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Abstract

This thesis discusses three different topics: model error modeling, bootstrap, and
model reduction. These subjects may at first sight seem to be quite far away from
each other. However, there are some connections between them, the most important
one being uncertainty estimation.

Model error modeling is actually a tool for model validation. The idea is to
construct a model of the model errors that are present in the nominal model, and
present them in an easily interpreted way. When the error models are linear, we
prefer to present the result in the frequency domain. We discuss different ways
of estimating such models, as well as how the “size” of such models should be
presented and interpreted. Examples illustrate how some model errors could be
accepted although they may be large. This is partly in contrast with traditional
model validation tools, that more have the character of telling whether we have any
model errors or not.

In some situations it is very difficult to calculate the uncertainties present in
an estimate. One would therefore like to repeat the experiment several times to
get better knowledge about it. Bootstrap mimics this, since it simulates new data
from the original sample and thus makes it possible to repeat a similar experiment
again. We describe how bootstrap can be used in a system identification experiment.
The most interesting results are that we are able to estimate the variance error of
undermodeled models and that it is possible to construct several confidence regions
where we are in control of the simultaneous confidence degree (this is, regions
which all cover their respective parameters with a certain confidence degree).

The last chapter is focused on quantifying the variance reduction that occurs
in model reduction. We specifically look atL2 model reduction and show that
estimating the model in two steps, first a high order model which is then subjected
to L2 model reduction, in some situations give the same variance as estimating the
model directly. We also show that it might even be better to estimate the model
in two steps in some specific cases. From the calculations of these results it also
follows thatL2 model reduction is optimal in reducing the variance of the estimate.
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Notation

Symbols
(A)i, j the(i, j )th element ofA.
(A)·, j the j th column ofA.
e(t) disturbance variable at timet (usually white noise).
G(q) transfer function fromu to y.
G(q, θ) transfer function parameterized byθ .
ĜN(q) transfer function estimate,̂GN(q) = G(q, θ̂N) .
G0(q) “true” transfer function fromu to y for a given system.
H (q) transfer function frome to y.
Pθ covariance matrix ofθ .
Rs(k) Ēs(t)sT (t − k).
Rsw(k) Ēs(t)wT (t − k).
u(t) input variable at timet .
UN(ω) Fourier transform of{u(1), . . . , u(N)}.
v(t) disturbance variable at timet (usually filtered white noise).
VN(θ) criterion function to be minimized.
w weighting vector, see (2.65).
x∗ bootstrap resamples ofx.
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x Notation

y(t) output variable at timet .
ŷ(t|θ) predictor ofy(t) givenθ andZt−1.
Zt set of input and output data up to timet .
1(q) model error transfer function,G(q) − Ĝ(q).
ε(t, θ) prediction errors,ε(t, θ) = y(t) − ŷ(t|θ).
θ parameter vector of dimensiond.
θ̂N estimate ofθ usingN data points.
θ∗ limiting estimate ofθ .
θ0 “true” parameter value.
8u(ω) spectrum of the signalu(t).
8yu(ω) cross-spectrum between the signalsy(t) andu(t).
ϕ(t) regression vector at timet .
9(t, θ) gradient ofy(t|θ) with respect toθ .
R, C sets of real and complex numbers.
AsN(µ, P) asymptotic normal distribution with meanµ and covarianceP.
Prob(x ≤ C) probability that the random variablex is less thanC.
Iθ confidence interval forθ .

Operators
q−1 delay operator,q−1u(t) = u(t − 1).
E x expectation of the random variablex.
Ē f (t) lim N→∞ 1

N

∑N
t=1 E f (t)

Var(x), Cov(x) variance/ covariance matrix of the random vectorx.
dim θ dimension of the column vectorθ .

Abbreviations and Acronyms
ARX AutoRegressive with eXternal input.
ARMAX AutoRegressive Moving Average with eXternal input.
BJ Box-Jenkins.
ETFE Empirical Transfer Function Estimate.
i.i.d. Independent and Identically Distributed.
LTI Linear Time Invariant.
MEM Model Error Model.
MOD Model On Demand.
OE Output Error.
PDF Probability Density Function.



1
Introduction

This chapter gives an outline of the thesis to introduce the different topics treated
in the chapters. It also contains a presention of the main contributions of this work.

1.1 Thesis Outline

This thesis is divided into six chapters, including this first one.
Chapter 2 contains background material in the areas of system identification

and model validation. The only part that is non-standard is the part describing local
polynomial modeling. This background material is needed in Chapter 4, where we
use this modeling tool to obtain unprejudiced model error models.

In Chapter 3 we review some basic facts about confidence regions. The impor-
tant part is the understanding of how the construction of high dimensional confi-
dence regions relates to the construction of one-dimensional confidence intervals.

The concept of model error modeling as a tool for model validation is discussed
to some extent in Chapter 4. We explain why we think that linear model error
models should be presented in the frequency domain and discuss how non linear
model error models can be used. The chapter ends with a large simulation study of
the performance of different linear model error models.

Bootstrap is a relatively new area in statistics. Since its start in Efron (1979) the
number of applications has steadily increased. In Chapter 5 we show how bootstrap
can be used in system identification. Its wide use is shown by the application

1



2 Chapter 1 Introduction

to variance estimation of undermodeled models. The chapter contains several
simulation studies to show the performance of the methods.

The last chapter discusses how the variance of identified models influences the
reduced models. We specialize toL2 model reduction, but from the discussion it
should be clear that the same approach also works for other reduction techniques.
The most interesting result is that when estimating a model in two steps, first
estimation of a high order model and then reduction to low order, we will end up
with the same variance as the direct identification of the low order would give.
From this it also follows thatL2 model reduction gives maximal variance reduction
of the high order estimate.

1.2 Contributions

The main contributions of this thesis are the following:

• Using local polynomial modeling and non-parametric frequency domain
identification in model error modeling (Section 4.4).

• The idea of using bootstrap to estimate the variance error in models with
unmodeled dynamics (Section 5.2.2).

• Describing how bootstrap can be used to obtain confidence intervals with
simultaneous confidence degree (Section 5.3.3).

• The result thatL2 model reduction to undermodeled FIR-models produces
models with lower variances than direct estimation (Section 6.4).

• Showing thatL2 reduced models meets the Cramér-Rao bound in the case
of no undermodeling. This also shows that it is optimal in minimizing the
variance of the high order estimate (Section 6.5).

Parts of the results in this thesis have been published earlier:

Tjärnström, F. and Ljung, L. (1999). Estimating the variance in case of
undermodeling using bootstrap. InProceedings of the 38th IEEE Conference
on Decision and Control, Pheonix, Arizona, USA.

Tjärnström, F. and Forssell, U. (1999). Comparison of methods for proba-
bilistic uncertainty bounding. InProceedings of the 38th IEEE Conference
on Decision and Control, Pheonix, Arizona, USA.

Tjärnström, F. and Ljung, L. (1999). Minimizing the variance of transfer
function estimates. In Yakubovich, V. and Fradkov, A., editors,6th Saint
Petersburg Symposium on Adaptive Systems Theory, volume 1, pages 194–
200, S:t Petersburg, Russia.



2
System Identification and

Model Validation

System identification deals with the problem of estimating models of dynamical
systems from input-output data and prior information. There are many approaches
to how the identification phase should be performed. Traditionally, the two major
ways have been black-box parametric identification and non-parametric frequency
domain identification. From this other approaches have emerged, like subspace
identification and local polynomial identification. In this chapter the basis for such
techniques will be discussed (except subspace identification). The chapter will also
include a discussion on model validation. Model validation deals with the problem
of telling whether or not a given model could have generated data from a given
system, which makes it an extremely important subject. The material presented in
this chapter is standard and could be skipped by readers familiar with the topics.

2.1 Parametric Identification

Dynamical systems in general is a quite wide class of systems, so in order fulfill the
goal of obtaining good estimates we need to specialize to certain model structures
(usually linear time-invariant ones). These models are described by a vector of pa-
rameters, which is adjusted so that the model mimics the systems behavior as much
as possible. The quality of these models is naturally determined by their ability
to describe the underlying system. It is therefore important to extract information
from the parameter estimates to obtain an uncertainty description of the estimated

3



4 Chapter 2 System Identification and Model Validation

model. These are the topics that will be discussed in this section. We present the
basic concepts, and some results that are needed in this thesis. For more thorough
treatments see Ljung (1999b), or Söderström and Stoica (1989).

2.1.1 Prediction Error Methods

We will throughout the thesis denote the input signal byu(t) and the output signal
by y(t). The input-output data collected up to timet will be denotedZt , i.e.,

Zt = {u(1), y(1), . . . , u(t), y(t)}. (2.1)

Usually N will be the total number of measurements. We assume thatZN is
generated according to

y(t) = G0(q)u(t) + v(t), (2.2)

where G0(q) is a linear time-invariant system, usually referred to as the “true
system”. q is the discrete-time shift operator, i.e.,qu(t) = u(t + 1) andv(t) is
some noise acting upon the system. It will be assumed that

v(t) = H0(q)e(t), (2.3)

whereH0(q) is some inversely stable monic filter, and Vare(t) = λ.
The models we fit to data will be parameterized by ad-dimensional real-valued

parameter vectorθ , i.e.,

y(t) = G(q, θ)u(t) + H (q, θ)e(t). (2.4)

The choice of parameterization is taken either as a rational transfer function or as
a state space description, where the latter may be desirable in the MIMO (Mul-
tiple Input Multiple Output) case. Different choices of transfer functions will be
discussed in Section 2.1.4.

A differentiable mapping of the space of parameters,θ ∈ Rd , to the space of
parameterized models like in (2.4) is called amodel structureM. The model we
get for a particular choice of parameters,θ , will be denotedM(θ). This leads us to
define the notion of equality of models. We say that two modelsM(θ1) andM(θ2)

areequal if and only if{
G(eiω, θ1) = G(eiω, θ2)

H (eiω, θ1) = H (eiω, θ2)
, for almost allω. (2.5)

The one-step-ahead predictor ofy(t) given measurements up to timet − 1 is
given by

ŷ(t|θ) = H−1(q, θ)G(q, θ)u(t) + (
1 − H−1(q, θ)

)
y(t). (2.6)



2.1 Parametric Identification 5

Note that the predictor only depends ony(s), s < t , sinceH is monic. This results
in a prediction error

ε(t, θ) =y(t) − ŷ(t|θ)

=H−1(q, θ) (y(t) − G(q, θ)u(t)) . (2.7)

To ensure stability of the predictions we see that we need restrictθ in such a way
that the transfer functions fromu andy to ŷ are stable. Therefore we define

DM = {θ ∈ R
d |H−1(q, θ)G(q, θ) andH−1(q, θ) are stable} (2.8)

This leads us to define amodel setas

M∗ = {M(θ) | θ ∈ DM} (2.9)

In order to judge the models performance on the data set,ZN , we define the
loss function

VN(θ) = 1

N

N∑
t=1

l (ε(t, θ)) . (2.10)

Here we use a general norml (·). The most commonly used one is the quadratic

l (ε) = 1

2
ε2, (2.11)

which will be used throughout the rest of this thesis. Other norms might be useful,
e.g., with respect to robustness against outliers (Ljung, 1999b).

It is natural to choose the estimate ofθ as the minimizer of (2.10). This model
is the best predictor of future outputs (with respect to the dataset used)

θ̂N = arg min
θ∈DM

VN(θ)

= arg min
θ∈DM

1

2N

N∑
t=1

ε2(t, θ), (2.12)

i.e., we use prediction error methods (PEM). We denote the estimated transfer
functions byĜN(q) = G(q, θ̂N), ĤN(q) = H (q, θ̂N).

2.1.2 Convergence Properties

To describe the limit properties of the estimates (asN → ∞) we need to establish
some additional notation. LetĒ denote

Ē f (t) = lim
N→∞

1

N

N∑
t=1

E f (t), (2.13)
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i.e., averaging over both the stochastic and deterministic parts of its arguments.
Moreover, we let the limiting loss function be defined by

V̄(θ) = Ē
1

2
ε2(t, θ). (2.14)

The basic result is then (Ljung, 1999b, Chapter 8) that under weak conditions

θ̂N → θ∗ = arg min
θ∈DM

V̄(θ), asN → ∞. (2.15)

That is, θ̂N converges to the best model provided by the model class. (If the
minimizer of V̄(θ) is not unique , the convergence will be to some value in the set
of minimizers.)

If the “true system” belongs to the model class, i.e., there exists someθ0 such
thatG(eiω, θ0) = G0(eiω) andH (eiω, θ0) = H0(eiω) for almost allω, we get that
the limiting estimate actually corresponds to the true system. The estimate is then
said to beunbiased. For convenience we will denote “the true system”=S.

2.1.3 Statistical Properties of the Estimates

To be able tovalidate the estimated model we need to have expressions for the
distributions of the estimates. Most expressions are based on the central limit
theorem, in one form or another. We once again refer to Ljung (1999b) for the
details.

We start with some notations. Letf ′(θ1) denote the 1× d dimensional matrix
being the derivative off (θ) evaluated atθ = θ1. As in Section 2.1.2 we letθ∗ be
the limiting estimate. We also need to introduce the concept ofidentifiability. We
say that a model structure isglobally identifiableat θ∗ if

M(θ) = M(θ∗) ⇒ θ = θ∗. (2.16)

Assuming global identifiability and some other weak conditions it now holds
that

√
N(θ̂N − θ∗) ∈ AsN(0, Pθ ) (2.17)

Pθ = [
V̄ ′′(θ)

]−1
Q
[
V̄ ′′(θ)

]−1
(2.18)

Q = lim
N→∞ N E

{[V ′
N(θ∗)][V ′

N(θ∗)]T
}
. (2.19)

If S ∈ M, the expression for the covariance matrix simplifies considerably

Pθ = λ0
[
Ē9(t, θ0)9

T (t, θ0)
]−1

(2.20)

9(t, θ0) = − d

dθ
ε(t, θ)

∣∣∣∣
θ=θ0

. (2.21)
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From this we also get that covariance matrix can easily be estimated fromZN

P̂θ = λ̂N

[
1

N

N∑
t=1

9(t, θ̂N)9T (t, θ̂N)

]−1

(2.22)

λ̂N = 1

N

N∑
t=1

ε2(t, θ̂N). (2.23)

If S 6∈ M, i.e., we haveunmodeleddynamics, it becomes much more difficult
to calculateQ in (2.19). Solutions to this and related problems are given in Hjal-
marsson (1993), Larssen (1992), and Pötscher and Prucha (1997). The difficulty
lies in that the natural estimate ofQ,

Q̂ = [V ′
N(θ̂N)][V ′

N(θ̂N)]T , (2.24)

will be zero by the definition of̂θN as the minimizer of the loss-function in (2.12)
(Hjalmarsson and Ljung, 1992; Ljung, 1999b).

Wealsomention that if themodel order,n, tends to infinity wehave the following
result

1

N
P(ω) ≈ n

N

1

2
8v(ω)

[
1/8u(ω) 0

0 1/8u(ω)

]
asN, n,

N

n
→ ∞, (2.25)

where P(ω) is the covariance matrix for
[
ReĜN(eiω) Im ĜN(eiω)

]T
(Ljung,

1985b; Forssell, 1998). That is, confidence ellipsoids in the Nyquist plot tend
to circles with a radius determined by the signal-to-noise ratio.

2.1.4 Choice of Parameterization

In this section we will present the most common parameterizations used for rational
transfer functions. Different types of state space parameterizations can be found
in, e.g., McKelvey (1995), and Maciejowski and Ober (1988), but they will not be
discussed here.

The most general structure can be written

A(q)y(t) = B(q)

F(q)
u(t) + C(q)

D(q)
e(t), (2.26)

whereA, C, D, andF are monic polynomials inq−1 and

B(q) = b1q−nk + . . . + bnbq
−nb−nk+1. (2.27)
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Structure Polynomials
FIR B

ARX A, B
ARMAX A, B, C

OE B, F
BJ B, C, D, F

Table 2.1 Common model structures, the polynomials not included are all
equal to one.

From this general structure we get the substructures in Table 2.1.
When talking about, say, an OE-model with fourf -parameters and threeb-

parameters and two delays, we will denote it an OE(3,4,2)-model. The digits are
presented in “alphabetic order” corresponding to the polynomials. (This is in the
same spirit as in Ljung (1997b).)

The maybe most important one of the model structures in Table 2.1 is the ARX
(AutoRegressive with eXternal input) structure. This is mainly due to the two
following reasons.

1. It is fast and easy to estimate and there exist no local minima.

2. It is capable of approximating any linear system arbitrarily well, provided
that the model order is high enough. (Ljung, 1985a).

We give these results below.
As seen from above, the ARX structure has the following parameterization:

G(q, θ) = B(q)

A(q)
= b1q−nk + · · · + bnbq

−nk−nb+1

1 + a1q−1 + · · · + anaq−na
, (2.28)

H (q, θ) = 1

A(q)
= 1

1 + a1q−1 + · · · + anaq−na
. (2.29)

The simplicity of this structure is seen from that we can write the one step ahead
predictor as

ŷ(t|θ) = ϕT (t)θ (2.30)

ϕ(t) = [−y(t − 1) · · · − y(t − na) u(t − nk) · · · u(t − nk − nb + 1)
]T
(2.31)

θ = [
a1 · · · ana b1 · · · bnb

]T
. (2.32)
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Now the minimization in (2.12) will be a standard least-squares problem, with the
solution

θ̂N =
[

1

N

N∑
t=1

ϕ(t)ϕT (t)

]−1
1

N

N∑
t=1

ϕ(t)y(t). (2.33)

The implementation is, however, usually done using QR-factorizations (Ljung,
1999b, 1997b). This give rise to fast and numerically stable solutions.

If we takena = nb = n andnk = 1, we have the other appealing property
(see (Ljung, 1999b)):

ĜN(eiω) = B̂N(eiω)

ÂN(eiω)
→ G0(e

iω) uniformly in ω asN � n → ∞, (2.34)

ĤN(eiω) = 1

ÂN(eiω)
→ H0(e

iω) uniformly in ω asN � n → ∞. (2.35)

This means that ARX models can approximate any linear system arbitrarily well,
just use a high enough model order. This property could be useful for model
validation purposes. More on this subject can be found in Section 4.2. It can also
be useful as a modeling tool itself; estimate a high-order ARX model and reduce
it to an appropriate structure using some model reduction technique, e.g., balanced
reduction (see Chapter 6).

2.2 Non-Parametric Frequency Domain Identification

In contrast to the parametric approach just given, we will here present a non-
parametric alternative. Non-parametric means that we do not try to estimate any
parametric models that describe the data. Instead we estimate the frequency re-
sponse at a set of frequencies. This estimate is a very raw and crude estimate and
need to be smoothed in order to be useful. This smoothing operation is achieved by
weighting nearby estimates together to reduce the variance in the estimates. Here
we actually need to specify one parameter that describes the weighting function,
but the method is anyhow said to be non-parametric.

2.2.1 The Empirical Transfer Function Estimate

The underlying assumptions about the data generation is the same as in Section 2.1,
i.e.,

y(t) = G0(q)u(t) + v(t).
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We start by introducing the Fourier transforms of the input and the output

UN(ω) = 1√
N

N∑
t=1

u(t)e−iωt , (2.36)

YN(ω) = 1√
N

N∑
t=1

y(t)e−iωt . (2.37)

From these we define the empirical transfer function estimate (ETFE) in the fol-
lowing way

ˆ̂GN(eiω) = YN(ω)

UN(ω)
. (2.38)

That is, we estimate the frequency response by the ratio of the output and input
Fourier transforms. This seems reasonable, since it gives a correct estimate in a
noise free environment (provided that there is some input energy at that frequency).

This estimate is known to be a very crude estimate of the true system,G0. One
can show that the ETFE has the following asymptotic properties (Ljung, 1999b,
Lemma 6.1)

E ˆ̂GN(eiω) = G0(e
iω) + ρ(1)(N), (2.39)

Var ˆ̂GN(eiω) = 1

|UN(ω)|2
[
8v(ω) + ρ(2)(N)

]
, (2.40)

where8v(ω) is the noise spectrum, and

ρ(i )(N) → 0 asN → ∞, i = 1, 2. (2.41)

That is, the ETFE is an asymptotically unbiased estimate of the true system, but the
variance of the estimate tends to the noise to signal ratio. To decrease the, usually
big, variance the estimate has to be smoothed. Note that the results (2.39-2.40) are
derived under first order approximations, see Guillaume et al. (1996) for details.

2.2.2 Smoothing the ETFE

The reason for the bad variance properties of this estimate is that when forming the
ETFE we do not take into account that there might be a relation between different
frequencies. To take advantage of this information, it is natural to weigh estimates
at different frequencies together tosmooththe estimate.

ĜN(eiω) =
∑

k wk(ω) ˆ̂GN(eiωk)∑
k wk(ω)

. (2.42)
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This smoothing operation reduces the variance of the estimate, but introduces a
bias. We shall give the results for a standard choice of weights, namely when the
weights are chosen as the inverse of the variances of the observations. Let the
smoothed estimate,̂GN(eiω), be defined by

ĜN(eiω) =
∫ π

−π
Wγ (ω − ξ)|UN(ξ)|2 ˆ̂GN(eiξ )dξ∫ π

−π
Wγ (ω − ξ)|UN(ξ)|2dξ

. (2.43)

HereWγ (ω) is a frequency window whose (inverse) width is defined byγ . One
usually characterizes the window by the following numbers∫ π

−π

Wγ (ξ)dξ = 1,

∫ π

−π

ξWγ (ξ)dξ = 0,

∫ π

−π

ξ2Wγ (ξ)dξ = M(γ )∫ π

−π

|ξ |3Wγ (ξ)dξ = C3(γ ),

∫ π

−π

W2
γ (ξ)dξ = 1

2π
W̄(γ ) (2.44)

Using these one can show that the following asymptotic expressions (Ljung, 1999b,
Chapter 6) hold

E ĜN(eiω) − G0(e
iω) =M(γ )

[
1

2
G′′

0(e
iω) + G′

0(e
iω)

8′
u(ω)

8u(ω)

]
+ O(C3(γ )) + O(1/

√
N), (2.45)

E
∣∣∣ĜN(eiω) − E ĜN(eiω)

∣∣∣2 = 1

N
W̄(γ )

8v(ω)

8u(ω)
+ o(W̄(γ )/N). (2.46)

where prime denotes differentiation with respect toω. It can also be shown that the
real and imaginary parts of̂GN(eiω) are asymptotically uncorrelated and have vari-
ances equal to half of that of (2.46). Furthermore, the estimates are asymptotically
uncorrelated at different frequencies.

Using these expressions it is possible to compute an optimal choice (in mean
square error sense) of thebandwidthof the window,γ (ω). The optimal choice is,
as can be realized from the expressions above, dependent upon unknown quantities
like the derivative ofG(eiω), which makes it difficult to compute. We also note
that the optimal choice ofγ will depend onω, but for practical reasons one often
choose a fixed bandwidth. The final choice is then done by visual inspection of the
estimate. A typical approach is to start withγ = N/20 and increaseγ until enough
details can be seen. This will make it difficult to obtain good fits throughout the
frequency axis. This is exemplified in Stenman et al. (1999).

One common choice of window function is the Hamming window. This is also
the window used in the used in the routinespa in the System Identification Toolbox
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in MATLAB . It is described in the time domain by

wγ (τ) = 1

2

(
1 + cos

πτ

γ

)
, 0 ≤ |τ | ≤ γ. (2.47)

The most important (approximate) expressions for this window are

M(γ ) ≈ π2

2γ 2
, W̄(γ ) ≈ 0.75γ. (2.48)

2.2.3 Spectral Analysis

Closely related to the ETFE is the concept of spectral analysis. Here the unsmoothed
estimate coincides with the ETFE. The difference lies in the smoothing procedure.
In spectral analysis the smoothing operation is performed in the time domain using
the covariance and cross-covariance functions (R̂u(τ ) and R̂yu(τ )). These are fi-
nally transformed to frequency domain using the discrete Fourier transform, giving
8̂u(ω) and8̂yu(ω). The spectral estimate is then obtained through

ĜN(eiω) = 8̂yu(ω)

8̂u(ω)
. (2.49)

See Ljung (1999b) for details.

2.3 Local Polynomial Modeling

In this section we will discuss how local polynomial models can be used to smooth
noisy measurements. The strength of this approach is the fact that it is local.
This makes it possible to, e.g., estimate nonlinear systems using local linear mod-
els. See (Stenman, 1999) for several applications in this area. We will start to
introduce the subject with a review some important aspects of the theory. More
complete treatments can be found in Wand and Jones (1995), and Fan and Gijbels
(1996). Applications to frequency domain identification is discussed in Stenman
et al. (1999).

2.3.1 Local Polynomial Regression

To solve the smoothing problem, we assume that the noisy data is generated ac-
cording to

Yi = m(Xi ) + ei , i = 1, . . . , N (2.50)
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where the{ei }N
i=1 is an i.i.d. sequence with zero mean and variancesσ 2

i andm(·)
is some unknown function. Since the measurements are noisy we would like to
perform some kind of averaging operation on the measurements in order to reduce
their variance. The idea is to take advantage of the possible dependence between
response variables, Yi , originating from closely lyingXi s. This leads to an estimate
of theregression function, m, at a pointx:

m̂(x) =
N∑

i=1

Wi (x)Yi . (2.51)

Here the weightsWi (x) are chosen as to put more weight on theYi s that origin
from Xi s closest tox. There are several ways to chose these weights, like nearest
neighbor Fan and Gijbels (1996) and direct estimation methods Stenman (1999).
We will discuss how they can be calculated using kernel methods.

The Local Polynomial Model

One fundamental difference from global regression estimation is that we are not
interested in finding an explicit form for the regression function,m. The aim is
instead to approximatem(·) by fitting a polynomial locally around a pointx. Since
the model is only adapted around a small area ofx we will expect a good fit in this
area. (Think of Taylor expansions around that point.) As a matter a fact we seldom
explicitly use the estimated model, we mostly just use the estimate atx.

Thus, we model the regression function,m(·), by a pth degree polynomial

m(Xi ) = β0 + β1(Xi − x) + . . . + βp(Xi − x)p (2.52)

locally aroundx. Furthermore, let the estimate ofβ = (
β0 . . . βp

)T
be given

by the minimization of

Vx(β) =
N∑

i=1

(
Yi −

p∑
j =0

β j (Xi − x) j

)2
Kh(Xi − x)

σ 2
i

, (2.53)

where Kh(·) = 1
h K ( ·

h ), and K (·) is a kernel functionand h is its bandwidth.
The extra weighting provided by the inverse of the variances in the loss function
is optional. When this is extra information is used (and known) the criterion is
similar to maximum-likelihood estimation, otherwise it is a weighted prediction
error criteria. Either way, from the minimization above we get the estimate ofm(x)

(using bandwidthh)

m̂h(x) = β̂0. (2.54)
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Obtaining Locality

The locality of the estimate is obtained using weighting given by the kernel. The use
of kernel functions is also closely related to probability density function estimation.
Therefore,K (·) is traditionally normalized according to∫

K (u)du = 1,

∫
uK(u)du = 0. (2.55)

Two common kernels are thetricubekernel

K (u) = 70

81
(1 − |u|3)3

+ (2.56)

and theEpanechnikovkernel

K (u) = 3

4
(1 − u2)+. (2.57)

Here(·)+ denotes the positive part. The latter kernel is known to have some asymp-
totic mean square error optimality, but it suffers from the discontinuities at±1. On
the other hand, the tricube kernel has continuous derivatives in the closed interval
[−1, 1]. This has the positive effect of reducingleakageeffects. This is one of
the reasons it is the default choice in standard softwares like LOWESSCleveland
(1979), LOESSCleveland and Devlin (1988), and LOCFIT Loader (1997).

2.3.2 The Choice of Bandwidth

The most problematic and computer intensive part in local polynomial regression is
the choice of the local bandwidth,h. The computation time is significantly reduced
if a global bandwidth is chosen, but unfortunately, quite a lot of flexibility is lost
when using fixed bandwidths (compare Section 4.3). We will show how one can
achieve local bandwidths by minimizing some well designed criterion. There are
several such criteria like cross-validation, generalized cross-validation, Akaike’s
information criterion (AIC), and final prediction error (FPE). The criterion that we
will use is a local generalized version of MallowsCp statistic Cleveland and Loader
(1994)

Cx(h) =
N∑

i=1

Kh(Xi − x)

σ 2
i tr(W)

(
Yk − m̂(Xi )

)2
− 1 + α

tr((XTWVX )−1(XTW2VX ))

tr(W)
. (2.58)



2.3 Local Polynomial Modeling 15

HereV = diag(1/σ 2
1 , . . . , 1/σ 2

N), X is a Vandermonde matrix of sizeN × (p+ 1)

X =



1 (X1 − x) . . . (X1 − x)p

...
...

...

1 (XN − x) . . . (XN − x)p


 , (2.59)

andW = diag(Kh(X1 − x), . . . , Kh(XN − x)). The parameterα ≥ 2 is an extra
tuning parameter. Ifα = 2 we have the standard localCp criterion. On the other
hand, by increasingα we also increase the penalty on the variance (given by the
last term in (2.58)).

The local optimal bandwidth atx is given by

hopt = arg min
h

Cx(h). (2.60)

Note thatCx(h) does not only depend onh explicitly throughKh(·), it also depends
onh implicitly through the estimatêm(Xi ).

To find the optimal choice ofh at a certain pointx some sort of numerical search
has to be performed. The following approach, which is also used in the LOCFIT

implementation, is suggested by Loader (1997).

ALGORITHM 2.1 Bandwidth selection

1. Start by fitting a local model,m, and compute the goodness of fit (2.58) using
a very small bandwidthh0.

2. Increase the bandwidth exponentially using

hi+1 = (1 + 0.3

d
) · hi ,

whered = dimX j . Computem̂ andCx(hi+1). Repeat until theCx(h) has
started to increase “significantly”.

3. If necessary perform a finer search around the minimizer found in the previous
step.

❏

2.3.3 Computing the Estimate

The choice of the (weighted) 2-norm in the minimization of Equation (2.53) makes
the estimatêβ easy to compute. In fact, the solution can be expressed explictly
since it becomes a standard least-squares problem. The explicit solution makes
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analysis much more tractable. Results on this can be found in the references in the
beginning of the section.

Using matrix representation we can rewrite (2.53) in a more convenient form.
Defining

y = (
Y1 . . . YN

)T
, (2.61)

the loss function (2.53) can be written

Vx(β) = (y − Xβ)TWV (y − Xβ), (2.62)

with solutionβ̂ given by

β̂ = (
XTWVX

)−1
XTWVy . (2.63)

From this we get that

m̂h(x) = β̂0 = eT
1

(
XTWVX

)−1
XTWVy , (2.64)

wheree1 is the first column of thep× p unit matrix. We see that the estimate is actu-
ally a weighted sum of the measurements, which is in correspondence with (2.51).
The weights are the elements of the row vector

wT (x) = eT
1

(
XTWVX

)−1
XTWV (2.65)

The whole estimation procedure now ends up in the following:

1. At the point of interest,x, choose the degree,p, of the polynomial to fit, the
shape of the kernel,K (u), and the goodness of fit criterion,Cx(h).

2. Estimate the model using the bandwidth obtained from Algorithm 2.1.

2.3.4 Pointwise Confidence Intervals

In many applications of local polynomial regression, there is a great interest in a
description of the uncertainty in the estimate, not only the point estimate itself.
Uncertainty measures for this estimation technique is in fact quite easy to calculate,
since the estimate is linear in the observations (2.64). We have (providedm̂h(x) is
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an unbiased estimate ofm(x))

Var m̂h(x) = E(m̂h(x) − E m̂h(x))2

= E

(
N∑

i=1

Wi (x)ei

)2

=
N∑

i=1

W2
i (x)σ 2

i

≈σ 2(x) ·
N∑

i=1

W2
i (x) = σ 2(x) · wT (x)w(x)

=σ 2(x)eT
1

(
XTWVX

)−1
XTW2V2X

(
XTWVX

)−1
e1. (2.66)

The approximation involved is justified by the heavier weighting around the esti-
mation point.

Moreover, if the model errorsei are Gaussian distributed we get approximate
pointwise confidence intervals form(x)

Im(x) = (
m̂ − 8(1 − α/2) · σ · ||w||, m̂ + 8(1 − α/2) · σ · ||w||) . (2.67)

2.3.5 Noise Variance Estimation

When computing confidence intervals from the estimate,m̂h(x), we will need a
estimate of the noise variance,σ 2(x). This is obtained as the normalized prediction
errors

σ̂ 2(x) =
∑

i wi (x)
(
Yi − m̂(Xi )

)2
tr(W) − tr

(
(XTWVX )−1(XTW2VX )

) . (2.68)

2.4 Model Validation

Model validation deals with the problem of trying to tell if the model could have
produced the data measured from the system. If we cannot come up with convincing
evidence of the opposite, we accept the model, or rather, we donot falsify it.
Therefore a more correct name would be to talk about model invalidation, i.e., we
never accept a model as being correct, we only reject the obviously incorrect ones.
The aim in model validation research is therefore to come up with stronger model
validation tests that falsify more and more models.

Typically the model validation question is split up into subquestions of different
degree of generality:

• Is the underlying “true system” described by the model?

• Does the model describe the system accurately enough for my purposes?
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• If my model is invalidated, what types of errors does it have?

To answer these questions one has to compute some sort of measure that de-
scribes important aspects of the model/system. Dependingon the noise assumptions
this leads to different descriptions of the errors that are present in the model. We
will try to point out that for some measures we end up with the same types of tests,
irrespective of noise assumptions.

2.4.1 Residual Analysis vs Statistical Model Validation

Most classical model validation tests are based onresidual analysis. The residuals
are computed using some modelĜ of the system

ε(t) = L(q)(y(t) − Ĝ(q)u(t)), (2.69)

whereL(q) is a possible pre-filter which, e.g., could be taken as the inverse noise
model. The tests performed on the residuals are then based on one or several of the
following measures of the residuals:

• The maximal absolute value of the residuals

max
1≤t≤N

|ε(t)|

• The mean of the residuals

ε̄ = 1

N

N∑
t=1

ε(t)

• The variance of the residuals

1

N

N∑
t=1

(ε(t) − ε̄)2

• The mean square error of the residuals

1

N

N∑
t=1

ε2(t)

• Whiteness of the residuals

1

N

N∑
t=1

[ε(t − 1) . . . ε(t − M)]T ε(t)
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• The number of sign changes of the residuals (based on the assumption that
the residuals are white and come from a symmetric distribution)

• Correlation between residuals and inputs

1

N

N∑
t=1

[u(t − M1) . . . u(t − M2)]
T ε(t)

These measures are thresholded to check whether they are “too large” or not. It is
important to clarify that most of these measures are meaningful from both prob-
abilistic and deterministic viewpoints. The difference is not in thestatistics, it is
in how the thresholds are determined. If we incorporate a probabilistic view to
residual analysis we refer to this asstatistical model validation. In deterministic
residual analysis the threshold is determined on the basis of prior knowledge, as-
sumptions, or some ad hoc procedure. In statistical model validation, on the other
hand, one computes the threshold based on some probabilistic criterion. The close
connection between residual analysis and statistical model validation is thoroughly
discussed in Ljung and Hjalmarsson (1995).

This fact can be illustrated by the following discussion. Some commonly used
typesof model validation tests are basedon worst case assumptions on the noise like:
“max |ε(t)| cannot be larger thanδ if the model is to be validated”. This is often the
assumption in unknown-but-bounded or set membership characterizations. Such
a test is obviously in strong connection with the measure under the first point in
this list above. This test could also be done in a probabilistic manner. Then it
would be rephrased like: “The residuals will all have a magnitude less thanδ with
a probability of 95%”.

The two last items in the list will be examined more closely in the next two
sections. But before we go into that we mention that there are other ideas to model
validation. One of these is based on a splitting of the model error in two parts

ε(t) = f̃ (u(t)) + v(t), (2.70)

where the first part is due to unmodeled dynamics and the other part is due to noise.
See the papers by Smith and Doyle (1992), Kosut (1995) and Poolla et al. (1994)
among others as starting points for a study on that subject. Briefly, the idea is to
try to compromise between the uncertainties from unmodeled dynamics and those
from disturbances. The formulation used resembles quite closely with the ones used
in robust control. Note that these approaches mostlydo notassume independence
between the noise and the input. This is somewhat contradicting the general idea
about noise: Noise is something that does not change if the input is changed. If
the noise changes it contains unmodeled dynamics. That is, we are arguing that a
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model validation test needs to check whether or not the noise is independent (or
uncorrelated, which is a weaker condition) of the input.

2.4.2 A Whiteness Test

To check for whiteness of the residuals we compute the covariance estimate

R̂N
ε (τ ) = 1

N

N−τ∑
t=1

ε(t)ε(t − τ),

whereε(t) = ε(t, θ̂N). If ε(t) is a white-noise sequence with varianceλ one can
show that

√
N




R̂N
ε (1)
...

R̂N
ε (M)


 ∈ AsN(0, λ2 · I ).

This gives that (assumingN � M)

N(
R̂N

ε (0)
)2

M∑
τ=1

(
R̂N

ε (τ )
)2 ∈ χ2(M). (2.71)

One could also perform a more graphically oriented test, whereR̂N
ε (τ ) is plotted

together with two straight lines located at±λ̂·8((1+α)/2), where8(x) = P(X ≤
x) for X ∈ N(0, 1). If the covariance function lies ‘well outside” these two lines
we say that there exists some correlation at that specific lag. Note, however, that
this test does not have simultaneous confidence degree of levelα. It is only possible
to say that the simultaneous confidence degree is greater than or equal to 1− M ·α
using Bonferroni’s inequality, see Section 3.2.

2.4.3 A Cross-Correlation Test

An expression similar to that for the whiteness test is obtained when testing for
independence between the residuals and the inputs (Ljung, 1999b). LetM =
M2 − M1 + 1 and form

rN
M = 1√

N

N∑
t=1

ε(t)




u(t − M1)
...

u(t − M2)


 . (2.72)
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If ε(t) andu(t) are independent sequences we have that

[rN
M ]T P−1[rN

M ] ∈ χ2(M), (2.73)

where the(k, l )th element ofP is given by

P(k,l) =
∞∑

τ=−∞
Rε(τ )Ru(τ − k + l ). (2.74)

It is also possible to construct a graphically oriented test of this statistic in the same
spirit as above. Then one utilizes that

√
NR̂N

εu(τ ) ∈ AsN(0, P1) (2.75)

P1 =
∞∑

τ=−∞
Rε(τ )Ru(τ ). (2.76)

The rest follows from the discussion above.

Example 2.1

We illustrate a typical graphical model validation test with Figure 2.1. The upper
plot shows the whiteness test described in Section 2.4.2 and the lower plot shows the
cross-correlation test described in this section. The nominal model and underlying
system is irrelevant for the discussion. We see that there is no evidence of the
residuals being non-white, but there is some significant cross-correlation between
the residuals and the input signal, especially at lagτ = 5. The nominal model will
therefore be falsified by this model validation test. ❏

This example does not only show how the tests are performed and interpreted,
but it also shows the weakness of this kind of test. We do not get any feeling for
which type of errors that are present. It could be the case that the model is falsified
by the tests, but the errors present are virtually harmless for the intended model use.

2.4.4 Other Types of Tests

Since we throughout the thesis assume that the measurement noise acting on the
system will be described by a stochastic process, we naturally end up with statistical
model validation tests based on standard confidence intervals and hypothesis tests.
This means that asymptotic distributions for other statistics associated with the
model can be calculated. This includes the step response, the poles and zeros of the
system, and the frequency function of the system. A test could then be performed
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Figure 2.1 Results from a typical model validation test. The upper plot
shows a whiteness test of the residuals and the lower plot shows a cross-
correlation test between the residuals and the inputs.

by plotting the confidence regions calculated from the nominal model together with
plots of the statistic calculated from fresh validation data.

The calculation of the distributions for these kind of statistics is based on a linear
approximation of the mapping from the parameter distribution given by (2.17-
2.19) to the statistic of interest. This mapping is usually referred to as Gauss’
approximation formula. It states that ifθ̂N is sufficiently close toθ∗ = E θ̂N , we
can make the approximation

Cov f (θ̂) ≈ [
f ′(θ∗)

]
Pθ

[
f ′(θ∗)

]T ≈ [
f ′(θ̂N)

]
Pθ

[
f ′(θ̂N)

]T
. (2.77)

Furthermore, if the higher order derivatives off are small, this approximation will
be good, and if̂θN is asymptotically Gaussian distributed, so willf (θ̂N).

If we, for instance, are interested in uncertainty bounds for the frequency func-
tion we get from (2.77)

Cov

[
ReĜN(eiω)

Im ĜN(eiω)

]
≈ 1

N
P(ω) =

[
ReĜ′

θ (e
iω, θ̂N)

Im Ĝ′
θ (e

iω, θ̂N)

]
Pθ

[
ReĜ′

θ (e
iω, θ̂N)

Im Ĝ′
θ (e

iω, θ̂N)

]T

.

(2.78)

We also know that the real and imaginary are jointly normally distributed. This can
be used to construct confidence regions for the frequency function in the Nyquist
diagram.
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A Note on Confidence Regions

In this chapter we will discuss some basic facts about confidence regions. The most
important topic in this section is the discussion regarding the conceptsimultaneous
confidence degree. Section 3.2 contains some discussion on how a single confidence
region relates to a set of confidence intervals calculated from the same data, how
these relations can be used, and how the intervals could be interpreted.

3.1 Confidence Intervals and Regions

In the discussion to follow we will assume that we haveN independent observations,
x = (x1, . . . , xN), of a stochastic variableX having a distribution function,FX(x),
depending on some unknownd-dimensional parameter vector,θ , i.e., FX(x) =
FX(x|θ). From the observations we aim at constructing apoint estimateof θ . This
estimate will be a function of the observations

θ̂N = θ̂N(x). (3.1)

The quality of this estimate realtes to whether or not it converges to the true param-
eter valueθ as the number of observations increases (to infinity), i.e., whether

θ̂N → θ, asN → ∞ (3.2)

or not. If (3.2) holds, we say that the estimate isconsistent. This means that the
distribution of θ̂N converges to a point distribution. When discussing the quality

23
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of point estimates we are also concerned with the rate at which the distribution
converges. One measure of this is how the width of a confidence interval for
the parameter estimate depends on the number of observations,N. For a single
parameter one forms aconfidence intervalof (confidence) degreeα as

θ̄1(x) < θ < θ̄2(x), (3.3)

whereθ̄1 andθ̄2 are chosen such that repeated constructions of the interval (from new
observations) include the valueθ a portionα of the time. This can be rephrased as
that the interval covers the true parameter value with probabilityα. It is important to
note that the parameter valueθ is fixed and the interval is stochastic (since it depends
on the observations). We illustrate the construction with a simple example.

Example 3.1

Assume thatx = (x1, . . . , xN) are independent observations from a stochastic
variableX with normal distribution with unknown mean,θ , and variance 1. The
point estimate ofθ is the arithmetic mean

θ̂N = x̄ = 1

N

N∑
i=1

xi .

From this we get that the estimate is normally distributed according to

θ̂N ∈ N(θ,
1

N
),

which means that

Prob(θ̂N − 1.96√
N

< θ < θ̂N + 1.96√
N

) = 0.95.

This gives an interval with 95% confidence degree of the form

Iθ = (θ̂N − 1.96√
N

, θ̂N + 1.96√
N

).

❏

In this example the length of the interval shrinks at a rate inversely proportional
to the square root ofN. This is typical for most estimates, but could of course be
quite different.
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For a vectorθ of parameters one constructs confidence regions instead of in-
tervals. These will typically be of the form

{θ | P (θ) ≤ Cα}, (3.4)

whereP depends on the distribution ofθ̂N andCα is chosen such that the confidence
degree equalsα. One should note that there are several ways of choosing the limits
of the region. The most common way is to choose the limits such that the region
becomes the smallest possible (measured in the 2-norm), situated around the point
estimate. Under the assumption thatθ̂N is normally distributed with covariance
matrix P the region is therefore commonly chosen as

{θ | (θ − θ̂N)T P−1(θ − θ̂N) ≤ Cα}. (3.5)

The limit setting valueCα is in this case defined through Prob(X ≤ Cα) = α,
X ∈ χ2(d). This is used several times in the thesis.

3.2 Simultaneous Confidence Degree

When constructing confidence regions in dimensions higher than 3, it becomes
difficult to illustrate the resulting regions in diagrams. One therefore has to project
the results to intervals or regions in lower dimensions. This is typically the case
when one constructs confidence bands for the amplitude curve in a system identi-
fication application. Here one constructs several intervals at different frequencies
and connects these intervals with straight lines to form a confidence band. The
problem that occurs in such projections is that they, in almost every case, involve
some approximations or some conservatism.

Before discussing the solution to high-dimensional problems, we present the
well known Bonferonni inequality (Manoukian, 1986). Let the scalar components
of the parameter vector be denotedθi and the intervals corresponding to themIθi ,
with i = 1, . . . , d. Then the simultaneous confidence degree is

Prob(θi ∈ Iθi ∀ i ) =1 − Prob(θi 6∈ Iθi somei )

≥1 −
d∑

i=1

Prob(θi ∈ Iθi ) = 1 −
d∑

i=1

(1 − αi ). (3.6)

From this it also follows that the bound is tight if all intervals are independent.
The main use of the inequality is to design individual confidence intervals such
that they together obtain a predefined simultaneous confidence degree. However,
it is important to note that this bound can be very conservative if the intervals are
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B

θ1

θ2

Iθ1

Iθ2

θ̂1

θ̂2

Figure 3.1 Illustration of simultaneous confidence degree.

heavily dependent or if many intervals are constructed. For example, constructing
30 intervals, each of degree 99%, will give a simultaneous confidence degree of at
least 70%. In most applications this is of little use.

Figure 3.1 illustrates the basic problem with interpreting and constructing confi-
dence intervals that should be of a certain simultaneous confidence degree. Assume
that two parametersθ1 andθ2 have been estimated from data and that the estimates
are normally distributed. A 90% confidence region for the two parameters calcu-
lated as in (3.5) is depicted as the ellipse in Figure 3.1. Using only the diagonal
elements of the covariance matrix one obtains the intervalsIθ1 and Iθ2 (also in-
cluded in the figure) of degree 95% each. Using the Bonferroni inequality (3.6)
we can guarantee a simultaneous degree of at least 90%. The depicted elliptical
confidence region follows the level curves of the 2-dimensional normal distribution
and therefore give a good description of where the true values are. If we however
try to interpret the two confidence intervals in a simultaneous manner, we could
be led to the conclusion that the pointsA and B are probable points for the true
θ-value, which they obviously are not. The rectangular area defined by the two
intervals is still a valid confidence region of confidence degree at least 90%, but
it does not provide any information about level curves of the probability density
function. When using individual intervals to interpret a distribution of a high di-
mensional vector, care must therefore be taken. The intervals should serve more
as guidance and illustration of the result than a description of probability mass of
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the statistic. For a more thorough discussion on this subject, see Draper and Smith
(1998). In Draper (1995) there is a discussion about the ratio of the volumes of
ellipitical confidence regions and rectangular regions. A comparison between the
Bonferroni method and a method using projections of confidence regions can be
found in Nickerson (1994).

When constructing several individual intervals to be interpreted in a simulta-
neous way, it is easy to understand that they should be constructed as orthogonal
projections of an axis parallel rectangular (or hyper rectangular) onto the axes. In
this way we make no approximations in going from the confidence region to the
individual intervals. The only problem that remains to be solved is how this region
can be calculated. In the general case this is extremely difficult and it is therefore
seldom used. These regions can however be approximately calculated when using
resampling techniques such as bootstrap. This will be discussed in Section 5.3.3.
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4
Model Error Modeling

Areas like model validation, identification for control, control oriented model vali-
dation have in the last decade attracted a lot of interest from researchers from wide
areas in the control community. The reason for this is that one has realized that there
is a lack of tools to assess and describe the errors that are present in the models.
The problem with standard methods like those presented in Section 2.4 is that they
suffer from the fact that the validation results are hard to interpret, see Example 2.1.
Model error modeling tries to solve this problem by visualizing the model errors
in the frequency domain. In this chapter we will discuss different approaches to
estimate the model error and we will also try to describe what we think are the
strengths and the weaknesses of the approaches.

4.1 The Concept

The concept ofmodel error modeling(MEM) was introduced in Ljung (1997a) and
Ljung (1998), and was further discussed in Ljung (1999a). The idea behind the
concept is to explicitly estimate the model error and its uncertainty. This in order
to find out if and where the model errors are significant. MEM is closely related to
standard model validation tests, but there is one important difference. The aim is
to present the model errors in a control oriented fashion, and MEM tries to achieve
this by displaying the models deficiencies in the frequency domain.

The basic setup in model error modeling is that we are given a nominal model

29
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Ĝ and measurementsZN (validation data) of some underlying systemG0. Irre-
spectively of how the model was obtained, we aim at answering the question:

Can we cope with the model errors that are present in this model?

To answer this question we compute the simulation error (on the fresh validation
data setZN)

ε(t) = y(t) − Ĝ(q)u(t). (4.1)

Assuming thaty(t) is generated from a system where the disturbances enters ad-
ditively we end up in the same split of the residuals as in (2.70). Moreover, if we
assume that system that has generatedy(t) is a linear time-invariant (LTI) system,
G0(q), we get

ε(t) = G0(q)u(t) + v(t) − Ĝ(q)u(t) = 1(q)u(t) + v(t). (4.2)

The rather bold assumptions of an underlying LTI system with additive noise may
be somewhat naive in a real world situation, but it makes it easier to illustrate the
model error modeling idea and it is also a starting point for this work. (In the next
section we discuss how non-linearities, like in (2.70), can be taken care of.)

Model error modeling is all about explictly estimating the model error,1(q),
and its uncertainty. These two estimates together provide the information about the
size of the model error that is needed. This becomes extremely useful if the errors
are presented in the frequency domain. We illustrate this with an example.

Example 4.1

In this example we have computed a model error model on the same data that
was used in Example 2.1 (the way the MEM was estimated is immaterial for this
example). Figure 4.1 shows how the model errors could be displayed using the
MEM concept. The lower plot shows the estimated model error (dashed line) and
the uncertainty in that estimate (shaded area). The upper plot shows the true system
(solid line), the nominal model (dashed line), and the uncertainty area from model
error added to the nominal model (shaded). From this figure we can draw the
following conclusions about the nominal model:

• In the frequency range 0 –0.06 rad/s, there is noevidence of model errors. This
conclusion can be drawn since the uncertainty contains the zero amplitude in
this region, i.e., the model error does not significantly deviate from zero.

• Between 0.06 and 1.5 rad/s there is a substantial model error which could be
as high as 10.
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Figure 4.1 Lower part: The estimated model error model (dashed), the
true model error (solid) and the uncertainty region for the estimate. Upper
part: True system (solid), nominal model (dashed) and the uncertainty from
the model error model.

• If the bandwidth of the closed loop system is supposed to be lower than, say,
0.8 rad/s the nominal model may still be useful despite the model errors. It
is all up to the control designer to decide whether or not the model errors are
too big to build a successful controller.

This should be compared with the results in Example 2.1. Here the conclusion was
that the model was falsified because of statistical evidence thatR̂εu(5) 6= 0. From
this it is pretty obvious that the conclusions we are able to make using the MEM
perspective tells us much more about the deficiencies in the nominal model.❏

This simple example leads us to the following claims:

1. MEMs provide a more control oriented visualization of the model errors.

2. MEMs make it possible to safely use falsified models.

3. MEMs allow us to use simple nominal models. The uncertainty may, how-
ever, be described by much more complicated structures.

We state the first two claims since the model error model gives us bounds on
the model error in the frequency domain. Most robust control design techniques,
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such asH∞ andµ (Zhou et al., 1994), are based on this type of information. If the
control designer can construct a good controller for all models in the uncertainty
region, it does not matter that nominal model is falsified. What matters is simply
if the model is good enough for our purposes.

These thoughts differs somewhat from traditional model validation, where one
has put all effort in trying to falsify and non-falsify models. One has spent less
time in thinking of the importance of describing the type of model errors present.
All these ideas lead us to the third claim, which might be even more controversial.
Traditionally, the basic scientific principle has been to use the simplest unfalsified
model. Here we would like to rephrase this:

Use the simplest model, with model errors of size and character that
you can live with.

This seems like a reasonable suggestion when thinking of Example 4.1. The reason
why this principle has not been used previously might be the difficulty in getting
an estimate of the total size of the model error (including both the bias error and
the variance error). When only looking at the nominal model, we will get little
information about the possible bias errors, and as described in Section 2.1.3 it is
also more complicated to estimate the variance error in case of undermodeling. The
idea behind the third claim can be pushed to its limit using the following thought
experiment (adopted from Ljung (1999a)): Suppose that in a system identification
experiment we use an input signal to a linear system containing only two sinusoids.
The simplest unfalsified model would then be a second order model. It is even
impossible to invalidate this model, irrespective of the underlying linear system.
We therefore claim that it is not necessary that the first unfalsified model is the best
one to use.

We also mention that recently the MEM idea was picked up by Garulli and
Reinelt (1999). Here the MEM concept is cast into a set membership frame-
work. All ideas are the same in this setup, except that the MEM results should
be interpreted as exact deterministic bounds. One problem that occurs in the set
membership framework, and that does not occur in the traditional framework, is
thata priori knowledge of the maximum value of the residuals is necessary. This
is typically unknown since we do not know the model errors. This has then to be
solved by some trial and error guesses. Related to this discussion is the survey by
Reinelt et al. (1999), where the authors compare MEM, stochastic embedding, and
set membership identification from their model error describing properties.

The problem with MEM is that there is no easy solution on how to estimate
the model error. We will here discuss three approaches. The first one uses high
order parametric models and follows the ideas in Ljung (1999a). The second
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approach uses non-parametric frequency function estimation methods like theem-
pirical transfer function estimate(ETFE) discussed in Section 2.2. Finally, the
third approach is based onlocal polynomial regression, see Section 2.3. Here one
uses local models to smooth the ETFE. The potential benefit with this approach is
that it is more or less automatic, i.e., no parameters have to be chosen.

4.2 A Parametric Approach

In this section we will try to give some guidelines regarding the choice of model
structures and model orders for parametric model error models. Another important
aspect is how to quantify the size of the model error. This is quite straightforward in
the linear case, but becomes a more open question when using non-linear structures.

4.2.1 Choice of Model Structure

The choice of model structure selection for MEMs is not an easy problem. The only
known attempt to present something in this direction was given in Ljung (1999a).
The idea in this article is basically to use a rich model structure like the Box-Jenkins
(BJ) structure (Section 2.1.4) in combination with a non-linear model based on, e.g.,
neural nets, to model the model error. This guideline is not very precise and it is
probably hard to give a more exact answer to this problem. From the discussion to
follow it will however be argued for the use of rather high order models to ensure
unbiased estimates.

Non-linear models can be modeled in many different ways. We propose the
use of a FIR-type non-linear structure to detect the presence of non-linear effects
in the input-output data. Let the model be described by

ε(t) = f (u(t), . . . , u(t − M + 1), η) + v(t), (4.3)

whereη represents the parameterization of the model andM corresponds to the
number of lagged inputs used in the model structure.M could probably be taken
to a relatively small number, like in the order 3 – 7, if we only aim at detecting the
presence of non-linearities. If we also would like to use the estimate to access what
types of non-linearities that are present, this number should be adopted for optimal
fit, and lagged outputs should be included in the structure.

As already pointed out it is important to use a rich model structure that can
capture the unmodeled dynamics well. It is also clear that the order has to be high,
as to extract deficiencies in the nominal model, like resonances. Since the model
error is built up from both the underlying system and the nominal model

1 = G0 − Ĝ, (4.4)
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we find that the model error structure will be more complicated and have higher
order than the nominal model itself. A guideline will therefore be to choose a BJ
model structure of orderat leasttwice the order of the nominal model.

We also mention that the MEM has to be validated itself to be of any use. This is
to ensure that it does not contain any bias error. It is clear that if the MEM contains
bias we are back to the problem we wanted to solve in the beginning, i.e., getting
a full description of the model error.

Finally, we note that in the actual identification phase it is important that the
linear model is estimated before the non-linear model is estimated. This to separate
the linear part from the non-linear one.

4.2.2 The Size of the Error Model

No matter how the MEM is constructed it is important to measure the size of the
model (in our framework we are actually interested in some probability measures
of the size uncertainty). For linear parametric models this will impose no prob-
lems. Uncertainty descriptions are provided from the discussions in Sections 2.1.3
and 2.4. As already demonstrated in the previous section, the linear models are
preferably displayed in the Bode plot. In this way we automatically get some sort
of engineering feeling for the errors. We also have the natural interpretation of a
model being unfalsified in a certain frequency range when the models uncertainty
covers the zero amplitude.

Things become a little bit more complicated when estimating non-linear struc-
tures. The size of the non-linearity could of course be judged by checking whether
or not the estimated parameters are significantly different from zero, using some
hypothesis test. This will then be in correspondence with the standard system iden-
tification view. It is however also possible to measure the size of the non-linearity
by calculating its sup-norm (or other well-defined norms)

‖ f̂ ‖∞ = sup
u(t),... ,u(t−M+1)

| f (u(t), . . . , u(t − M + 1), η̂)|2∑M−1
k=0 u2(t − k)

. (4.5)

This norm has then to be thresholded in some way. The choice of threshold is
however not obvious. One idea could be to map the confidence region forη̂ to a
interval for‖ f (u, η̂)‖∞ and check if this interval is close to cover zero or not.

4.2.3 A Suggestion

To summarize, it is clear that there are some non-easy problems to solve when using
parametric model error models. This makes it hard to give any exact guidelines
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regarding the choice of the model order. In Ljung (1999a) the author suggests the
following “default choice” (if no specific prior information is available).

ε(t) =
20∑

k=0

bku(t − k) + gN N(u(t), . . . , u(t − 5), η)

+ 1 + c1q−1 + . . . + c4q−4

1 + d1q−1 + . . . + d4q−4
(4.6)

Here gN N is a neural network black box model of NFIR-type (Haykin, 1994;
Sjöberg, 1995).

4.3 The Non-Parametric Approach

To get around the problems of model structure and model order selection in para-
metric MEM, one might be to try non-parametric frequency domain identification
methods. We will describe how the smoothed ETFE (Section 2.2) can be used to es-
timate the model errors. This has the potential benefit of being free from structural
selection problems, but on the other hand involves a smoothing problem.

4.3.1 Bandwidth Selection and Variance Properties

The assumption we base the modeling on is the split of the residuals in an LTI part
originating from the input and an additive noise part

ε(t) = 1(q)u(t) + v(t). (4.7)

The MEM is estimated as a smoothed version of the fraction of the Fourier trans-
forms of the residuals,ε(t), and the input,u(t). For model error modeling purposes
this approach involves the problem of choosing an appropriateγ −1. As already been
noted in (4.4), the model error could very well be a more complicated structure.
For instance, a small bias in the estimate of a resonance frequency will make the
model error contain both a resonance peak and a resonance dip. This will make
it necessary to choose a small frequency window, i.e., a largeγ , in order not to
decrease the frequency resolution too much. This will in turn give noisy estimates
in regions where the model error is “flat”. Because of this, the final choice ofγ −1

will probably be slightly larger than in standard system identification. An initial
bandwidth choice could then beγ ≈ N/10.

The uncertainty description of the non-parametric MEM follows easily from
the results in Section 2.2.2. The variance of the estimate is obtained from

E
∣∣∣1̂(eiω) − E 1̂(eiω)

∣∣∣2 ≈ 1

N
W̄(γ )

8v(ω)

8u(ω)
. (4.8)
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Here everything is known except the noise spectrum,8v(ω). It can be estimated
by

ˆ̂8v(ωk) = 1

N

∣∣∣YN(ωk) − 1̂(eiωk)UN(ωk)

∣∣∣2 . (4.9)

If the estimate of8v(ω) is too noisy, it can be smoothed using some techniques
described in Section 4.2 or in Section 4.4.

4.3.2 Connection to Cross-Correlation Tests

It may seem like classical cross-correlation tests and model error modeling are two
rather different subjects. There is however a quite strong connection between the
two. We will illustrate this by showing how non-parametric frequency domain
methods relate to the validation test given in Section 2.4.3. When constructing test
statistics for the cross-correlation between residuals and inputs we had that ifε(t)
andu(t) are independent

rN
M = 1√

N

N∑
t=1

ε(t)




u(t − M1)
...

u(t − M2)


 = √

N




R̂N
εu(1)
...

R̂N
εu(M)




is normally distributed with mean value zero and covariance matrixP, where the
(k, l )th element is given by (2.74). Note here that this assumption is the same as
assuming that1(eiω) ≡ 0 in the model

ε(t) = 1(q)u(t) + v(t).

This is the fundamental link between the model validation tests and MEM.
FromrN

M we can form the estimate of the cross-spectrum between the residuals
and the inputs as

8̂εu(ω) =
M2∑

k=M1

R̂εu(k)e−iωk = 1√
N

W∗rN
M , (4.10)

where

W = [
eiωM1 . . . eiωM2

]T
. (4.11)

Here(·)∗ denotes transpose and complex conjugate. The ETFE estimate is then
formed by dividing the cross-spectrum with the input spectrum, i.e.,

1̂(eiω) = 8εu(ω)

8u(ω)
= 4(ω)

U (ω)
, (4.12)
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where4(ω) is the Fourier transform of the residuals. It now follows from (2.39-
2.40) that

1̂(eiω) ∈ AsN(0,
8v(ω)

8u(ω)
). (4.13)

Hence we come to the conclusion that the cross-correlation test in Section 2.4.3
has a very strong connection to the test that the MEM non-parametric frequency
domain performs. We therefore would like to recommend that non-parametric
MEM should be prefered compared to classical cross-correlation tests. The tests
are more or less equivalent, but the interpretation of the results differs a lot, cf.
Examples 4.1 and 2.1.

4.4 Estimating the Model Error Model Using Local Poly-
nomial Regression

We shall here point out how local polynomial regression can be used to obtain an
estimate of the model error model. It is all a matter of mapping the framework in
Section 2.3 into a frequency domain setting. The methodology is the same as the
one used in Stenman (1999, Chapter 6) to smooth the ETFE. The difference is that
we here smooth the ETFE of the model error,1(eiω).

The benefit with this approach is that local polynomial modeling is the one of the
most unprejudiced ways of modeling data. We essentially only assume that we have
noisy measurements of some smooth function. In the model error modeling case
this function is the frequency function of the model error. The smoothness of this
curve is therefore ensured by the physical interpretation of the problem. We belive
that this is the most natural way of solving the difficult “order selection” problem
which occurs in all modeling approaches. It is essential to note that we have much
information about the system in this case, since we do not assume any knowledge
of model orders or model structures. This will lead to larger uncertainties in the
estimates than if a parametric model had been used.

The underlying model assumption (2.50) will in this setting be

ˆ̂1(eiωk) = 1(eiωk) + ek. (4.14)

This is, we have noisy measurements of the model error at a set of evenly spread
frequencies

Yk = ˆ̂1(eiωk) ∈ C , Xk = ωk = 2πk

N
∈ R, k = 1, . . . , n (4.15)
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Figure 4.2 Confidence region for the estimate1̂(eiω) (shaded area).r (ω)

andφ(ω) shows how this region can be mapped to confidence intervals
for the amplitude and phase curves. The two-dimensional torus shows the
actual confidence region for amplitude curve, when this mapping is utilized.

wheren = b(N −1)/2c (b·c denotes flooring). We only use half of the frequencies
since the ETFE is hermitian (except at frequencies 0 andπ which are skipped).
Moreover, the noiseek is a zero mean complex-valued disturbance with variance

σ 2
k = 8v(ωk)

|UN(ωk)|2 (4.16)

wherev and u stems from Equation (4.2). Once again we estimate8v(ω) as
described by (4.9). In this expression, the unknownĜ(eiωk) must be estimated.
This can be done using the non-parametric methods described in Section 2.2 using
a small bandwidth.

In model error modeling the focus is set on the uncertainty in the estimated
model error. The uncertainty regions can be calculated using the techniques de-
scribed in Section 2.3.4. However, we can give some more details about the dis-
tributions in this special case. The difference in constructing confidence intervals
for the smoothed ETFE (or model error model in this particular case) compared
to the general local smoothed curve lies in the fact that1̂(eiωk) is asymptotically
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complex normally distributed. Since the real and imaginary parts of1̂(eiωk) are
jointly normal and independent with variance

Var Re1̂(eiωk) = Var Im 1̂(eiωk) = σ 2‖w‖2

2
(4.17)

we get

2 ·
∣∣∣1̂(eiωk) − 1(eiωk)

∣∣∣2
‖w‖2

∈ χ2(2), (4.18)

with w defined by (2.65). The variance in the data is unknown but can be estimated
using (2.68). Constructing a 95% confidence interval for1̂ yields

|1̂(eiω) − 1(eiω)| ≤
√

χ2
0.95(2)

2
· σ (ω)‖w(ω)‖ = r (ω). (4.19)

This region can be mapped to approximate confidence bands for the amplitude and
phase curve. In this translation, some conservatism has to be incorporated, since
we are mapping a two-dimensional object to a one-dimensional one. The mapping
is explained by Figure 4.2.

We see that

φ(ω) = arcsin
r (ω)

1̂(eiω)
, (4.20)

so the approximate intervals for the amplitude and phase becomes

I |1(eiω)| =
(
|1̂(eiω)| − r (ω), |1̂(eiω)| + r (ω)

)
(4.21)

Iarg1(eiω) =
(
arg1̂(eiω) − φ(ω), arg1̂(eiω) + φ(ω)

)
. (4.22)

From Figure 4.2 we see that these intervals can be quite conservative. If we only
study the confidence interval for the amplitude, we do not take the phase into
account at all. This interval will therefore cover more systems than what was
intended. Similar results are obtained for the phase.

4.4.1 Handling Non-Linearities

The local polynomial modeling approach can easily be extended to handle non-
linearities. This is done in Stenman (1999, Chapters 5 and 7). This concept is
named Model On Demand (MOD). The idea is that we build local models on-line
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when they are needed. The reason for this can be that system is time-varying or
that it is hard to build global models of th e system. In order to achieve these local
models (local mainly in the regressor space, but also in time if needed) one identifies
the quantities in (2.50) with the followingdynamicdata generating equation

y(t) = m(ϕ(t)) + v(t) (4.23)

Hereϕ(t) are the so calledregressor vectorsconsisting of lagged inputs and outputs.
The local modeling problem now aims at choosing the weights in order to minimize
the mean square prediction error, i.e., estimate the best predictor

ŷ(t) =
N∑

k=1

Wk(ϕ(t))y(k) (4.24)

using weights chosen to minimize

E(y(t) − ŷ(t))2. (4.25)

One important difference from the smoothing of the ETFE is that the regressor
variables now are vectorized. This will force us to introduce other measures of
distance. One natural way to do this is to introduce some distance functiond(·, ·)
which measures the distance between regressor points,ϕ(k), and the point where
the model will be fitted,ϕ(t). Common choices are

d(ϕ(k), ϕ(t)) = ‖ϕ(k) − ϕ(t)‖M , (4.26)

whereM is a positive (semi-) definite matrix. The weights are then given by

wk(x) = K

(
d(ϕ(k), ϕ(t))

h

)
. (4.27)

In an off-line situation like model error modeling, it is possible to estimate new
low order local model at every sample time. This will give us a possibility to capture
both time-varying and non-linear effects. Measuring the reduction of the size of the
residuals from the nominal model to the size of the residuals from this model error
model will be one quantification of the non-linear unmodeled dynamics which can
be used for MEM purposes.

4.5 Model Error Modeling: An Example

Let us illustrate the different model error modeling approaches presented with an
example adopted from (Ljung, 1999a). Let data be generated from the following
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(a) Upper plot shows the amplitude
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tion formula.
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(b) A whiteness test for the residu-
als (upper plot) and a cross-correlation
test between residuals and inputs
(lower plot) for the estimated nominal
model (4.29).

Figure 4.3 Results from the estimation of the nominal model.

fourth order system

y(t) = B(q)

F(q)
u(t) + e(t),

B(q) = q−1 + 0.5q−2, (4.28)

F(q) = 1 − 2.2q−1 + 2.42q−2 − 1.87q−3 + 0.7225q−4.

The input,u(t), chosen as a Gaussian noise sequence of lengthN = 1000, and
the disturbance,e(t), as an additive Gaussian noise sequence with zero mean and
variance 1. Validation data was simulated using the same settings. A nominal
model is estimated using a second order output-error (OE) model structure. The
estimation is performed using the system identification toolbox in MATLAB (Ljung,
1997b). From this we obtain a nominal model

Ĝ(q) = 1.5293q−1 − 0.4364q−2

1 − 1.7913q−1 + 0.8431q−2
. (4.29)

Since the nominal model is estimated using a too low model order we suspect
that this model will be falsified by a model validation test as described in Section 2.4.
That this is also the case, is shown by Figure 4.3(b). We then know that the
confidence regions calculated from this model will not be correct. Figure 4.3(a)
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(a) The lower plot shows the estimated
parametric OE(6,6,1) MEM (dashed
line), the true model error (solid line),
and a 95% uncertainty region obtained
from the estimate (shaded area). The
upper plot shows the true system (solid
line), the nominal model (dashed line),
and the uncertainty region obtained by
adding the uncertainty region from the
MEM to the nominal model.
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(b) A whiteness test for the residu-
als (upper plot) and a cross-correlation
test between residuals and inputs (lower
plot) for the estimated parametric model
error model.

Figure 4.4 Results from the estimation of the parametric model error
model.

shows the results. The explanation to this is that the model uncertainty estimates
are based on the assumption thatM ∈ S and therefore use (2.22-2.23) to estimate
the parameter uncertainties.

The structures of the true system and the nominal model makes the model error
have an OE(6,6,1) structure. Estimating a parametric model error model of this
particular structure will then have a variance that reaches the Cramèr-Rao lower
bound. This will act as a measure of what is possible to achieve using model error
models. Note however that we reach this lower bound with the prior information of
the correct model structure. Figure 4.4(a) shows the obtained model error estimate
(dashed line, lower plot) and the uncertainty in that estimate. This plot shows that
there is a significant model error throughout the frequency axis. The amplitude
of the error is low for frequencies below 1 rad/s, and the nominal model misses
a resonance peak at about 1.5 rad/s. Figure 4.4(b) shows the traditional model
validation test of the model error model. It is seen that the parametric error model
is unfalsified by this test.

To see how well one can do with nonparametric methods we smoothed the ETFE
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Figure 4.5 The lower plot shows the estimated non-parametric MEM us-
ing γ = 100 (dashed line), the true model error (solid line), and a95%
uncertainty region obtained from the estimate (shaded area). The upper
plot shows the true system (solid line), the nominal model (dashed line),
and the uncertainty region obtained from the MEM. The uncertainty region
is obtained by adding the uncertainty region from the MEM to the nominal
model.

using a Hamming window withγ = N/10 = 100. The obtained results are shown
in Figure 4.5. The estimate is quite noisy as expected. The difference compared
to the parametric model is that this test says that the low frequency response of the
nominal model seems to be close to the true response. The regions are also larger
throughout the frequency axis. This comes as no surprise since this model contains
much less prior information than the parametric model error model.

In the local polynomial approach weusea tricube kernel (2.56) andapolynomial
model of degree 2. The bandwidth selection criterion is the generalized local
version of MallowsCp (2.58) with α = 5. A high value ofα is used in order
to avoid spurious effects in the noise. The MEM result is shown in Figure 4.6(a)
and the selected bandwidths are shown in Figure 4.6(b). The result is that the
nominal model is unfalsified for frequencies lower than 0.2 rad/s. We also see that
uncertainty regions are even larger in this case compared to the two previous ones.
Studying the choice of bandwidths we see that selection procedure works exactly
as suspected. The bandwidth is significantly smaller at the resonance peak than in,
e.g., the “flat” low frequency region.
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(a) The lower plot shows the estimated
local polynomial MEM (dashed line),
the true model error (solid line), and a
95% uncertainty region obtained from
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plot shows the true system (solid line),
the nominal model (dashed line), and the
uncertainty region obtained by adding
the uncertainty region from the MEM to
the nominal model.

10
−2

10
−1

10
0

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Frequency [rad/s]

S
el

ec
te

d 
ba

nd
w

id
th

s

(b) The selected bandwidths for the local
polynomial model.

Figure 4.6 Results from the estimation of the local polynomial model.

Figure 4.7 shows the different estimates of the model error, together with the
true model error. The parametric model and the local polynomial model behave
similarly, and the non-parametric model is a lot noisier.

A final comparison that could be made is looking at the model error description
we would get if the nominal model used had the correct structure. This is shown in
Figure 4.8(a). In Figure 4.8(b) we see the result of a standard model validation test.
The uncertainty regions obtained are significantly lower than all of the previous
ones, but this situation is ideal one and will in every case produce the smallest
possible uncertainty regions.

This example shows that we will get the smallest possible confidence regions
if we estimate a correct nominal model in the first place. This comes as no surprise
from both an intuitive and a information based perspective. The example also shows
that the local polynomial approach can produce very smooth and accurate estimates
of the model error. The confidence regions will however be a little bit larger since
the method uses very little prior information. We will once again point out the
increase in interpretability when using model error models compared to standard
cross-correlation tests. See Figures 4.3(b) and 4.6(a).
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Figure 4.7 Different estimates of the model error. Solid thin line – true
model error, solid thick line – local polynomial error model, thin dashed line
– parametric error model, thick dashed line non-parametric error model.

4.6 Conclusions

We have in this chapter discussed different approaches to model error modeling.
The subject is somewhat philosophical, since it does not have a unambiguous so-
lution. The subject is still important and the discussion highlights some aspects
model error modeling that have not been much discussed. It is certainly a subject
that needs to be penetrated further.

The conclusions that can be drawn from this chapter are that if we know the
correct model order and model structure we shouldalwaysestimate a nominal
model of this structure and order to get as much information as possible about the
underlying system. If we do not have this information or we are unable to use a high
order model in an application or just want to use another nominal model (obtained
in any way) the MEM concept can be a very useful tool to find the deficiencies in
the nominal model. If a linear MEM is sought the result is preferably displayed in
the frequency domain, in the non-linear case it is somewhat more difficult display
the MEM information but it is still possible. The local polynomial and the MOD
approaches to model error modeling are very interesting since they represent, in
some sense, the most unprejudiced way of estimating models. This will make
it possible for us to forget all about the model structure and bandwidth selection
problems that occur in the other approaches.
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Figure 4.8 Results from the estimation of the parametric nominal model
with correct model order.



5
Bootstrap

Most ways of characterizing the uncertainties in identified models are based on
explicit asymptotic expressions like (2.17), (2.25), and (2.77). Since they are
asymptotic in the length of the data record and/or the model order, their validity
might not be fulfilled in every case. Fortunately, these these expressions seems to
hold rather accurately already at quite modest data lengths, i.e., forN & 200. Still
there are situations where only short data records are available and the asymptotic
results are not valid. There are also situations where we have not even been able
to calculate approximate distributions of the estimates. To solve such problems we
have looked at bootstrap methods to see if and where they could be applicable in
system identification problems.

5.1 What is Bootstrap?

Bootstrap was introduced by Efron (1979) as a method to calculate accuracy mea-
sures of a statistic by simulations. The development of bootstrap has together with
computer speed improvements made it possible to calculate uncertainty regions
for a wide class of problems. Bootstrap is still in focus for a lot of research in the
statistical community, and much work is spent on extending bootstrap to more com-
plicated problems than it was originally designed for. Work has also been spent on
improving bootstrap to construct more accurate confidence regions. Introductions
to bootstrap can be found in Efron and Tibshirani (1993), Davison and Hinkley

47
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(1997), Hjorth (1994), and Politis (1998). In Zoubir and Boashash (1998) a survey
of signal processing applications is given. Applications to subspace identification
can be found in Lovera (1997). Aronsson et al. (1998) shows how bootstrap can be
used in connection with adaptive control.

The main idea behind bootstrap is that we aim at getting to a situation where we
could perform Monte Carlo simulations to judge the uncertainty in the estimate we
have. This in contrast of going through tedious or unfeasible calculations describing
the uncertainties. To give an intuitive feeling for the bootstrap idea we will sketch
the idea in a rather non-formal way.

The setup can be described as follows. Letx = (x1, . . . , xN) be an independent,
identically distributed (i.i.d.) sample from a stochastic variableX with distribution
function F . We would like to estimate a statistic,τ = τ(F), associated with the
distributionF . This statistic could, for instance, be the parameterλ describing the
exponential probability density distribution (PDF)

f (x) = 1

λ
e− x

λ . (5.1)

As an estimator ofτ we will useT , i.e.,τ̂ = T(x). This estimator will also be used
to find the accuracy of̂τ .

Describing the accuracy of the estimateτ̂ would be easy to solve ifF was
known. ThenB new samples fromF , x1, . . . , xB, could be generated in a Monte
Carlo fashion and̂τ1 = T(x1), . . . , τ̂B = T(xB) could be calculated. From this, the
empirical probability density function for̂τ and an approximate confidence region
for τ are easily constructed.

Since F is unknown, the simple and natural idea is to estimateF with the
empirical distribution estimate

F̂(x) = #{xi ≤ x}
N

, (5.2)

where #{xi ≤ x} denotes the number ofxi s less than or equal tox. From this we
generate (bootstrap) resamples,x∗

j = (x∗
1, . . . , x∗

N), j = 1, . . . , B and calculate
τ̂ ∗

1 , . . . , τ̂ ∗
B. (Stars indicate that we are working with bootstrapped samples.) The

empirical distribution for̂τ is estimated with

F̂τ (t) = #{τ̂ ∗
j ≤ t}
B

. (5.3)

From this we can easily construct approximate levelα confidence intervals forτ .
The key point in using the bootstrap method is to generate resamples from an

i.i.d. sample. Given such a sample and a smooth statistic,τ = τ(F), bootstrap will
generally work.
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Extensions of bootstrap methods to dependent data structures, e.g., time-series,
have been proposed by several authors, e.g., Freedman (1984), Bose (1988), and
Nordgaard (1995). They propose different strategies to construct i.i.d. data sets as-
sociated with the measured data which can be bootstrapped. We will here illustrate
one of the simplest ideas.

Assume that data,y(1), . . . , y(N), is generated by ann’th order AR-process

A(q)y(t) = e(t), A(q) = 1 + a1q−1 + · · · + anq−n, (5.4)

wheree(t) is white noise with zero mean. We estimateA(q) by standard least-
squares (2.33) and compute the residuals

ε(t) = Â(q)y(t). (5.5)

Now ε(t) is approximately a white noise sequence from which we can generate
resamples and simulate “new” output signals according to

y∗
j (t) = 1

Â(q)
ε∗

j (t), j = 1, . . . , B. (5.6)

Here{ε∗
j (t)}N

t=1, j = 1, . . . , B are drawn from the distribution̂Fε, constructed as

in (5.2). From the simulated outputs we construct the reestimatesÂ∗
1, . . . , Â∗

B of
Â. In the case the parametersa1, . . . , an represent the statistics of interest, we have
τ̂ ∗

j = Â∗
j , j = 1, . . . , B, and the estimator̂τ = T(y(1), . . . , y(N)) is represented

by the mapping given by the minimization (2.33). Other statistics, such as the
poles, can be computed from the estimatedÂ∗

j .
Proofs of the validity of this method can be found in Freedman (1984) and Bose

(1988). In Freedman (1984) it is also shown that the same method works in case
of ARX-models. Here data is assumed to be collected in open-loop and the control
signal is assumed to be white noise.

5.2 Bootstrap and System Identification

From a system identification perspective the main interest in bootstrap lies in its
possible ability to estimate the uncertainty in some difficult problems such as:

1. Describing the uncertainty in models with unmodeled dynamics.

2. Estimating confidence regions with simultaneous confidence degree.

3. Describing the uncertainty in subspace based identified models.
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The problem with unmodeled dynamics, i.e.,S 6∈ M, is often called the problem
of undermodeling. It has historically been very difficult to find efficient methods
to estimate uncertainty regions for statistics of models that are undermodeled. See
Hjalmarsson (1993, Chapter 5), Hjalmarsson and Ljung (1992), Larssen (1992),
and Pötscher and Prucha (1997). We will show how bootstrap and the concept
model error modeling together can be used to solve this problem.

The perhaps most useful uncertainty description is confidence bands for the
frequency function. These bounds are traditionally calculated using Gauss’ ap-
proximation formula (2.77). In this section we will look at some ideas to directly
estimate the distribution of̂GN(eiω), without requiring any of the approximations
involved in (2.77). These bounds are of even more interest if they are calculated
with a given simultaneous confidence degree. This second problem is discussed in
Section 5.3.3.

The third issue has been a problem with the successful subspace identification
methods (Van Overschee and De Moor, 1996; Viberg, 1995). However, a potential
solution to this problem is discussed by Lovera (1997). These ideas are very similar
to those discussed in this thesis.

5.2.1 The General Idea

The idea on how to use bootstrap in system identification is clearly inspired by
the one used for autoregressive models and time-series data in Section 5.1. We
simply estimate the system parameters with a maximum likelihood estimator and
compute the residuals from the resulting model. If these residuals pass a traditional
whiteness test, we use them as the source for constructing bootstrap resamples.

In Section 5.1 we calculated the residuals to eliminate the dependence between
the measurements{y(t)}N

t=1. This idea will also work in presence of a deterministic
input signal. We must however remember that the inputs are deterministic and
therefore ordered. This means that when taking bootstrap resamples we cannot
change the order of the input samples,u(t), t = 1, . . . , N.

If the true system belongs to the model class, i.e., ifS ∈ M, we know that as
N → ∞ we haveĜN → G0 and ĤN → H0. This also means that the residuals
we compute

ε(t, θ̂N) = Ĥ−1
N (q)

(
y(t) − ĜN(q)u(t)

)
, (5.7)

will converge to the “true” noise sequence{e(t)}N
t=1. Since these are i.i.d. by

assumption, it will make them good candidates for bootstrap resampling. In practice
we do not know the correct model order and we have to check the whiteness of
the residuals and the independence between the residuals and the input by the tests
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described in Section 2.4. If the residuals cannot be shown to be non-white, we use
them to draw bootstrap resamples from. If they are non-white the model is too
simple and the bootstrap method will fail. The solution to this problem is to choose
a more flexible model structure and/or a higher model order. The variance error of
the low order model can however be estimated using bootstrap as wil be described
in the next section.

Given the residuals we estimate their distribution function. The easiest method
is to determine the empirical distribution function

F̂ε(x) = #{ε ≤ x}
N

. (5.8)

This estimate could be refined using kernel smoothing, see (Wand and Jones, 1995).
In this chapter we will however only use the straightforward estimate (5.8).

The approximate distribution function (5.8) can be used to draw resampled
residuals from, i.e., each noise sample is drawn with replacement from the resid-
uals (5.7). New bootstrapped output data sequences can be generated from the
residuals according to

y∗
j (t) = ĜN(q)u(t) + ĤN(q)ε∗

j (t). (5.9)

This will give the bootstrapped input-output data sets

ZN ∗
j = {y∗

j (1), u(1), . . . , y∗
j (N), u(N)}, j = 1, . . . , B. (5.10)

From each of theB generated output sequences we reestimate the system and noise
models,ĜN and ĤN . The B reestimated parameter vectors can be used to ap-
proximate the distribution function for the estimated parameters,Fθ̂N

. Confidence
regions for other statistics, such as the poles and zeros of the system, can of course
be computed. Simply estimate these from theB bootstrapped input-output data
sets,ZN ∗

j , and construct the empirical PDFs for these statistics.
The whole procedure above can be summarized in the following algorithm:

ALGORITHM 5.1 Bootstrap resampling in system identification

1. EstimateG(q) andH (q) and compute the residuals:
ε(t, θ̂N) = Ĥ−1

N (q)(y(t) − ĜN(q)u(t))

2. Check the whiteness of the residuals using for instance the test in Section 2.4.2.

3. Compute the empirical distribution of the residuals:

F̂ε(x) = #{ε ≤ x}
N
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4. GenerateB resampled noise sequences fromF̂ε(x):{
ε∗

j (t)
}N

t=1
, j = 1, . . . , B

5. Simulate the new outputs:
y∗

j (t) = ĜN(q)u(t) + ĤN(q)ε∗
j (t), j = 1, . . . , B

6. Estimateθ̂∗
j from the resampled data:

ZN ∗
j = {y∗

j (1), u(1), . . . , y∗
j (N), u(N)}, j = 1, . . . , B.

❏

As seen from the algorithm above, bootstrap automatically gives us another fea-
ture. We do not have to go through any more approximations to construct confidence
regions for other statistics. This is in contrast to the situation we had in Section 2.4,
where we had to take an extra step via Gauss’ approximation formula (2.77). We
calculateτ̂ ∗

J = T(ZN ∗
j ), j = 1, . . . , B, for any statistic associated with the model.

This could be the frequency response, the poles and zeros or the step response. How
the confidence regions for such statistics could be approximated will be described
in Section 5.3.

5.2.2 Undermodeling

Algorithm 5.1 in the previous section will not work in case of undermodeling,
i.e., S 6∈ M. The reason for this is that the unmodeled dynamics will be present
in the calculated residuals (5.7). To get rid of this influence we mix the ideas in
Algorithm 5.1 with the concept of MEM in Chapter 4.

We start by estimating the system with a fixed low-order model with parameter
vector estimate,̂θN, and calculate the residuals from that model

ζ(t) = Ĥ−1
N (q)(y(t) − ĜN(q)u(t)). (5.11)

It might seem stupid to use a too “small” model, but it might very well be the case
that we want to use this low order model to, e.g., base a regulator design on, whether
or not it is a exact description of the systems dynamic behavior.

If this model actually is too small to describe the true system, we will have a
dependence betweenζ(t) andu(t) due to the unmodeled dynamics, i.e., we have a
relation

ζ(t) = G̃(q)u(t) + H̃ (q)e(t) (5.12)

To get rid of this dependence we estimate the model error,{G̃, H̃ }, with, e.g., a

high order ARX-model, giving{ ˆ̃G, ˆ̃H }. This model will be an unbiased estimate
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of the model error if the model order is chosen high enough (Section 2.1.4). The
residuals from this model will therefore be approximately an i.i.d. sequence

ε(t) = ˆ̃H−1
N (q)(ζ(t) − ˆ̃GN(q)u(t)). (5.13)

The empirical distribution estimate is computed

F̂ε(x) = #{ε ≤ x}
N

. (5.14)

From this distribution we draw bootstrap resamples, i.e., we constructB pseudo-
noise sequences{ε∗

j (t)}N
t=1, j = 1, . . . , B, which are taken as driving noise inputs

to the system

y∗
j (t) =ĜN(q)u(t) + ĤN(q)ζ ∗

j (t)

=
(

ĜN(q) + ĤN(q) ˆ̃GN(q)
)

u(t) + ĤN(q) ˆ̃H N(q)ε∗
j (t). (5.15)

These outputs will have approximately the same statistical properties as the mea-
sured outputs,y(t). This means that if we reestimate the fixed, low order model
from the “bootstrapped” outputs,{y∗

j (t)}N
t=1, j = 1, . . . , B, they will also have the

same statistical properties asθ̂N .
Algorithm 5.1 now has to be modified according to the following:

ALGORITHM 5.2 Bootstrap resampling in case of undermodeling

1. EstimateG(q) andH (q) and compute the residuals:
ζ(t, θ̂N) = Ĥ−1

N (q)(y(t) − ĜN(q)u(t))

2. Estimate the model error (fromu(t) to ζ(t)) with a higher-order ARX model
and compute the residuals from this second model:

ε(t) = ˆ̃H−1
N (q)(ζ(t) − ˆ̃GN(q)u(t))

3. Check the whiteness of the residuals using for instance the test in Section 2.4.2.

4. Compute the empirical distribution of the residuals:

F̂ε(x) = #{ε ≤ x}
N

5. GenerateB resampled noise sequences fromF̂ε(x):{
ε∗

j (t)
}N

t=1
, j = 1, . . . , B

6. Simulate the new outputs in two steps:

ζ ∗
j (t) = ˆ̃GN(q)u(t) + ˆ̃H N(q)ε∗

j (t)

y∗
j (t) = ĜN(q)u(t) + ĤN(q)ζ ∗

j (t), j = 1, . . . , B
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7. Estimateθ̂∗
j from the resampled data:

ZN ∗
j = {y∗

j (1), u(1), . . . , y∗
j (N), u(N)}, j = 1, . . . , B.

❏

Note that this algorithm only estimates the variance errors in the modelĜN . An
estimate of the bias error is however given by the model error model (and could thus
be used as a bias correction). Connections to the model error modeling concept in
Chapter 4 should be obvious.

5.3 Constructing Uncertainty Regions

In Section 5.2 we discussed methods to obtain bootstrap estimates of the system
that was being modeled. We will in this section discuss how these estimates can
be used to construct approximate uncertainty regions for a given statistics. We
will specifically show how we can construct uncertainty regions forĜN(eiω) using
either estimated covariance matrices or simulation based methods. The problem
of constructing uncertainty regions of simultaneous confidence degree will also be
discussed. The reason for looking at the frequency response is that it will be used
in the examples in Section 5.4.

The confidence regions constructed will be based on the assumption that the
statistics we estimate will be asymptotically normally distributed. This assumption
will be necessary to motivate the use of the inverse of the covariance matrix as a
measure in the probability space that is regarded. A motivation for the use of this
is the asymptotic results (2.17), (2.25), and (2.77).

5.3.1 Using Estimated Covariance Matrices

With estimated covariance matrices,P(eiωk), for the real and imaginary parts of
the frequency response we can construct approximate confidence regions in the
Nyquist plot at frequencyωk. We utilize that

(
Re[ĜN(eiωk)]
Im[ĜN(eiωk)]

)
∈ AsN

((Re[G0(eiωk)]
Im[G0(eiωk)]

)
, P(eiωk)

)
. (5.16)

This result can be motivated from (2.17) and the use of Gauss’ approximation
formula (2.77). As already mentioned in Section 2.4.4 we have that all smooth
functions of the parametersθ will be asymptotically normally distributed. This
will in turn show that this discussion easily can be adapted for other statistics.
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Subtracting the expected value (= G0(eiωk)) and multiplying the result with
P(eiωk)−1/2 will make the new variables mutually independent and normally dis-
tributed with expected values equal to zero and variances equal to one. Finally,
squaring these variables and summing them together will give aχ2(2) distributed
variable. Elliptical uncertainty regions centered around the nominal estimate
ĜN(eiωk) will then be given by

(
Re[G0(eiωk) − ĜN(eiωk)]
Im[G0(eiωk) − ĜN(eiωk)]

)T (
1

N
· P(eiωk)

)−1

×
(

Re[G0(eiωk) − ĜN(eiωk)]
Im[G0(eiωk) − ĜN(eiωk)]

)
≤ Cα, (5.17)

whereCα is defined through Prob(X ≤ Cα) = α, X ∈ χ2(2). P(eiωk) can be
estimated using (2.20) and (2.78), from (2.25) or by using bootstrap methods.

5.3.2 Using Monte Carlo Simulations/Bootstrap Resampling

This section will describe how confidence regions can be constructed using a set
of estimates of the system. The idea is the same as used in Davison and Hinkley
(1997, Section 5.8). For notational ease we start by defining

Ĝ∗
j (e

iω) = G(eiω, θ̂∗
j ). (5.18)

Suppose that we are givenB estimates,̂G∗
j (e

iω), j = 1, . . . , B, of the true system,
G0(eiω). These estimates can either be obtained from Monte Carlo simulations or
a bootstrap procedure. The estimates will be used to form approximate confidence
regions for the frequency function in the Nyquist plot. The regions will naturally
be constructed from the “closest to the mean” estimates and can be achieved in the
following way. Denote the mean and the covariance of the estimates at frequency
ωk by

ḠB(eiωk) = 1

B

B∑
j =1

Ĝ∗
j (e

iωk) (5.19)

and

PB(eiωk) = 1

B

B∑
j =1

(
Re[Ĝ∗

j (e
iωk) − ḠB(eiωk)]

Im[Ĝ∗
j (e

iωk) − ḠB(eiωk)]

)(
Re[Ĝ∗

j (e
iωk) − ḠB(eiωk)]

Im[Ĝ∗
j (e

iωk) − ḠB(eiωk)]

)T

,

(5.20)
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respectively. To order these estimates, we sort them in increasing distance from
the bootstrap mean (5.19), measured in the norm given by inverse of the estimated
covariance matrix (5.20). (This is the correct measure if the level curves of the
probability density function are elliptical, which is the case for jointly normal
distributed variables.) Next, construct the convex hull of theB · α points, closest
to the mean. This convex hull will represent an approximate confidence region of
degreeα for the frequency function atωk.

A drawback with bootstrap methods is that it is hard to construct reliable confi-
dence regions with a confidence degree higher than 95%. This is due to the fact that
we do not get an accurate description of the tails of the distribution of the residuals
when using this technique. This is discussed in the literature and there are ways to
partly overcome this problem with more advanced techniques. See Efron (1987).

5.3.3 Obtaining Simultaneous Confidence Degree

In estimating a system from input-output data it is of great importance to come
up with a tight and reliable uncertainty description. This uncertainty is preferably
displayed in the frequency domain since it provides useful information to, e.g.,
a control designer. The simplest (and probably most used) way to create such
description is to construct confidence regions with a certain confidence degree at,
e.g., a specific frequency for the frequency function. In order to make a confidence
band out of this, the procedure is repeated at several frequencies and the regions are
connected to produce a band for the entire frequency function. It should be noted
that the different regions are dependent through the estimate of a parametric model
and it is thus not possible to say much about the simultaneous confidence degree.
As described in Section 3.2 the confidence regions constructed with this method
(and the method in the previous section) will have lower simultaneous confidence
degree than the individual regions. This should be clear from the discussion about
Bonferroni’s inequality (3.6). The lower bound given by this inequality is 1−d·(1−
α), whered is the number of confidence regions andα is the confidence degree for
one single region. In situations where a guaranteed simultaneous confidence degree
is wanted, the parametersα andd should be chosen according to this. However,
constructing too many intervals will force the designer to chooseα very small and
hence also make the bands (possibly) more conservative.

One exception to this basic procedure is given in Vuerinckx et al. (1998). Here
the authors look at uncertainty descriptions for the poles and zeros of the system in
a simultaneous manner. In the article there is no simulation study to evaluate the
actual coverage probability of the intervals, but the approach looks interesting. In
Politis et al. (1992) a method to construct simultaneous confidence bands for the
spectra and cross-spectra of stationary weakly dependent time series is presented.
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Their approach relies on the so called “block bootstrapping” method. Block boot-
strapping essentially means that the we resample blocks of the time series instead
of single measurements. This type of blocking method will not work in system
identification related problems since the control signal contains deterministic com-
ponents which do not fulfill the weakly dependent assumption. The simulations in
the article shows quite good agreement with the theory.

The discussion above points out the problem with the methods described in
Sections5.3.1and5.3.2. Thesemethodssimplydo not take the dependence between
different frequency regions into account. Fortunately, this can be taken care of quite
easily using bootstrap.

In Section 3.2 we pointed out that the confidence region in a high dimensional
space should be rectangularly shaped if we want to project the region to low di-
mensional spaces. This can be quite difficult in a parametric setting, but is actually
a relatively easy task in a bootstrap situation. Since we aim at constructing a
rectangular box in ad-dimensional space, we must choose a norm measuring the
distance between points in a suitable way. After appropriate scaling and translation
of the estimates thel∞-norm is the natural choice since it measures the longest
orthogonal distance to the sides of the rectangle. In this way we do not take any
cross-correlation between estimates into account (just as we want to). This can
be compared to the previous section where thel2-norm weighted with the inverse
covariance matrix was used to construct approximate ellipsoids along the Nyquist
curve. The use of thel2-norm in this case is very natural since it is based on an
underlying normality assumption of the estimates.

We will now formalize this idea. Assume that we estimate somed-dimensional
parameter vectorθ and aim at constructingd single confidence intervals with a
simultaneous confidence degreeα. B bootstrap estimates ofθ are calculated and
will be used to construct the intervals. Denote these estimates with

θ̂∗
1 , . . . , θ̂∗

B. (5.21)

Let the elements of̂θ∗
k be denoted(

θ̂∗
1,k · · · θ̂∗

d,k

)T
, k = 1, . . . , B, (5.22)

and the estimated means and standard deviations of the elements ofθ̂ by

θ̄∗
j ,· = 1

B

B∑
k=1

θ̂∗
j ,k, j = 1, . . . , d, (5.23)

σ̂ ∗
j =

√√√√ 1

B − 1

B∑
k=1

(
θ̂∗

j ,k − θ̄∗
j ,·
)
, j = 1, . . . , d. (5.24)
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Normalize and translate the estimates of the different elements such that they all
have unit variance and zero mean

θ̃∗
j ,k = θ̂∗

j ,k − θ̄∗
j ,·

σ̂ ∗
j

. (5.25)

This will give all elements inθ equal influence.
Define the distances from the origin to the bootstrap estimates as

qk = ‖θ̃∗
k ‖∞ = max( ˜|θ∗

1,k|, . . . , |θ̃∗
d,k|), k = 1, . . . , B. (5.26)

Order the estimates in increasing distance to the mean

θ̂∗
(1), . . . , θ̂∗

(B), (5.27)

where the number between the parentheses denotes the order.
From the ordered set of estimates we pick theα-fraction closest to the mean.

That is, the confidence region should be built from

θ̂∗
(1), . . . , θ̂∗

(dB·αe), (5.28)

whered·e denotes ceiling. The boundaries

blow
1 , bhigh

1 , . . . , blow
d , bhigh

d (5.29)

of the rectangular region will be decided from

blow
j = min(θ̂∗

j ,(1), . . . , θ̂∗
j ,(dB·αe)), j = 1, . . . , d, (5.30)

bhigh
j = max(θ̂∗

j ,(1), . . . , θ̂∗
j ,(dB·αe)), j = 1, . . . , d. (5.31)

These boundaries also form the single confidence intervals (that should be inter-
preted simultaneously) according to

Iθ j = (blow
j , bhigh

j ), j = 1, . . . , d. (5.32)

The choice of how many estimates that should be included in the confidence
region actually gives the user some freedom of choice. With the choicedB · αe we
haveB ·(1−α) of the estimates strictly outside the region andB ·α−2·d estimates
strictly inside the region. This is because we have one estimate on each boundary
of the region. It should also be clear that changing the number of estimates that
decides the boundaries of region todB · αe + 2 · d gives B · α estimates strictly
inside the region andB · (1− α) − 2 · d estimates lying strictly outside the region.
We recommend the choice of usingdB ·αe+d as a standard choice (lying between
the other two), but all choices in the interval [dB · αe, dB · αe + 2 · d ] are valid.
The choices could be preferably be labeled
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Figure 5.1 Illustration of the freedom in choosing the rectangular simul-
taneous confidence region in the2-dimensional case. TheM = 100dots
illustrates different bootstrap estimates. The circle shows the mean of the
estimates, the right rectangles (F) shows the 94th and 95th estimate lying
furthest from the mean, the rectangles (G) shows the 92th and 92th estimate
lying furthest from the mean, and the rectangles (4) shows the 90th and
91th estimate lying furthest from the mean. The dashed rectangle is ob-
tained if we let10% = 10 of the estimates lie strictly outside the region.
The dash-dotted rectangle has on the other hand90%= 90of the estimates
strictly inside the region. A compromise between these two is the solid
rectangle which has90%−2 = 88estimates lying inside and10%−2 = 8
estimates lying outside the region.

• dB · αe: The aggressive choice (giving the smallest regions)

• dB · αe + 2 · d: The conservative choice (giving the largest regions)

• dB · αe + d: The inbetween choice (a compromise between the two others)

The difference with these three choices will vanish asB tends to infinity, but can be
significant whenB is finite. Whend/B � 1 the choice is more or less immaterial.
One could however argue that the regions are reliable only when all choices gives
approximately the same regions. The different choices are illustrated for the case
d = 2 in Figure 5.1.

Finally we remark that, if the dimension of the parameter vector is high, we will
need a substantial amount of reestimates ofθ to accurately describe the probability



60 Chapter 5 Bootstrap

density functionfθ̂ . This could mean that ford in the range of 30− 50 we would
probably needB at least as high as 10000.

5.4 Examples

We continue this chapter with some examples that hopefully will illustrate some of
the benefits and drawbacks of bootstrap in the area of system identification. One
should once again note that we have concentrated the examples on constructing
confidence regions in the Nyquist diagram, but the methods presented in this chapter
apply equally well to constructing confidence regions for other statistics.

Example 5.1 The parameter distributions

In this first example we will try to illustrate how we can improve the estimate of
the parameter vector distribution,Fθ̂N

, when there is a short data record and the
residuals are taken from a skew distribution.

Let the true system be given by the the following ARX(2,2,1) model

y(t) = B(q)

A(q)
u(t) + 1

A(q)
e(t)

= 2q−1 + q−2

1 + 0.8q−1 + 0.7q−2
u(t) + 1

1 + 0.8q−1 + 0.7q−2
e(t), (5.33)

where{u(t)} is a zero mean, Gaussian distributed white noise sequence with vari-
ance one,{e(t)} is a zero mean white noise sequence with exponential PDF having
the parameterλ equal to one. (The exponential probability density function is de-
fined by (5.1).) This system was simulated with an input signal and noise sequence
consisting of 25 samples and then estimated using the correct model structure.

Bootstrap was used to createB = 10000 resamples. Based on these we calculated
approximate PDFs for the four parametersa1, a2, b1 andb2. Comparisons are
made with Monte Carlo simulations and the approximate PDF we get from (2.17),
see Figure 5.2. We also present the obtained estimates of the covariance matrix
for the different methods. The estimates are denotedPMC, PBS and PM L for
Monte Carlo simulations, the bootstrap simulations and the maximum likelihood
expression (2.17), respectively.

PMC =




0.27 0.11 0.10 0.60
0.11 0.17 −0.015 0.23
0.10 −0.015 1.75 0.62
0.60 0.23 0.62 2.98
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Figure 5.2 PDFs for the parameter estimates in Example 5.1. Solid line
– bootstrap, dashed line – Monte Carlo, dotted line – maximum likelihood
see expression(2.17).

PBS =




0.25 0.11 0.12 0.49
0.11 0.19 0.0049 0.22
0.12 0.0049 1.83 0.63
0.49 0.22 0.63 2.63




PM L =




0.22 0.089 0.053 0.44
0.089 0.16 −0.029 0.17
0.053 −0.029 1.86 0.55
0.44 0.17 0.55 2.60
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By using a very skew PDF to generate the driving noise we have tried to construct
an example where the asymptotic expression (2.17) will be less accurate. This
should not affect the quality of the bootstrap estimates since this method works
irrespective of the actual distribution of the noise, as long as it is white. The reason
for using few data points is that we try to create a situation where the asymptotic
expression (2.17) is not valid. It is worth noting that the initial estimate ofG0 and
H0 have a big influence on the bootstrap estimates. The estimation error we get as
a consequence of the finite sample lengths in the initial estimate decides the centers
of the PDFs for bootstrap (just as it does for the asymptotic expression). Bootstrap
cannot adjust to this estimation error but it manages to find the shape of the true
PDF quite well. This is most clearly seen in Figure 5.2(a), where the skewness
of the Monte Carlo PDF is picked up by the bootstrap, but not (of course) by the
maximum likelihood estimate. ❏

The two examples to come focus on the problem of estimating the variance
error in case of undermodeling. This problem has, as already noted, not been
discussed much in the literature. As mentioned in Section 2.1.3 the problem lies in
the estimation of (2.19). To circumvent this problem we use the bootstrap according
to Algorithm 5.2.

Example 5.2 Undermodeling 1

The example presented here is based on the same setup as used by Hjalmarsson
and Ljung (1992). The true system is given by

y(t) = q−1

(1 − 0.2q−1)(1 − 0.3q−1)
u(t)

+ 1

(1 − 0.2q−1)(1 − 0.3q−1)(1 + 0.95q−1)
e(t), (5.34)

where{e(t)} and{u(t)} are zero mean, white Gaussian noise sequences with vari-
ances two and five, respectively. The noise has a a large amount of energy in the
high frequency region, due to the pole at−0.95. To this system an ARX(1,1,1)
model was fitted. This causes a large bias due to the high frequency weighting
caused by noise, but the purpose of this example is only to show how the uncer-
tainty in the estimated model can be found using bootstrap. (An estimate of the
bias is however given by the model error model.)

The system was simulated withN = 300, 1000, 5000, 10000 data andB =
2000 resamples were made for each dataset to get the covariance estimates for the
parameter vector. The model error was estimated using an ARX(15,15,0) structure
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(a) Uncertainty regions using Monte
Carlo simulations.
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(b) Uncertainty regions using bootstrap.
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(c) Uncertainty regions using (2.20)
and (2.78).

Figure 5.3 Nyquist curve with uncertainty regions using different methods
described in Example 5.2. Solid line – true system.
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Boot- Monte ML Hjalmarsson
N strap Carlo Estimate λ = 0.99

300 4.3 0.2 4.9 -0.1 0.6 0.0 2.9 -1.2
0.2 0.8 -0.1 0.8 0.0 1.6 -1.2 1.5

1000 4.9 -0.4 5.3 -0.2 0.6 0.0 2.0 -0.7
-0.4 1.2 -0.2 1.2 0.0 1.7 -0.7 2.1

5000 6.0 -0.2 5.4 -0.3 0.6 0.0 4.0 0.2
-0.2 1.0 -0.3 1.1 0.0 1.8 0.2 1.6

10000 5.8 -0.2 5.5 -0.1 0.6 0.0 4.6 0.3
-0.2 0.9 -0.1 1.0 0.0 1.8 0.3 1.7

Table 5.1 Estimates ofPθ . The bootstrap and Monte Carlo simulations are
based on 2000 resamples and realizations, respectively. Note that covari-
ance estimates in the last column are taken from (Hjalmarsson and Ljung,
1992). See the cited article for further details.

(the same model was used in all four cases in order to avoidmisunderstandings). The
resulting estimates of the covariance matrices for the parameters,Pθ , are presented
in Table 5.1. It summarizes the results for bootstrap, Monte Carlo simulations, and
the conventional estimate (2.20). The bootstrap and the conventional estimate are
based on the same realization of the noise sequence; the Monte Carlo estimates were
obtained using the same input sequence as the two former, but 2000 independent
runs of sequences were used as driving noise. We also give the results achieved
in Hjalmarsson and Ljung (1992) in the last column. In this column one should
note that we have not done any new experiments, we have just picked the values
achieved in the referenced article. (We should also mention that the Monte Carlo
simulations in Hjalmarsson and Ljung (1992) are not performed in the same way
as here, confer the cited article for details.)

Although the comparison with Hjalmarsson and Ljung (1992) is not 100% fair,
we will draw some conclusions. First the Monte Carlo estimates should be seen
as being very close to the true theoretical values. The bootstrap method produces
estimates that are closer to the Monte Carlo estimates than the estimates obtained
in Hjalmarsson and Ljung (1992). As expected, the quality of the covariance
estimates improves asN (andB) increases.

We also calculated uncertainty regions for the Nyquist curve at 24 frequencies
for the dataset withN = 5000. This was done with Monte Carlo simulations
(Figure 5.3(a)), bootstrap resampling (Figure 5.3(b)), and the conventional estimate
combined with Gauss’ approximation formula (Figure 5.3(c)). The methods used
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to construct the uncertainty regions are described in Section 5.3.

It is evident that bootstrap works well in this case. We see that it is almost impossible
to separate the results of Monte Carlo simulations from the ones obtained using
bootstrap. The results could probably be even better if more effort was put on
finding the best order of the model error model in all four different cases. This is
a clear indication of that the suggested bootstrap procedure gives reliable variance
error estimates. ❏

Example 5.3 Undermodeling 2

This example is taken from Box and Jenkins (1976, pp. 532-533). Comparisons
are made with the method used in Hjalmarsson and Ljung (1992). The data set
consists of 296 measurements of input gas rate and output CO2 concentration of
gas furnace. The model used is an ARX(3,1,3) (the same one as in Hjalmarsson and
Ljung (1992)). Since we do not know the true system, we can not find the “correct”
covariance matrix in this case by means of Monte Carlo simulations. Therefore
we compare the results from bootstrap estimation with the results obtained with
the method of Hjalmarsson and Ljung (1992). The bootstrap estimated covariance
matrix is based on 2000 resamples and is denotedPBS. We denote the covariance
matrix estimated in Hjalmarsson and Ljung (1992) byPH L . The results are:

PH L =




10.3 −9.6 1.8 −8.3
−9.6 9.9 −2.4 7.0
1.8 −2.4 0.9 −0.9

−8.3 7.0 −0.9 7.4




PBS =




1.5 −2.3 0.97 −0.63
−2.3 3.6 −1.6 0.83
0.97 −1.6 0.80 −0.31

−0.63 0.83 −0.31 0.44




The difference is significant, but it is impossible to say which one is better. However,
one can argue that since the method in Hjalmarsson and Ljung (1992) seems to need
a significant amount of data points to converge to the correct covariance matrix,
their method will probably not be very accurate in this short data example.❏

Example 5.4 Simultaneous confidence degree

In this example we will make a study of the different uncertainty bounding tech-
niques described in this chapter and in Chapter 2. This includes both the method
in Section 5.3.2 and the method in Section 5.3.3. As a reference we will calculate
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uncertainty regions with the help of Monte Carlo simulations. Totally we have four
different approaches that we will compare:

1. The maybe simplest classical expression, which is given by

1

N
P(ω) ≈ n

N

1

2
8v(ω)

[
1/8u(ω) 0

0 1/8u(ω)

]
asN, n,

N

n
→ ∞

Against the simplicity of this expression stands the fact that it is asymptotic
in the model order.

2. Probably the most used expressions, i.e., the combination of

P(ω) ≈
[
ReĜ′

θ (e
iω, θ̂N)

Im Ĝ′
θ (e

iω, θ̂N)

]
Pθ

[
ReĜ′

θ (e
iω, θ̂N)

Im Ĝ′
θ (e

iω, θ̂N)

]T

,

wherePθ can be estimated from (2.18-2.19).

3. The bootstrap procedure presented in Section 5.3.2. This will be called the
standard bootstrap procedurein the rest of this example.

4. The bootstrap procedure presented in Section 5.3.3 giving simultaneous con-
fidence degree. This will be called thesimultaneous bootstrap.

Comparing different methods is difficult, since they are often based on different
assumptions. The aim of this example is thus not to classify different methods
in their ability to solve the specific problem they are exposed to. It will more
serve as guide to where different methods works well, and where they do not. We
do however expect that the methods that do not construct simultaneous confidence
regions will produce similar results (expect method number 1, since it is asymptotic
in the model order).

To illustrate these approaches we will use the following system:

A(q)y(t) = B(q)u(t) + e(t)

A(q) = 1 − 2.5q−1 + 3.3q−2 − 2.5q−3 + 1.2q−4 − 0.3q−5, (5.35)

B(q) = 0.21q−1 + 0.35q−2 − 0.12q−3 − 0.11q−4 + 0.23q−5,

whereu(t) is a pseudo random binary signal with amplitude one ande(t) is an i.i.d.
Gaussian processes with zero mean and variances 0.04. A bode plot of the system
is depicted in Figure 5.4. This system was simulated withN = 1000 data points
and an ARX(5,5,1)-model was fitted to the data. Since the correct model structure
and order is used we have no problem with undermodeling.
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Figure 5.4 Bode diagram of the system in Example(5.4). Solid line – the
system, dashed line – the noise system.

The evaluation of the results are displayed along the Nyquist curve using confidence
regions calculated along a grid defined by the following 32 frequencies (in MATLAB

notation):

W1 ={0.00001, 0.01, (0.1 : 0.1 : 0.6), 0.65, (0.68 : 0.015 : 0.9),

0.93, 0.96, 1, 1.1, 1.2, 1.5, 2, 3.1}
(All frequencies in rad/s.)

All four different approaches are calculated and displayed in Figure 5.5 and in
Figure 5.6. The construction of the bootstrap and Monte Carlo based confidence
regions are based onB = 3000 resamples/samples. Some conclusions that can be
drawn from these figures are:

• The simple expression (2.25), which is asymptotic in both the model order
and N, clearly underestimates the size of the confidence regions at most
frequencies (Figure 5.5(a)). This is probably because of the relatively low
model order used in this example, which makes the used expression invalid.

• Gauss’ approximation formula and the standard bootstrap procedure (Sec-
tion 5.3.2) give results that resembles closely with the results obtained using
Monte Carlo simulations. See Figures 5.5(b), 5.6(a), and 5.6(c), respectively.
Looking more carefully at these figures we also see that bootstrap gives a
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(a) Uncertainty regions using the
asymptotic expression (2.25).
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(b) Uncertainty regions using Gauss’
approximation formula and the esti-
mate (2.22).

Figure 5.5 Nyquist curve with 95 % simultaneous confidence degree un-
certainty regions using the classical expressions in Chapter 2. Solid line –
true system, dashed line – estimated system.

more accurate orientation of the regions in the low frequency range than the
traditional use of Gauss’ approximation formula.

• The confidence regions built utilizing the simultaneous bootstrap are consider-
ably larger than the others. See Figure 5.6(b) for bootstrap and Figure 5.6(d)
for the Monte Carlo based results. It also looks like bootstrap manages to
give a good description of the uncertainty regions even in this case, i.e., the
regions have more or less the same shape size as what was achieved using
Monte Carlo simulations.

• One obviously needs a substantial amount of estimates to be able to achieve
“smooth” simultaneous confidence regions. This has to do with that dis-
tances are measured in a 32 dimensional space (according to the number of
constructed regions). HavingB = 3000 resamples corresponds to approxi-
mately 100 samples in each dimensions, which does not give a very precise
description of the underlying distribution.

The figures shown in this example illustrate the fact that bootstrap achieves confi-
dence regions which are very similar to the ones obtained using Monte Carlo sim-
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(a) Uncertainty regions using bootstrap
and the method in Section 5.3.2.
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(b) Uncertainty regions using bootstrap
and the method in Section 5.3.3.
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(c) Uncertainty regions using Monte
Carlo simulations and the method in
Section 5.3.2.
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(d) Uncertainty regions using Monte
Carlo simulations and the method in
Section 5.3.3.

Figure 5.6 Nyquist curve with 95 % simultaneous confidence degree
uncertainty regions using different methods described in Sections 5.3.2
and 5.3.3. Solid line – true system, dashed line – estimated system (where
it is relevant).
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ulations. These figures do not however say anything about the confidence degree
actually achieved. Therefore, we evaluate the actual quality of the simultaneous
bootstrap confidence regions. This was accomplished by constructing confidence
bands for the amplitude curve and evaluating how many of these bands that ac-
tually covered the true system ateveryfrequency. This was done by generating
500 realizations from the system (5.35). We evaluated the results on the following
frequency grid

W2 = {0.00001, 0.01, (0.1 : 0.1 : 0.6), (0.65 : 0.05 : 0.9), 1, 1.2, 1.5, 2, 3.1}.

We usedN = 300 andN = 1000 data in each realization and constructed the
confidence bands from each one of them usingB = 1000 andB = 3000 resamples,
respectively. The confidence degrees we wanted to achieve wereα = 0.85, 0.9,
and 0.95. The obtained confidence degrees are depicted in Table 5.2. In this table
we also included a comparison of three different choices of the number of samples
that was included in the construction of the confidence band. Here we compared
the aggressive choice, the inbetween choice, and the conservative choice. It is clear
that if cannot use a highB (due to time limitations for example) we should use the
conservative choice. Ifd/B � 0.01 the choice is more or less immaterial. The
table shows that the simultaneous bootstrap seems to work really well in most cases.
It is however a bit surprising that the method produces slightly worse results when
the data length increases (on this example). To this we have no explanation. We
also included an evaluation of the actual confidence degree obtained when choosing
the confidence degrees to meet the guaranteed lower bound given by the Bonferroni
inequality. The table shows that this bound is rather conservative in this case.

❏

5.5 Conclusions

We have looked at some aspects of where bootstrap could be used in system identi-
fication related problems. The proposed algorithms work fine in the demonstrated
examples. Even situations where asymptotic results are valid we can find some
improvements using bootstrap. This was shown in Example 5.4.

Bootstrap also make it possible to construct confidence regions with simulta-
neous confidence degree, which is far more difficult task using traditional methods.

In Example 5.2 it is shown that bootstrap provides a nice solution to the problem
of estimating the variance error of the estimates in case of undermodeling. This is
also the main contribution of this chapter.
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N = 300 α = 0.85 α = 0.9 α = 0.95
B = 1000 0.834 0.912 0.942
B = 3000 0.842 0.904 0.944
Bonferroni 0.952 0.968 0.98

N = 1000 α = 0.85 α = 0.9 α = 0.95
B = 1000 0.810 0.886 0.942
B = 3000 0.832 0.884 0.946
Bonferroni 0.948 0.958 0.974

B = 3000 d0.9Be d0.9Be + 19 d0.9Be + 2 · 19
N = 300 0.896 0.904 0.916
N = 1000 0.876 0.886 0.900

Table 5.2 Obtained simultaneous confidence degree for the amplitude es-
timate of (5.35). The method used to construct these bands was bootstrap
as described in Section 5.3.3. The results are based on 500 realizations
of (5.35) using N data. B is the number of bootstrap resamples andα

is the confidence degree that was wished for. (Note thatα = 0.9 in the
last two rows.) The rows named Bonferroni is the actual confidence level
achieved when the intervals are constructed using asymptotic normality and
the lengths adjusted to meet the guaranteed simultaneous confidence level.

As a conclusion one must say that the strength of bootstrap lies in its sim-
plicity and wide applicability. Most computations are fast and extremely easy to
implement, but its repetitive nature could make the total computational time long.
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6
Model Reduction and

Variance Reduction

Model reduction is all about compressing a given representation of a system. The
most extreme example of this is the actual identification phase, where the “model”
consisting ofZN is mapped into anth order parameterized one. In the standard
setting described in Chapter 2 this corresponds to finding the bestL2 approximation
of data (given a model class). Irrespectively how the reduction phase is performed it
makes it possible to keep track of the bias errors the reduction step gives rise to. This
will of course help us in the control design phase, so that stability and performance
measures can be calculated. There has, however, been little discussion on how the
variance of the high order estimated model maps over to the low order one. Since
the variance errors strongly affects the use and interpretation of the reduced model
they are in many cases at least as important as the bias errors.

We will in this chapter discuss exactly this problem, i.e., how to compute the
variance of the reduced model. General formulas describing the covariance of the
low order model will presented. When the reduced models are of FIR and of OE
structures we also explicitly compute the covariance matrix. The result is that when
the true system lies in the model class of the low order model the method is efficient,
i.e., the covariance matrix meets the Cramér-Rao bound.

73
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6.1 Model Reduction

To estimate a low order model of a system, several possibilities exist. The most
obvious one is to directly estimate a lower order model from data:

θ̂N = arg min
θ

1

N

N∑
t=1

|y(t) − G(q, θ)u(t)|2. (6.1)

As known from, e.g., Ljung (1999b), the prediction/output error estimate automat-
ically gives models that areL2-approximations of the true system in a frequency-
weighted norm, determined by the input spectrum and noise model:

θ̂N → θ∗ = arg min
θ

∫ π

−π

|G0(e
iω) − G(eiω, θ)|28u(ω)dω, (6.2)

where8u is the input spectrum andG0 is the true system. A second possibility is
to estimate a higher order model, which is then subjected to model reduction to the
desired order. See, e.g., Wahlberg (1989). For the model reduction step, a variety
of methods could be applied, like truncating balanced state-space realizations, or
applying L2-norm reduction. The latter method means that the low order model,
parameterized byη is determined as

η̂ = arg min
θ

∫ π

−π

|Ĝh(e
iω) − G(eiω, η)|2W(ω)dω. (6.3)

Here,Ĝh(q) is the high order (estimated) model, andW is a weighting function.
An important question is whether this reduction step also will imply a reduction

of variance, i.e., if the variance ofG(eiω, η̂) (viewed as random variable through its
dependence of the estimateĜh(eiω)) is lower than that of̂Gh(eiω). A second ques-
tion is how this variance compares with the one obtained by the direct identification
method (6.1).

The somewhat surprising answer is that (6.3) may in some cases give a lower
variance than (6.1). Before treating general cases, let us first consider a simple, but
still illustrating example.

Example 6.1

Consider the true system

y(t) = u(t − 1) + 0.5u(t − 2) + e(t), (6.4)
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where the inputu is white noise with varianceµ, ande is white noise with variance
λ. We compare two ways of finding a first order model of this system. First,
estimateb in the FIR model

ŷ(t|b) = bu(t − 1).

This gives the estimate (using least squares)b̂N , with

b̂N → E b̂N = 1, as N → ∞.

Note here that the expectation is taken over bothu and e. This will be used
throughout this chapter. The variance ofb̂N is computed by

E(b̂N − 1)2 = E

(∑N
t=1 u(t − 1)(0.5u(t − 2) + e(t))∑N

t=1 u2(t − 1)

)2

≈ λ + 0.25µ

N · µ
.

The second method is to estimate a higher order model (in this case second order)

ŷ(t|b1, b2) = b1u(t − 1) + b2u(t − 1).

This gives the estimated transfer function

Ĝh(q) = b̂1q−1 + b̂2q−2,

with b̂i tending to their true values, and each having a variance ofλ/(Nµ). Now,
subjectingĜh to theL2 model reduction (6.3) withW(ω) ≡ 1 gives the reduced
model

Ĝ`(q) = b̂1q−1.

The variance of the directly estimated first order model is

Var b̂1 = λ + 0.25µ

N · µ
,

while theL2-reduced model has

Var b̂1 = λ

N · µ
,

i.e., it is strictly smaller. ❏
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In this example it was strictly better to estimate the low order model, both in
terms of variance and mean square error, by reducing a higher order model than to
estimate it directly from data. This somewhat unexpected result can clearly only
happen if the low order model structure does not contain the true system. The
prediction error methods are in these cases (assume thate is normal) efficient, i.e.,
their variances meet the Cramèr-Rao bound if the model structure contains the true
system. In those cases no other estimation method can beat the direct estimation
method.

6.2 Other Approaches

Before going into the actual calculation we discuss some related approaches. Three
of the few contributions that take into account that the high order model is ob-
tained through an identification experiment when performing model reduction are
Wahlberg (1987), Söderström et al. (1991), and Zhou and Backx (1993). We will
shortly describe the first two.

In Söderström et al. (1991) the authors look at nested model structures. Espe-
cially they look for structures that can be embedded in larger structures which are
easy to estimate, such as ARX structures. After estimating the high order structure
they reduce the estimate to the low order structure in a weighted least squares sense.
The method is called anindirect prediction error method. We illustrate the idea
using the generalized least squares structure.

Assume that the low order structure is of ARMAX type (see Section 2.1.4),
where the polynomialsA(q), B(q), andC(q) are of ordersna1, nb1 andnc1 respec-
tively. The structure is then parameterized by

η = (
a1 . . . ana1

b1 . . . bnb1
c1 . . . cnc1

)
.

Now we rewrite this structure to a high order ARX structure by multiplying with
C(q), i.e.,

A(q, η)C(q, η)y(t) = B(q, η)C(q, η)u(t) + e(t)

⇔
Ã(q, θ)y(t) = B̃(q, θ)u(t) + e(t),

where

θ =
(
ã1 . . . ãna2

b̃1 . . . b̃nb2

)
.
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This means that there is a non linear mapping betweenη andθ , i.e.,η = F(θ). Now
θ can be estimates using standard least squares andη is the found by minimizing

η̂ = arg min
η

(F(η) − θ̂N)T P̂−1
θ (F(θ) − θ̂N),

where P̂θ is an estimate of the covariance ofθ . It is shown that the statistical
properties of this indirect methods is the same as for standard PEM.

Wahlberg (1987) uses an approach similar to the one in Söderström et al. (1991).
First anth order FIR model parameterized byθ is estimated and is then reduced to
a lower order modelG(q, η) subject to

η̂ = arg min
η

(F(η) − θ̂N)T RN(F(η) − θ̂N).

Here

F(η) = R−1
N

N∑
t=1

G(q, η)u(t)ϕ(t)

and

ϕ(t) = (
u(t − 1) . . . u(t − n)

)T

RN =
N∑

t=1

ϕ(t)ϕT (t).

It is shown that the estimate ofη is asymptotically efficient, i.e., its covariance
matrix meets the Cramér-Rao bound as the FIR order,n, tends to infinity.

Note that both of these approaches coincide withL2 model reduction ifη is a
linear function ofθ . This is the case ifη parameterize by a FIR model.

6.3 The Basic Tools

To translate the variance of one estimateθ̂ to anotherη̂ = f (θ̂) we use Gauss’
approximation formula (2.77). To use this result to compute the variance of an
L2-reduced model, we need an (asymptotic) expression for how it depends on the
higher order model. For this we return to (6.3) with more specific notation. Let the
high order model be

G(q, θ̂ ), with Covθ̂ = Pθ . (6.5)
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Let η parameterize a lower order modelG(q, η) and define

η̂(θ̂ ) = arg min
η

V(η, θ̂) (6.6)

for some functionV , that depends on the lower order modelη and the high order,
estimated, model̂θ . For L2-reduction we use

V(η, θ̂) =
∫ π

−π

|G(eiω, η) − G(eiω, θ̂)|2W(ω)dω, (6.7)

but the form ofV is immaterial for the moment. We will assume it to be differen-
tiable, though.

Now, sinceη̂ minimizesV(η, θ̂), we have

V ′
η(η̂(θ̂ ), θ̂ ) = 0, (6.8)

whereV ′
η denotes the partial derivative ofV with respect to its first argument. Now,

(6.8) by definition holds for all̂θ , so taking the total derivative with respect toθ̂

gives

0 = d

dθ
V ′

η(η̂(θ̂ ), θ̂ ) = V ′′
ηη

d

dθ̂
η̂(θ̂ ) + V ′′

ηθ

or

d

dθ̂
η̂(θ̂ ) = −[V ′′

ηη]−1V ′′
ηθ̂

. (6.9)

This expression for the derivative, and Gauss’ approximation formula (2.77), now
give the translation of the variance ofθ̂ to that ofη̂:

Covη̂ =Pη

= [[V ′′
ηη(η

∗, θ∗)]−1V ′′
ηθ (η

∗, θ∗)
]

Pθ

[[V ′′
ηη(η

∗, θ∗)]−1V ′′
ηθ(η

∗, θ∗)
]T

, (6.10)

where

θ∗ = lim
N→∞ θ̂N (6.11)

and

η∗ = η(θ∗). (6.12)

This gives us a general expression for investigating variance reduction for any
reduction technique that can be written as (6.6). Especially it holds forL2-reduced
estimates (6.7).
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6.4 The FIR case

In this section we will look at systems of FIR structure. We show the perhaps
surprising result that estimating a high order model followed byL2 model reduction
nevergives higher variance than directly estimating the low order model.

Suppose that our data is generated by FIR system withd = d1 +d2 parameters,
i.e.,

y(t) =
d1∑

k=1

bku(t − k) +
d∑

k=d1+1

bku(t − k) + e(t)

=ηT
0 ϕ1(t) + ξT

0 ϕ2(t) + e(t) = θT
0 ϕ(t) + e(t),

(6.13)

wheree is white noise with varianceλ, andu is a stationary stochastic process,
independent ofe, with spectrum8u(ω). The definitions ofη, ξ, θ, andϕ(t) should
be immediate from (6.13):

η0 =



b1
...

bd1


 , ϕ1(t) =




u(t − 1)
...

u(t − d1)


 ,

etc. Let us also introduce the notation

R11 = Eϕ1(t)ϕ
T
1 (t), R12 = Eϕ1(t)ϕ

T
2 (t) = RT

21

R22 = Eϕ2(t)ϕ
T
2 (t).

(6.14)

The true frequency function can thus be written

G0(e
iω) = θT

0




e−iω

...

e−diω


 . (6.15)

We now seek the bestL2 approximation (in the frequency weighting norm8u) of
this system of orderd1:

η∗ = arg min
η

∫ π

−π

|G0(e
iω) − G(eiω, η)|28u(ω)dω

= arg min
η

E |θ0ϕ(t) − ηTϕ1(t)|2,
(6.16)

where the second step is Parseval’s identity. Simple calculations show that the
solution is

η∗ = η0 + R−1
11 R12ξ0. (6.17)
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Now, the least squares estimateη̂N of orderd1 is

η̂N =
[∑

ϕ1(t)ϕ
T
1 (t)

]−1∑
ϕ1(t)y(t)

=η0 +
[∑

ϕ1(t)ϕ
T
1 (t)

]−1∑
ϕ1(t)ϕ

T
2 (t)ξ0

+
[∑

ϕ1(t)ϕ
T
1 (t)

]−1∑
ϕ1(t)e(t),

(6.18)

where the second step follows from (6.13). This gives that

E η̂N ≈ η∗. (6.19)

The approximation involved concerns the indicated inverse. WhenN is large the
law of large numbers can be applied to give the result. (A technical comment: In the
definition of the estimate, one may have to truncate for close-to-singular matrices.
See Appendix 9.B in Ljung (1999b) for such technicalities.) Moreover

Covη̂N = E(η̂N − η∗)(η̂N − η∗)T

≈ λ

N
R−1

11 + E HNξ0ξ
T
0 H T

N (6.20)

where

HN =
[∑

ϕ1(t)ϕ
T
1 (t)

]−1 [∑
ϕ1(t)ϕ

T
2 (t)

]
− [R11]

−1 R12. (6.21)

Let us now turn to the model reduction case. We first estimate the full system
of orderd. That gives the estimatêθN with

E θ̂N = θ0 (6.22)

and

Var θ̂N = Pθ̂ = λ

N

[
Eϕ(t)ϕT (t)

]−1 = λ

N

(
R11 R12

R21 R22

)−1

, (6.23)

with obvious partitioning according to (6.14). We insert this high order estimate
into (6.7) withW(ω) = 8u(ω) and perform the model reduction (6.6).

Note that, by Parseval’s relation (6.7) can also be written

V(η, θ̂) = E(ηTϕ1(t) − θ̂Tϕ(t))2, (6.24)
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withϕ(t) constructed fromu as in (6.13), whereu has the spectrumW(ω) = 8u(ω).
In the notation of (6.8) we have

V ′′
ηη = Eϕ1(t)ϕ

T
1 (t) = R11

V ′′
ηθ̂

= Eϕ1(t)ϕ
T (t) = Eϕ1(t)

(
ϕT

1 (t) ϕT
2 (t)

)
= (R11 R12

) (6.25)

From (6.10) and (6.23) we now find that

Covη̂ =R−1
11

(
R11 R12

) · λ

N

(
R11 R12

R21 R22

)−1(
R11

R21

)
R−1

11 = λ

N
R−1

11 , (6.26)

where the last step simply follows from the definition of an inverse matrix.
Comparing with (6.20) we see thatthis variance is strictly smaller than that

obtained by direct identification, providedξ0 6= 0, that is, the true system is of
higher order thand1. However, if the true system is of orderd1 we also find that
the reduced model reaches the Cramér-Rao bound, i.e.,

Covη̂ = λ

N
R−1

11 . (6.27)

The conclusion from this is thatthe variance of the reduced FIR model is never
higher than the variance obtained by direct estimation.

Comments: We could here remark that the variance reduction is related to
performing the reduction step “correctly”. If (6.24) is approximated by the sample
sum over the same input data as used toestimateθ̂ it follows that the reducedestimate
will always be equal to the direct one. Moreover, the variance reduction can be
traced to the fact that the approximation aspect of the direct estimation method
depends on the finite sample properties ofu over t = 1, . . . , N. If expectation is
carried out only with respect toe we have

Ee η̂N = η∗ + HNξ0

and this is the root of the increased variance in the direct method.

6.5 The General Case

The result that it may be advantageous to useL2 model reduction of a high order
estimated model, rather than to directly estimate a low order one is intriguing.
Using the basic tools, more general situations can be investigated. Here we focus
on OE model structures. We assume that the low order model structure contains
the true system, i.e., we look at the no undermodeling case.
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Let the underlying system be given by

y(t) =
∞∑

k=0

gku(t − k) + e(t) = G0(q)u(t) + e(t), (6.28)

with the same assumptions one andu as in (6.13). Parameterize two OE model
structuresG(q, θ) andG(q, η) where dimθ ≥ dimη, i.e.,

θ = (
b1 . . . bnb f1 . . . fn f

)T
(6.29)

η = (
b1 . . . bnb0

f1 . . . fn f0

)T
, (6.30)

wherenb ≥ nb0 andn f ≥ n f0. Furthermore, we assume the existence of someθ∗
and a uniqueη∗ such that

G(eiω, θ∗) = G(eiω, η∗) = G0(e
iω) (6.31)

for almost allω. Note here that the parametersη form a subset ofθ . This can be
written as

ST
0 θ = η, (6.32)

where

S0 = (
e1 . . . enb0

enb+1 . . . enb+n f0

)
(6.33)

andej is the j th column of the(nb + n f ) × (nb + n f ) identity matrix.

The gradients of̂y(t, θ) and ŷ(t, η) equals (see (2.21) and Section 2.1.4)

9(t, θ) = d

dθ
G(q, θ)u(t) = d

dθ

B(q, θ)

F(q, θ)
u(t)

=




q−nk0

...

q−nk0−nb+1

−q−1G(q, θ)
...

−q−n f G(q, θ)




1

F(q, θ)
u(t) (6.34)
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and

9(t, η) = d

dη
G(q, η)u(t) = d

dη

B(q, η)

F(q, η)
u(t)

=




q−nk0

...

q−nk0−nb0+1

−q−1G(q, η)
...

−q−n f0 G(q, η)




1

F(q, η)
u(t) (6.35)

By observing that

B(q, θ∗)
F(q, θ∗)

= G0(q) (6.36)

we find that

B(q, θ∗) = B0(q)L(q), andF(q, θ∗) = F0(q)L(q). (6.37)

HereL(q) is a monic FIR filter of lengthr + 1 and

r = min(nb − nb0, n f − n f0), (6.38)

i.e.,

L(q) = 1 + l1q−1 + . . . + lr q
−r =

r∑
k=0

lkq−k, (6.39)

where we use the convention thatl0 = 1. We also obviously have that

B(q, η∗)
F(q, η∗)

= G0(q) (6.40)

Putting (6.34),(6.36), and (6.37) together gives

9(t, θ∗) =




q−nk0

...

q−nk0−nb+1

−q−1G0(q)
...

−q−n f G0(q)




1

L(q)F0(q)
u(t). (6.41)



84 Chapter 6 Model Reduction and Variance Reduction

In the same way we get from (6.35), and (6.40)

9(t, η∗) =




q−nk0

...

q−nk0−nb0+1

−q−1G0(q)
...

−q−n f0 G0(q)




1

F0(q)
u(t). (6.42)

Looking at these two expressions and utilizing (6.32) we get the important relation

9(t, η∗) = ST
0 L(q)9(t, θ∗). (6.43)

Let us now consider (6.7) withW(ω) = 8u(ω):

V(η, θ̂) =
∫ π

−π

|G(eiω, η) − G(eiω, θ̂ )|28u(ω)dω

= E
[
(G(q, η) − G(q, θ̂ ))u(t)

]2
(6.44)

= Eε2(t, η, θ̂ ),

with obvious definition ofε2(t, η, θ̂ ). Note thatθ̂ should be regarded as fixed
(independent ofu) in this expression. Define as before

η̂N = arg min
η

V(η, θ̂N) (6.45)

From the discussion in Ljung (1999b, Appendix B) it follows that difference be-
tween the expected value ofη̂N andη∗ (defined by (6.12)) is small for largeN.
So the limiting estimate of the two step method (estimation and reduction) gives
approximately the same limiting estimate as the direct estimation method.

In order to calculate the variance of the reduced order model we need to derive
the expressions forV ′′

ηη andV ′′
ηθ̂

from (6.44):

V ′
η(η, θ̂ ) = E9(t, η)ε(t, η, θ̂ ) (6.46)

V ′′
ηη(η, θ̂ ) = Eε(t, η, θ̂ )

d

dη
9(t, η) + E9(t, η)9T (t, η) (6.47)

V ′′
ηθ (η, θ̂ ) = − E9(t, η)9T (t, θ̂ ) (6.48)

Since both parameterizations (inη andθ) are rich enough to describe the underlying
true system, we know that the residuals areε(t, η, θ̂ ) are white and independent
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of past inputs and past outputs. This implies that the first term in (6.47) vanishes.
Evaluating the last two expressions at(η∗, θ∗) gives

V ′′
ηη(η

∗, θ∗) = V ′′
ηη(η, θ̂ )

∣∣∣
η=η∗, θ̂=θ∗ = E9(t, η∗)9T (t, η∗) (6.49)

V ′′
ηθ (η

∗, θ∗) = − E9(t, η∗)9T (t, θ∗) (6.50)

Estimation of the high order systemG(q, θ) givesθ̂ with covariance

Covθ̂N = Pθ = λ

N

[
E9(t, θ∗)9T (t, θ∗)

]−1
(6.51)

Putting Equations (6.10),(6.50), and (6.51) together we find that

Covη̂ = [E9(t, η∗)9T (t, η∗)
]−1 [

E9(t, η∗)9T (t, θ∗)
]

× λ

N

[
E9(t, θ∗)9T (t, θ∗)

]−1

× [
E9(t, θ∗)9T (t, η∗)

] [
E9(t, η∗)9T (t, η∗)

]−1
. (6.52)

We will later show that this expression can simplified to

λ

N

[
E9(t, η∗)9T (t, η∗)

]−1
, (6.53)

which is the Cramér-Rao bound for the estimation ofη. This can equivalently be
stated as

[
E9(t, η∗)9T (t, η∗)

] =[
E9(t, η∗)9T (t, θ∗)

] [
E9(t, θ∗)9T (t, θ∗)

]−1 [
E9(t, θ∗)9T (t, η∗)

]
, (6.54)

which will be used later on. In order to prove this we need some more results.
We start by giving a lemma regarding rank deficient matrices.

L EMMA 6.1
Let A be an × n-dimensional positive semidefinite symmetric matrix of rankm.

Define Ã = A + δ I with δ > 0. Then the following holds:

i) Ã−1 A = AÃ−1 = I − δ Ã−1.

ii) lim δ→0 δ2 Ã−1 = 0.
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Proof

i) I = Ã−1 Ã = Ã−1(A + δ I ) ⇔ Ã−1 A = I − δ Ã−1.
The other equality follows similarly.

ii) Since A is symmetric it follows that

A = U DU T , (6.55)

with D = diag(d1, . . . , dm, 0, . . . , 0) andUU T = U TU = I .
Adding δ I to both sides of (6.55) gives

A + δ I = U (D + δ I )U T .

Inverting both sides gives (sinceU−1 = U T )

Ã−1 = U (D + δ I )−1U T .

Hence we get

δ2 Ã−1 = U D̄U T , D̄ = diag(
δ2

d1 + δ
, . . . ,

δ2

dm + δ
, δ, . . . , δ).

From this it follows that

lim
δ→0

δ2 Ã−1 = U lim
δ→0

D̄U T = U · 0 · U T = 0.

❏

Before presenting the next lemma we introduce the notation:
(A)i, j = the(i, j )th element ofA.
(A)·, j = the j th column ofA.
Furthermore we extend the definition ofS0 in (6.33) to

Sk = (
ek+1 . . . ek+nb0

ek+nb+1 . . . ek+nb+n f0

)
. (6.56)

The covariance function of the gradient9(t, θ∗) is defined as

Rθ (k) = E9(t + k, θ∗)9T (t, θ∗) = E9(t, θ∗)9T (t − k, θ∗). (6.57)

We are now ready to state a lemma connectingRθ (k) to Rθ (0).
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L EMMA 6.2 (PROPERTIES OF THE COVARIANCE FUNCTION )
Let Rθ (k) be given by (6.57). Then it holds that:

i) Rθ (k)S0 = Rθ (0)Sk, 0 ≤ k ≤ r .

ii) ST
0 Rθ (−k) = ST

k Rθ (0), 0 ≤ k ≤ r .

iii) ST
0 Rθ (k − m)S0 = ST

mRθ (0)Sk, 0 ≤ k ≤ r .

Proof

i) Studying thej th, 1≤ j ≤ nb − k, column ofRθ (k), where 0≤ k ≤ r , gives

(Rθ (k))·, j =(E9(t, θ∗)9T (t − k, θ∗))·, j

= E9(t, θ∗)
(

q−nk0−k− j +1 1

L(q)F0(q)
u(t)

)
= E9(t, θ∗)(9T (t, θ∗))·,k+ j = (Rθ (0))·,k+ j

Similarly for nb + 1 ≤ j ≤ nb + n f − k we get

(Rθ (k))·, j =(E9(t, θ∗)9T (t − k, θ∗))·, j

= E9(t, θ∗)
(

−q−k− j +1 G0(q)

L(q)F0(q)
u(t)

)
= E9(t, θ∗)(9T (t, θ∗))·,k+ j = (Rθ (0))·,k+ j

Now the multiplicationRθ (k)S0 picks out the firstnb0 rows and rows with indices
betweennb + 1 andnb + n f0 from Rθ (k), whereasRθ (0)Sk picks out rows shifted
k+1 steps away (relatively toS0) from Rθ (0). This means that we pick out exactly
those columns corresponding to each other by the multiplication withS0 andSk.

ii) Follows after transposing i)

ST
0 Rθ (−k) = ST

0 RT
θ (k) = (Rθ (k)S0)

T = (Rθ (0)Sk)
T = ST

k Rθ (0)

iii) Sketch. Observe from ii) thatST
k Rθ (0) picks out the same rows fromRθ (0) as

Rθ (0)Sk picks out columns fromRθ (0). Note also that from the special structure
of Rθ (0) we have

Rθ (0) =
(

A1 A2

AT
2 A3

)
,

and every blockAi is constant along its diagonals, i.e.,

(Ai )l ,k = (Ai )l+s,k−s, j = 1, 2, 3.
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Concentrating on blockA1 we see thatST
mRθ (0)Sk picks out a block of sizenb0 ×nb0

from A1, starting at(A1)k+1,m+1. This block lies entirely insideA1 since 0≤ k, m ≤
r andA1 is of sizenb × nb.
Now assume thatk ≥ m. This means thatST

0 Rθ (k − m)S0 = ST
0 Rθ (0)Sk−m

according to i), i.e., we pick out a block of sizenb0 × nb0 from A1, starting at
(A1)k−m+1,1. SinceA1 is constant along its diagonals this is the same as picking
the block from(A1)k+1,m+1 (which is exactly whatST

mRθ (0)Sk does). The same
argumentation holds forA3. ❏

Before proving that the reduced model meets the Cramér-Rao bound, we must
point out that the covariance ofθ̂ given by (6.51) is not well defined in most cases.
This due to fact thatr ≥ 1 implies thatθ∗ is actually anr -dimensional set of limiting
estimates. Therefore willPθ be rank deficient. In order to take care of this we make
a regularization. This means that we replace the original minimization problem

θ̂N = arg min
θ

VN(θ), (6.58)

with

θ̂N = arg min
θ

VN(θ) + δ

2
‖θ − θ̄‖2

2, (6.59)

for someθ̄ minimizing (6.58). This also implies that (6.51) will be replaced by

λ

N

[
E9(t, θ∗)9T (t, θ∗) + δ I

]−1 = (Rθ (0) + δ I )−1 = R̃−1
θ (0). (6.60)

Hereδ > 0 and the last equality is the definition ofR̃−1
θ (0). In the proof we will

then letδ tend to zero, and hence take away the effect of the regularization.

THEOREM 6.1 (REDUCED MODEL VARIANCE )
Assume that the true system is given by

y(t) = G0(q)u(t) + e(t),

wheree is white noise with varianceλ and u is a stationary stochastic process
independent ofe, with known spectrum8u(ω). Furthermore, we assume that
G(q, θ) andG(q, η) are two model structures of OE type that both contain the true
systemG0(q). Let θ̂ minimizeVN(θ) (given by (2.10)) and̂η minimize

V(η, θ̂) =
∫ π

−π

|G(eiω, η) − G(eiω, θ̂ )|28u(ω)dω.

Then the asymptotic variance ofη̂ equals the Cramér-Rao bound, or equivalently
(6.54) holds.
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Proof Using (6.43) we get that

E9(t, η∗)9T (t, θ∗) = E ST
0 L(q)9(t, θ∗)9T (t, θ∗)

=ST
0

r∑
k=1

lm E9(t − m, θ∗)9T (t, θ∗)

=ST
0

r∑
k=1

lmRθ (−m) =
r∑

k=1

lmST
mRθ (0).

Plugging this into the right hand side of (6.54) gives

[
E9(t, η∗)9T (t, θ∗)

] [
E9(t, θ∗)9T (t, θ∗) + δ I

]−1 [
E9(t, θ∗)9T (t, η∗)

]
=
(

r∑
m=0

lmST
mRθ (0)

)
R̃−1

θ (0)

(
r∑

k=0

lk Rθ (0)Sk

)

=
(

r∑
m=0

lmST
mRθ (0)

)(
r∑

k=0

lk(I − δ R̃−1
θ (0))Sk

)

=
r∑

m=0

r∑
k=0

lmlkST
mRθ (0)Sk − δ

(
r∑

m=0

lmST
mRθ (0)

)(
r∑

k=0

lk R̃−1
θ (0)Sk

)

=
r∑

m=0

r∑
k=0

lmlkST
mRθ (0)Sk − δ

r∑
m=0

r∑
k=0

lmlkST
mSk + δ2

r∑
k=0

lk R̃−1
θ (0)Sk.

Here we have used Lemma 6.1 i) several times. Lettingδ → 0 the last two sums
vanish according to Lemma 6.1 ii). Moreover we get (using Lemma 6.2)

lim
δ→0

[
E9(t, η∗)9T (t, θ∗)

] [
E9(t, θ∗)9T (t, θ∗) + δ I

]−1 [
E9(t, θ∗)9T (t, η∗)

]
=

r∑
m=0

r∑
k=0

lmlkST
mRθ (0)Sk = ST

0

r∑
m=0

r∑
k=0

lmlk Rθ (k − m)S0

= ST
0

r∑
m=0

r∑
k=0

lmlk Eq−m9(t, θ∗)q−k9T (t, θ∗)S0

= E ST
0

r∑
m=0

lmq−m9(t, θ∗)
r∑

k=0

lkq−k9T (t, θ∗)S0

= E ST
0 L(q)9(t, θ∗)L(q)9T (t, θ∗)S0 = E9(t, η∗)9T (t, η∗).

Or equivalently, the reduced order estimate meets the Cramér-Rao bound.❏
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From this we can draw the following conclusions:

• The reduced model has an asymptotic covariance matrix equal to the Cramér-
Rao bound.

• L2 model reduction is optimal in view of achieving the lowest possible co-
variance of the estimates.

• Most other model reduction techniques do not reach the Cramér-Rao bound,
e.g., balanced truncation. This since in order to reach that bound, the model
reductionη = f (θ) needs to have a structure of the derivative (6.9) equal to
the one thatL2 reduction has.

• The tools presented in Section 6.3 can immediately be applied to other model
reduction methods. The only problem lies in defining proper loss functions
for the other reduction techniques. This need not to be obvious for methods
such as balance truncation.

6.6 Conclusions

We have discussed the variance properties ofL2 model reduction. We have shown
the it could be strictly better to estimate a high order FIR model and reduce it using
L2 model reduction compared to estimating the low order model directly. In the
general FIR case we will at least reach the Cramér-Rao bound if the low order
model is rich enough.

In the last section we showed the maybe more useful result that the reduced
low order models are efficient even in more general situations like OE structures.
It is also interesting to note that the calculations show thatL2 model reduction is
optimal in reducing the variance of the high order estimate.
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