was divided into three intervals:

Group Interval

0 [�1; 0]
1 [0; 1]
2 [1;1]

The data is not as strongly correlated as in previous examples and fewer
intervals are used to group the data. In this case four time lags can be
tested at the same time.

Analysis

The time lags were included in the ANOVA four at a time. Beginning with
yt�1 to yt�4, four tests were needed to cover the �rst eight time lags. The
results are given in Table 9.6. The time lags yt�1 and yt�2 were included in
all tests, since they proved to give signi�cant main and two-factor interaction
e�ects. When yt�5 was included in the test, the interaction e�ect (yt�1; yt�5)
proved signi�cant, so also yt�5 was included in the remaining tests.
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E�ect p-level groups

yt�1 0 0{2
yt�2 0 0{2
yt�3 0.95 0{2
yt�4 0.75 0{2
(yt�1; yt�2) 0

yt�1 0 0{2
yt�2 0 0{2
yt�5 0.48 0{2
yt�6 0.80 0{2
(yt�1; yt�2) 0
(yt�1; yt�5) 0.009

yt�1 0 0{2
yt�2 0 0{2
yt�5 0.72 0{2
yt�7 0.43 0{2
(yt�1; yt�2) 0
(yt�1; yt�5) 0.005

yt�1 0 0{2
yt�2 0 0{2
yt�5 0.45 0{2
yt�8 0.38 0{2
(yt�1; yt�2) 0
(yt�1; yt�5) 0.004

Table 9.6: Results from ANOVA test for Example 4. All signi�cant e�ects,
at � = 0:01, and all main e�ects are collected in the table. If the p-level is
low enough, below 0.01, the null hypothesis for the e�ect is rejected. The
time lags were tested four and four.

Conclusion

The results from the ANOVA indicates that the data comes from a model
on the form:

yt = g1(yt�1; yt�2) + g2(yt�1; yt�5) + et; (9.10)

where g1(yt�1; yt�2) probably explains most of yt.
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9.1.5 Example 5: Chen 5

Next out is a functional-coeÆcient AR(1) model with a sine function of lag
two,

yt = yt�1 sin(yt�2) + et; (9.11)

where et is Gaussian noise with standard deviation 1 (Chen et al., 1995).

Grouping

The range of yt was divided into three intervals:

Group Interval

0 [1;1]
1 [�1; 1]
2 [�1;�1]

This grouping makes it possible to test three time lags at a time.

Analysis

First, the time lags yt�1 to yt�3 were tested. The interaction e�ect
(yt�1; yt�2; yt�3) was signi�cant. It was not possible to include any more
factors in the test due to empty cells, so yt�4 to yt�6 were included in the
next test. Here, the interaction e�ect (yt�4; yt�5) was signi�cant, so yt�4

and yt�5 were included also in the following tests, see Table 9.7.

Conclusion

The model resulting from the ANOVA should have the following structure:

yt = g1(yt�1; yt�2; yt�3) + g2(yt�4; yt�5) + et: (9.12)

As this is a rather big model, it could be worth the e�ort to collect more
data and see if it was just an unlucky data sequence that led to the large
number of regressors.

Comparison with exhaustive search

Exhaustive search with eight regressors, yt�1 to yt�8, was run on two dif-
ferent data sets with 3000 data from this function. The results, after 75
CPU hours each, was that for the �rst data set the model with the correct
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E�ect p-level groups

yt�1 0.06 0{2
yt�2 0.08 0{2
yt�3 0 0{2
(yt�1; yt�2) 0 0{2
(yt�1; yt�2; yt�3) 0

yt�4 0.25 0{2
yt�5 0.56 0{2
yt�6 0.09 0{2
(yt�4; yt�5) 0

yt�4 0.64 0{2
yt�5 0.68 0{2
yt�7 0.12 0{2
(yt�4; yt�5) 0

yt�4 0.24 0{2
yt�5 0.96 0{2
yt�8 0.33 0{2
(yt�4; yt�5) 0

Table 9.7: Results from ANOVA test for Example 5. All signi�cant e�ects,
at � = 0:01, and all main e�ects are collected in the table. If the p-level is
low enough, below 0.01, the null hypothesis for the e�ect is rejected. The
time lags were tested three and three.

regressors yt�1 and yt�2, had best performance on the part of the data used
for validation. For the second data set a model with the regressors yt�1,
yt�2, yt�4 and yt�6 was best. It seems like there is not enough information
in the input/output data to do regressor selection with useful results.

9.1.6 Example 6: Chen and Lewis

This example is an adaptive spline threshold auto-regression, which exhibits
limiting cycle behaviour (Chen et al., 1995; Lewis and Stevens, 1991). The
model is:

yt = 14:27 + 0:46yt�1 � 0:02yt�1(yt�2 � 30)+

+ 0:047yt�1(30� yt�2)+ + et; (9.13)

where (x)+ = x if x > 0 and (x)+ = 0 otherwise and et is Gaussian noise
with standard deviation 1.
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E�ect p-level groups

yt�1 0 0{2
yt�2 0 0{2
yt�3 0.0006 0{2

yt�4 0.22 0{2
yt�5 0 0{2
yt�6 0.63 0{2

yt�5 0 0{2
yt�7 0.28 0{2
yt�8 0.38 0{2

yt�1 0 0{2
yt�2 0 0{2
yt�3 0.003 0{2
yt�5 0.17 0{2

Table 9.8: Results from ANOVA test for Example 6. All signi�cant e�ects,
at � = 0:01, and all main e�ects are collected in the table. If the p-level is
low enough, below 0.01, the null hypothesis for the e�ect is rejected. The
time lags were tested three and three.

Grouping

The range of the data was divided into three intervals:

Group Interval

0 [�1; 27:6]
1 [27:7; 28:8]
2 [28:8;1]

In this data sequence, the correlation between every second sample is strong,
as can be seen from the distribution in the di�erent cells. For example, the
cells corresponding to data belonging to groups 0, 2, 0, 2 and to groups 2,
0, 2, 0 are empty.

Analysis

First, the time lags were tested three at a time. yt�1 to yt�3 all had sig-
ni�cant main e�ects, so the next test was performed on yt�4 to yt�6. yt�5

had a signi�cant main e�ect in this test, so the third test was made on
yt�5, yt�7 and yt�8, see Table 9.8. Then, yt�1 to yt�3 and yt�5, were tested
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together. As the time lags are not all adjacent, this was possible, despite
the strong correlation. This last test showed that yt�5 is spurious. The
di�erence compared to the former tests depend on the fact that the real
regressors are included in the same test.

Conclusion

The resulting model is

yt = g1(yt�1) + g2(yt�2) + g3(yt�3) + et: (9.14)

The interaction e�ect (yt�1; yt�2) has not been picked up by the test.

9.1.7 Example 7: Yao

This example is NARX model structure (see Equation (2.5)). The model
was found in Yao and Tong (1994).

yt = 0:3yt�1e
ut�1 + sin(ut�1) + et; (9.15)

where ut is an AR(2) model:

ut = 0:1ut�1 � 0:56ut�2 + nt: (9.16)

The noise term et has the same distribution as the noise term 0:6nt. nt is
the sum of 48 independent uniformly distributed random variables, in the
range [�0:25; 0:25]. According to the central limit theorem the noise terms
can then be treated as coming from a Gaussian distribution, but with the
support bounded to [�12; 12].

Grouping

The range of yt was divided into the intervals:

Group Interval

0 [�1;�1:4]
1 [�1:4; 1]
2 [1;1]

and the range of ut was divided into the intervals:

Group Interval

0 [�1;�1]
1 [�1; 1]
2 [1;1]

With this grouping, four factors at a time could be tested.
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E�ect p-level groups

yt�1 0.016 0{2
yt�2 0.12 0{2
yt�3 0.83 0{2
yt�4 0.87 0{2

yt�1 0 0{2
yt�5 0.93 0{2
ut 0.21 0{2
ut�1 0.017 0{2
(yt�1; ut) 0.008 -
(yt�1; ut�1) 0 -
(yt�1; ut; ut�1) 0.008 -

yt�1 0 0{2
ut 0.68 0{2
ut�1 0.39 0{2
ut�2 0.23 0{2
(yt�1; ut�1) 0 -
(yt�1; ut�2) 0 -
(yt�1; ut�1; ut�2) 0 -

Table 9.9: Results from ANOVA test for Example 7, tests 1 to 3. All
signi�cant e�ects, at � = 0:01, and all main e�ects are collected in the
table. If the p-level is low enough, below 0.01, the null hypothesis for the
e�ect is rejected. The time lags were tested four and four.

Analysis

Six tests were necessary to cover yt�1 to yt�5 and ut to ut�5, see Tables 9.9
and 9.10. In the �rst test, which was made on yt�1 to yt�4, only yt�1 was
found to have a signi�cant e�ect. In the second test, also ut and ut�1 were
signi�cant, in interactions. When ut�2 was included in the third test, ut
lost its importance. No other time lags had signi�cant e�ects. The normal
probability plots of the residuals show some non-normal behaviour, which
indicates that the the analysis should not be completely trusted. With
more data, some cells with large within-cell variation could be excluded to
do something about the non-normal residuals.
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E�ect p-level groups

yt�1 0 0{2
ut�1 0.27 0{2
ut�2 0.19 0{2
ut�3 0.83 0{2
(yt�1; ut�1) 0 -
(yt�1; ut�2) 0 -
(yt�1; ut�1; ut�2) 0 -

yt�1 0 0{2
ut�1 0.01 0{2
ut�2 0.01 0{2
ut�4 0.44 0{2
(yt�1; ut�1) 0 -
(yt�1; ut�2) 0 -
(ut�1; ut�2) 0.005 -
(yt�1; ut�1; ut�2) 0 -

yt�1 0 0{2
ut�1 0.02 0{2
ut�2 0.009 0{2
ut�5 0.71 0{2
(yt�1; ut�1) 0 -
(yt�1; ut�2) 0 -
(yt�1; ut�1; ut�2) 0 -

Table 9.10: Results from ANOVA test for Example 7, tests 4 to 6. All
signi�cant e�ects, at � = 0:01, and all main e�ects are collected in the
table. If the p-level is low enough, below 0.01, the null hypothesis for the
e�ect is rejected. The time lags were tested four and four.

Conclusion

The resulting model is:

yt = g(yt�1; ut�1; ut�2) + et: (9.17)

The time lag ut�2 is spurious, and was possibly tested signi�cant due to its
importance in explaining ut.
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9.1.8 Example 8: Pi

This example is a H�enon map (Pi and Peterson, 1994),

yt = 1� 1:4(yt�2 � et�2)
2 + 0:3(yt�4 � et�4) + et; (9.18)

where et is i.i.d. noise uniformly distributed on [�0:10122; 0:10122]. In
simulations this model can be viewed as an autoregressive model with or
without exogenous variables, depending on whether et is treated as an input
signal or noise. For all examples, 3000 input/output data were used.

Grouping

The range of the data was divided into three intervals:

Group Interval

0 [�1;�0:16]
1 [�0:16; 0:64]
2 [0:64;1]

The data was strongly correlated, see Figure 5.4, which led to problems with
empty cells. At most three time lags could be tested at the same time.

Analysis

Di�erent numbers of groups had to be used for the di�erent factors in each
test, to avoid empty cells. The tests were done according to Table 9.11.
Every second time lag seem to have a strong inuence on yt. They are also
strongly dependent on each other, which can be concluded from the number
of groups included in each test. When not all groups are included, it is to
avoid empty cells.

Conclusion

The result from the tests is that yt�2, yt�4, yt�6, yt�8 and yt�10 inuence yt.
This result should not be trusted, due to the low number of groups included
in the tests and the strong correlation between these time lags. The only
useful result is that all odd time lags can be excluded from further model
building.
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E�ect p-level groups

yt�1 0.35 1{2
yt�2 0 0{2
yt�3 0.08 0{2

yt�2 0 1{2
yt�4 0 0{2
yt�5 0.97 0{2
(yt�2; yt�4) 0 -

yt�2 0 1{2
yt�4 0 1{2
yt�6 0 1{2
(yt�2; yt�4) 0 -

yt�2 0 1{2
yt�4 0 0{2
yt�7 0.84 0{2
(yt�2; yt�4) 0 -

yt�8 0 1{2
yt�9 0.11 0{2
yt�10 0 0{2
(yt�8; yt�10) 0 -

yt�2 0 1{2
yt�8 0 1{2
yt�10 0 0{2
(yt�2; yt�8; yt�10) 0 -

Table 9.11: Results from ANOVA test for Example 8. All signi�cant e�ects,
at � = 0:01, and all main e�ects are collected in the table. If the p-level is
low enough, below 0.01, the null hypothesis for the e�ect is rejected. The
time lags were tested three and three.

9.2 Discussion

For the NARX models, ANOVA manages to pick out at least the true re-
gressors. Spurious regressors are included quite often. In one case, Example
6, interaction e�ects were missed, but all true regressors were included. In
the examples where exhaustive search was tried, there was no indication
that it would perform any better than ANOVA.

The main problem with the analysis is the grouping that has to be done.
It seems like it is better to divide the data into few groups than into many.
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With the strong correlation between time lags, natural to autoregressive
processes, there are still problems to get observations into all cells. The
strong correlation also leads to the inclusion of spurious regressors, since it
is not possible to test all possible regressors at the same time with limited
data.

One idea that came up during the experiments is that if it is possible to
introduce more noise in the NAR processes during data collection or excite
NARX processes with the input signal, more information could be extracted
from the measurement data when using ANOVA for the analysis. The more
the signal jumps around in the regressor space, the easier it gets to get data
covering all cells.

So, what information has been gained? The grouping is crucial to good
analysis of NAR and NARX models. It is not likely that ANOVA will miss
contributing regressors, but spurious ones could be included. In most cases,
that will be an improvement and lead to more sparse models than without
any tests.

9.3 Open questions

There are some open questions that need further study.
Is it the strong correlation between di�erent regressors itself that leads

to spurious regressors in the results or does it depend on the unbalanced
design of the tests?

Is there any good way to group the data? How much does the signal-to-
noise ratio inuence the possibility to get a good grouping?

More NARX models should be investigated to be able to draw any con-
clusions on how ANOVA works for that type of systems. It would also be
interesting to compare ANOVA results with other methods to �nd proper
regressors for NAR-models.
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10

Conclusions

The aim of this work was to �nd a good method to select regressors for
nonlinear system identi�cation. To begin with, a literature survey over
possible methods to select the model structure for nonlinear systems, mainly
autoregressive processes, has been done. The main ideas were:

1. Compare estimated models, using di�erent regressor vectors, with
each other.

2. Compare the variability of the output data, given one regressor vector,
with the variability of the output data given other regressor vectors.

The second idea has been investigated further by applying a common sta-
tistical tool, analysis of variance, to system identi�cation applications. This
method di�ers from most of the suggested methods by treating the vari-
ability in a stochastic framework, instead of treating the problem from a
geometrical point of view. An investigation of the properties of analysis of
variance (ANOVA), practical considerations with its use and Monte-Carlo
simulations covering several aspects of the use of ANOVA in system identi-
�cation applications has been done. The result of this work is the suggested

105
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procedure for selecting a model structure from input/output data, given
below.

Suggested procedure

1. Start with designing the input signal. Decide what range it should
have, depending on what input signal range the model should be
valid for, and the practical limits of the system. Select the sampling
rate (Ljung, 1999). The best choice of input signal when ANOVA
will be used is a pseudo-random multi-level signal, which can be con-
structed with a multi-level shift register (Godfrey, 1993). For nonlin-
ear system identi�cation, some physical insight is needed to select the
best levels, but if at least three levels are used, many nonlinearities
will be covered. The required length of the signal depends on what
regressors will be included in the tests, see step 3. The second best
choice of input signal is a random signal, see Chapter 7. If neither
of these choices can be made, normal operations data can be used if
there is enough variability of the input signal. This can be checked by
trying a few di�erent groupings of the data, see Section 5.2. Watch out
for input signals with strong correlation | they seldom have enough
variability.

2. The step which is most open to further research is the grouping of the
data. The grouping has to be done to get something to associate the
factor levels in ANOVA with. For pseudo-random multi-level signals
this is easy: one input signal level = one group. For other kinds
of signals, it is necessary to experiment with the grouping intervals,
trying to get an equal amount of data in each cell. For examples, see
Section 5.2 and Chapter 9. For nonlinear systems, at least three groups
for each regressor are needed, but if only linear systems are considered,
it is enough with two groups. For many signals, the grouping leads to
an unbalanced design for ANOVA, which can a�ect the sensitivity to
outliers badly (Section 5.1). This can be avoided by discarding excess
data at random in the cells with most data (Section 5.2.5).

3. Decide which regressors should be tested for e�ects on the output.
The possible regressors could be di�erent input signals with several
di�erent time lags and/or di�erent time lags of old output signals.
Semi-physical modelling can also be used, which means that any par-
tial physical insight of the model structure should be taken advantage
of. If, e.g., it is likely that the power (current times voltage) should
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be a regressor for the model, this product can be constructed and
tested like the other possible regressors. Since such products a�ect
the distribution of the measurement noise, an extra careful check of
the assumptions is necessary.

It is best if all possible regressors can be tested at the same time. This
puts quite strong demands on the variability of the input signal(s).
Also, the chosen grouping of the data a�ects the amount of possible
regressors that can be tested at the same time. The limitation is
that all cells, given by that the values of each regressor belong to
speci�c intervals, have to include at least one observation to perform
a test. At least two observations are needed if all interaction e�ects
(De�nition 2.2) should be tested. If there are empty cells, concentrated
to one level of one regressor, the entire block of cells, corresponding to
this level, can be excluded from the analysis, see, e.g., Section 9.1.1.
This can sometimes make it possible to include more regressors in the
same test. If it is not possible to include all regressors in the same
test, the procedure in Section 5.3 can be used. The drawbacks of that
procedure are that not all interaction e�ects can be tested (those of
higher order) and that spurious regressors can be found signi�cant if
there is correlation between the regressors in di�erent tests.

Compute the sums of squares and the F-distributed test variables as
in Section 4.1. A suitable computation tool is needed for data sets
including more than a few data. For example, MATLABTM or any tool
for statistical computations can be used. The result from the compu-
tations is an analysis of variance table (Table 4.2 on page 31). In the
table, the probability levels of the null hypotheses corresponding to
each interaction e�ect are stated. If the probability levels are below
the chosen signi�cance level (often 0.01{0.05), the null hypothesis is
rejected. Start reading the table from the bottom with the interac-
tion e�ect of highest order. For each accepted null hypothesis, the
full model including all regressors, can be reduced, either by exclud-
ing regressors or by �nding less complex inner structure. It is not
meaningful to check for signi�cant e�ects of a lower interaction order
if an interaction of higher order (with the same regressors) is included
in the model. Check that the assumptions are valid. These are that
the measurement noise is Gaussian with constant variance. The most
important checks are the normal probability plot of the residuals (Sec-
tion 4.1.1) and the within-cell standard deviations, which should be
approximately equal. If the assumptions are not valid, the situation
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can sometimes be saved by the methods used in Section 7.3.

4. The test result is a model structure. Left to consider is what model
type should be used, estimate the parameters and validate the
model (Ljung, 1999). The given model structure both gives which re-
gressors should be used and what interaction pattern they have. This
information can be used to build a sparse model, with the parameters
in places where they can do most good. Not that many parameters
will be used to estimate non-existing relations between input signals
and output signal, as if a full model structure had been used. The
input signal used for the analysis of variance tests can be reused for
parameter estimation, since only a small fraction of its information
content has been used.

Bene�ts by using ANOVA for model structure selection

In contrast to methods which compare estimated models in a structured (or
non-structured) manner, ANOVA has the following bene�ts:

� The computations are fast and straightforward, without iterations or
minimisations.

� ANOVA is easy to interpret.

� The method is reliable: ANOVA seldom fails to give correct results
(some exceptions among the NARX-models in Chapter 9), and when
it does, warning signals are given as failing assumption checks.

� ANOVA is useful for varying kinds of input signals.

� ANOVA puts demands on the information contents in the input/out-
put data, which will make further identi�cation easier.

� ANOVA is not critically sensitive to the amount of measurement noise.

Finally, let us reiterate some results from the Monte-Carlo simulations for
the example function yt = jutj+et. With a pseudo-random multi-level signal
with 256 input/output data, ANOVA �nds the correct regressor in 100% of
the cases, while the exhaustive search method (Section 3.2.4) manages 73%
of the cases (Table 6.2). The di�erence is more pronounced with a correlated
input signal of length 5000, where ANOVA �nds the correct regressor for
98% of the cases (Table 8.1) in approximately ten minutes and exhaustive
search only manages 7% (Section 8.3) in approximately 200 hours.
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