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Abstract

Many methods used for estimation and detection consider only the mean and variance of
the involved noise instead of the full noise descriptions. One reason for this is that the
mathematics is often considerably simplified this way. However, the implications of the
simplifications are seldom studied, and this thesis shows that if no approximations are
made performance is gained. Furthermore, the gain is quantified in terms of the useful
information in the noise distributions involved. The useful information is given by the
intrinsic accuracy, and a method to compute the intrinsic accuracy for a given distribution,
using Monte Carlo methods, is outlined.

A lower bound for the covariance of the estimation error for any unbiased estimator
is given by the Cramér-Rao lower bound (CRLB). At the same time, the Kalman filter
is the best linear unbiased estimator (BLUE) for linear systems. It is in this thesis shown
that the CRLB and the BLUE performance are given by the same expression, which is
parameterized in the intrinsic accuracy of the noise. How the performance depends on
the noise is then used to indicate when nonlinear filters, e.g., a particle filter, should be
used instead of a Kalman filter. The CRLB results are shown, in simulations, to be a
useful indication of when to use more powerful estimation methods. The simulations also
show that other techniques should be used as a complement to the CRLB analysis to get
conclusive performance results.

For fault detection, the statistics of the asymptotic generalized likelihood ratio (GLR)
test provides an upper bound on the obtainable detection performance. The performance is
in this thesis shown to depend on the intrinsic accuracy of the involved noise. The asymp-
totic GLR performance can then be calculated for a test using the actual noise and for a
test using the approximative Gaussian noise. Based on the difference in performance, it
is possible to draw conclusions about the quality of the Gaussian approximation. Simula-
tions show that when the difference in performance is large, an exact noise representation
improves the detection. Simulations also show that it is difficult to predict the exact influ-
ence on the detection performance caused by substituting the system noise with Gaussian
noise approximations.
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Sammanfattning

Många metoder som används i estimerings- och detekteringssammanhang tar endast hän-
syn till medelvärde och varians hos ingående brus istället för att använda en fullständig
brusbeskrivning. En av anledningarna till detta är att den förenklade brusmodellen un-
derlättar många beräkningar. Dock studeras sällan de effekter förenklingarna leder till.
Denna avhandling visar att om inga förenklingar görs kan prestandan förbättras och det
visas också hur förbättringen kan relateras till den intressanta informationen i det in-
volverade bruset. Den intressanta informationen är den inneboende noggrannheten (eng.
intrinsic accuracy) och ett sätt för att bestämma den inneboende noggrannheten hos en
given fördelning med hjälp av Monte-Carlo-metoder presenteras.

Ett mått på hur bra en estimator utan bias kan göras ges av Cramér-Raos undre gräns
(CRLB). Samtidigt är det känt att kalmanfiltret är den bästa lineära biasfria estimatorn
(BLUE) för lineära system. Det visas här att CRLB och BLUE-prestanda ges av samma ma-
tematiska uttryck där den inneboende noggrannheten ingår som en parameter. Kunskap
om hur informationen påverkar prestandan kan sedan användas för att indikera när ett
olineärt filter, t.ex. ett partikelfilter, bör användas istället för ett kalmanfilter. Med hjälp
av simuleringar visas att CRLB är ett användbart mått för att indikera när mer avancera-
de metoder kan vara lönsamma. Simuleringarna visar dock också att CRLB-analysen bör
kompletteras med andra tekniker för att det ska vara möjligt att dra definitiva slutsatser.

I fallet feldetektion ger de asymptotiska egenskaperna hos den generaliserade sanno-
likhetskvoten (eng. generalized likelihood ratio, GLR) en övre gräns för hur bra detektorer
som kan konstrueras. Det visas här hur den övre gränsen beror på den inneboende nog-
grannheten hos det aktuella bruset. Genom att beräkna asymptotisk GLR-testprestanda
för det sanna bruset och för en gaussisk brusapproximation går det att dra slutsatser om
huruvida den gaussiska approximationen är tillräckligt bra för att kunna användas. I simu-
leringar visas att det är lönsamt att använda sig av en exakt brusbeskrivning om skillnaden
i prestanda är stor mellan de båda fallen. Simuleringarna indikerar också att det kan vara
svårt att förutsäga den exakta effekten av en gaussisk brusapproximation.
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1
Introduction

ELECTRONICS WITH seemingly intelligent behavior have become an important part
of everyday in life the last couple of years, and the trend is towards even more
advanced technology. One example is cars; most new cars are equipped with

adaptive cruise control (ACC), anti-lock braking systems (ABS), traction control systems
(TCS), and sometimes systems to locate the car and to give the driver directions. In the
future, systems to avoid or at least lessen the effect of collisions will be included into cars
to enhance safety. Another example where new technology is introduced is navigation at
sea, where recent development is towards using radar measurements to navigate instead
of the global positioning system (GPS) which is vulnerable in many respects.

All the examples given above have in common that they rely heavily on information
about their surroundings. Unfortunately, such information is usually expensive to obtain
since it requires sensors. For situations where the price is an important factor, this is a real
problem and producers try their best to use as few and as inexpensive sensors as possible.
How the information from the sensor is processed is therefore of utter importance. With
proper usage of the measured information there is much to be gained. In part, this thesis
deals with determining how much information is available from sensor measurements,
and the motivation is the wish utilize sensor data as much as possible. From the theory
developed in this thesis it is possible to tell when it is worthwhile to spend time on ad-
vanced signal processing and when all sensor information available is extracted and put to
use. For estimation this is done in terms of the Cramér-Rao lower bound, and for change
detection in terms of the asymptotic properties of the generalized likelihood ration test.

A result of having information intensive products is that they tend to be sensitive to
hardware failures and other faults. With less expensive and simpler sensors, probably of
lower quality, the risk of malfunction increases, and if the same sensor is used for several
different purposes this could potentially be a major problem. Suppose the sensor is used
for both an anti-collision system and a braking system, if the sensor malfunctions the
consequences could easily be fatal. Therefore, sensors and other parts in these systems

1



2 1 Introduction

t+1
t

(a) True distribution at times t and t + 1.

t+1
t

(b) Approximative Gaussian distribution at
times t and t + 1.

Figure 1.1: Distribution of the states in a system developing over time, left to right,
for the true distribution and a Gaussian approximation. Samples from the distribu-
tions are included for reference.

need to be carefully monitored, so that when a fault is detected, countermeasures could be
taken to minimize the damage and to put the system into a fail-safe mode. This thesis deals
with determining the potential to detect faults in a system for a given sensor configuration.
The results can then be used as an upper bound on what is possible to do, and to serves as
a guide for design and implementation.

This chapter introduces the problem studied in this thesis with a short motivation,
followed by a stricter problem formulation. After that the contributions to this thesis are
listed and the content of the thesis is outlined.

1.1 Research Motivation

In many situations nonlinear systems are linearized and all noise assumed Gaussian for
practical reasons. Basically, linear Gaussian systems are easy to handle. However, in-
troducing approximations into the system description, both in terms of linearizations and
Gaussian approximations, comes at a price in terms of performance. The performance
loss is often ignored, but this is not always a good idea.

To illustrate how the information may be lost, e.g., quantified in terms of intrinsic
accuracy, when Gaussian approximations are used, consider the two probability density
functions in Figure 1.1(a). They can for instance be said to represent the position of a
car or ship at two different time instances. Especially the first distribution is distinctly
bimodal, which shows as a clear clustering in the samples from the distribution. Fig-
ure 1.1(b) illustrates the Gaussian approximations of the very same distributions. The
approximations have different characteristics compared to the true distribution, and as a
consequence information is lost. For instance, the region separating the modes in the ini-
tial distribution, is for the Gaussian distribution considered likely, and quite a few samples
are found there in the approximation. This behavior shows up as a much higher intrinsic
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accuracy for the true distribution than for the Gaussian approximation. It is from this ex-
ample not difficult to see that given the Gaussian approximation of this distribution, it is
not possible to derive as much information about the state as from the correct distribution.

Well-known methods to utilize available information in non-Gaussian distributions
and nonlinear systems exit, e.g., the particle filter. However, the price for using all avail-
able information may be high. An increase in need for computational resources is often
mentioned, but it is also likely that the process of developing customized methods is more
difficult than using standardized methods, e.g., an extended Kalman filter or a Gaussian
GLR test. For these reasons, and others, linearization and Gaussian approximations are
often used. To make better use of data, it would be valuable to have methods to before-
hand determine when standard methods are adequate and to have rules of thumb to help
design nonstandard filters and detectors.

1.2 Problem Formulation

Traditionally, estimation and change detection problems are often treated as being linear
and affected by Gaussian noise. When this is not the case, linearization and noise ap-
proximations are used to create approximative linear and Gaussian systems. However,
the effects on performance introduced this way is often ignored, even though methods
exist to handle nonlinear non-Gaussian systems. The reasons for this are many, e.g., the
computational complexity increases with more general methods and the design choices
are different from the classical ones.

It would be ideal to have a framework to, from a complete system description, give
guidelines for when classical approximations are appropriate and when other methods
should be used. With such guidelines, the design effort can be put to use with methods
appropriate for the specific problem at hand. Furthermore, the framework could also help
in other design choices, e.g., give rules of thumb to tune parameters and choose between
different parameterizations and system descriptions. This thesis handles linear systems
with non-Gaussian noise and tries to determine when nonlinear estimation and detection
methods should be used, based on the information available from the noise in the system.

1.3 Contributions

The material in this thesis is based on [33–35], but also on material not yet published
elsewhere.

The first contribution is a preliminary study on the importance of non-Gaussian noise
for estimation:

Gustaf Hendeby and Fredrik Gustafsson. On performance measures for approxima-
tive parameter estimation. In Proceedings of Reglermöte 2004, Chalmers, Gothen-
burgh, Sweden, May 2004.

Most of the material in this paper appears in modified form in Chapter 2, where informa-
tion in distributions are discussed.
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The analysis of the Cramér-Rao lower bound of linear systems with non-Gaussian
noise, mainly presented in Chapter 5, is an extension to the work initiated in [8] and
appeared in:

Gustaf Hendeby and Fredrik Gustafsson. Fundamental filtering limitations in lin-
ear non-Gaussian systems. In Proceedings of 16th Triennial IFAC World Congress,
Prague, Czech Republic, July 2005.

The main contribution is to derive explicit expressions for optimal estimation perfor-
mance, in terms of the Cramér-Rao lower bound, compared to the quality of the best
linear unbiased estimate.

The material on detection performance, presented in Chapter 6, derives a uniform
residual formulation for linear systems. Based on this, it is shown how the information
content in the involved noise affects the fault detectability in terms of the test statistics of
the asymptotic generalized likelihood ratio (GLR) test. Chapter 6 is based on the paper:

Gustaf Hendeby and Fredrik Gustafsson. Fundamental fault detection limitations in
linear non-Gaussian systems. In Proceedings of 44th IEEE Conference on Decision
and Control and European Control Conference, Sevilla, Spain, December 2005. To
appear.

1.4 Thesis Outline

The thesis is separated in four main parts. The first part gives the fundamentals needed
to read the rest of the thesis; the statistics of noise and information related measures are
introduced in Chapter 2, and in Chapter 3 the different classes of models used in the thesis
are introduced to the reader.

Estimation and optimal estimation performance are treated in the second part. Chap-
ter 4 outlines several estimation algorithms for linear and nonlinear systems, and a brief
study of characteristics of the different methods for a bearings-only problem is presented.
General bounds for the performance of state estimation are given in Chapter 5, as well as
specific results and simulations for linear systems affected by non-Gaussian noise.

The third part shifts the focus from state estimation to change detection, and Chap-
ter 6 presents change detection and fundamental performance limitations. The chapters
about estimation and detection can be read independently. As for state estimation, gen-
eral results are given and then applied to linear systems. The result are exemplified in
simulations.

Chapter 7 concludes the thesis. Abbreviations and other notation is introduced in the
text throughout the thesis as they are needed, but can also found in Appendix A.



2
Statistics

NATURE IS AT THE same time very predictable and very unpredictable. Many phe-
nomena are predictable on the large scale, but unpredictable when it comes to
details. For example, a dropped paper will fall to the floor, however exactly

when and where it will land is almost impossible to tell beforehand. Much of the paper’s
behavior is predictable; it is affected by gravity and the surrounding air according to the
laws of physics, but a gust of wind caused by a sudden movement in the room may be
impossible to predict. The wind gust can be treated as a random or stochastic input and
the laws of physics is a model for the behavior. This chapter first covers the basics of
stochastic variables; fundamentals, properties, and ways to handle transformations. The
theory provides the mathematics to express uncertain elements.

2.1 Stochastic Variables

Stochastic variables (SV) are used in models of systems to describe unknown input. The
stochastic input is often called noise. This section introduces noise from a statistical point
of view and serves as a foundation for the work in the rest of the thesis.

2.1.1 Distribution Definition

A stochastic variable is a variable without a specific value, that has different values with
certain probabilities. To describe this behavior a distribution function or cumulative dis-
tribution function (CDF) is used. The CDF for the stochastic variable X is given by

PX(x) = Pr(X < x), (2.1)

5



6 2 Statistics

where Pr(A) denotes the probability that the statement A is true. Hence, PX(x) denotes
the probability that X is less than x. It follows from the definition of probability, that

lim
x→−∞

PX(x) = 0, lim
x→+∞

PX(x) = 1,

and that PX(x) is nondecreasing in x. Any function that fulfills these three conditions is
a CDF and defines a statistical distribution.

Another distribution description, more frequently used in this thesis, is the probability
density function (PDF),

pX(x) =
dPX(x)

dx
, (2.2)

which describes the likelihood of certain X values, i.e.,

Pr(x ∈ S) =
∫
S

pX(x) dx.

Discrete stochastic variables are defined in a similar way.
When the behavior of X is conditioned on another variable Y this is indicated by

pX|Y (x|y) =
pX,Y (x, y)

pY (y)
, (2.3)

where pX|Y (x|y) is the conditional PDF of x given the information y.
The CDF and the PDF both contain a complete description of the underlying stochastic

variable. However, the following properties are often studied to get a better understanding
of the behavior of the variable:

Expected value — the average value of several samples from the distribution,

µX = E(X) =
∫

xpX(x) dx. (2.4a)

When needed, an index will be used on E to clarify which distribution to use in the
integral, e.g., Ex or EpX(x) depending on the circumstances.

In some situations it is necessary to compute the expected value of a function of a
stochastic variable. It is done using the integral

E
(
f(X)

)
=
∫

f(x)pX(x) dx.

Variance or covariance matrix for multidimensional distributions — indicates how close
to the mean a sample can be expected to be,

ΣX = cov(X) = E
(
(X − µX)(X − µX)T

)
, (2.4b)

or ΣX = var(x) for the scalar case. The same index system will be used as for
expected values.
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Skewness has no trivial extension to multidimensional distributions — indicates if sam-
ples are expected to have a symmetric behavior around the mean,

γ1,X = E
(
X3
)
Σ−

3
2

X . (2.4c)

Kurtosis has no trivial extensions to multidimensional distributions — gives information
about how heavy tails the distribution has,

γ2,X = E
(
X4
)
Σ−2

X − 3. (2.4d)

Traditionally, and still in Fisher based statistics, uppercase variables are used to denote
stochastic variables, and their lowercase counterparts are used for realizations of them.
However, this thesis will from here on use lower case variables in both cases, as in the
Bayesian framework unless there is a risk of confusion.

2.1.2 Information in Distributions

Samples from a stochastic variable can be more or less informative about underlying
parameters of the distribution. A measure of just how much information can be extracted
about a parameter is given by the Fisher information (FI). As a special case of the Fisher
information, the intrinsic accuracy (IA) measures the information available from samples
from the distribution to determine the expected value. Fisher information and intrinsic
accuracy are described in this section, and the relative measure relative accuracy (RA) is
defined.

Fisher Information

The concept of Fisher information was first introduced by Fisher in [21] and then further
elaborated on in [22] as he was trying to quantify how well parameters of a stochastic
variable could be estimated from samples from the distribution.

Definition 2.1. The Fisher information (FI) is defined [47], under the mild regularity
condition that the PDF p(x|θ) must have twice continuous partial derivatives, as

Ix(θ) := −Ex

(
∆θ

θ log p(x|θ)
)

= Ex

((
∇θ log p(x|θ)

)(
∇θ log p(x|θ)

)T)
(2.5)

evaluated for the true parameter value θ = θ0, with∇x and ∆x
x defined in Appendix A to

be the gradient and the Hessian, respectively.

The Fisher information for multidimensional parameters is sometimes called the Fisher
information matrix to more clearly indicate that it is a matrix, however in this thesis Fisher
information is used to denote both.

The inverse of the Fisher information represents a lower bound on the variance of any
unbiased estimate, θ̂(x), of θ, where θ is a parameter to be estimated from the measure-
ments x. More precisely [47, 58],

cov
(
θ̂(x)

)
� I−1

x (θ),
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where A � B denotes that the matrix A−B is positive semidefinite, i.e., xT (A−B)x ≥
0 for all x of suitable dimension. This lower bound on the variance of an estimated
parameter, introduced by Rao [70], is often referred to as the Cramér-Rao lower bound
(CRLB) [47],

P CRLB
θ = I−1

x (θ).

The CRLB will, when extended to handle dynamic systems, play an important role in this
thesis. For now, just note the connection between the Fisher information and the CRLB.

Intrinsic Accuracy

The Fisher information with respect to the expected value, µ, of a stochastic variable is
extra important, therefore, introduce the short hand notation Ix := Ix(µ). This quantity
is in [15, 48, 49] referred to as the intrinsic accuracy (IA) of the PDF for x. This name is
inspired by the terminology used in Fisher [22]. Intrinsic accuracy can be expressed as

Ix = −Ex

(
∆µ

µ log px(x|µ)
∣∣
µ=µ0

)
= −Ex

(
∆µ

µ log px(x− µ|0)
∣∣
µ=µ0

)
= −Ex

(
∆x

x log px(x− µ|0)
∣∣
µ=µ0

)
= −Ex

(
∆x

x log px(x|µ)
∣∣
µ=µ0

)
, (2.6)

where the two middle steps follows because µ is the mean of the distribution. Analogously
it can be shown using the second form of the expression for Fisher information that

Ix = Ex

((
∇x log px(x|µ)

)(
∇x log px(x|µ)

)T ∣∣∣
µ=µ0

)
. (2.7)

When estimating the mean of a stochastic variable it is always possible to achieve an
unbiased estimator with the same covariance as the stochastic variable, and in some cases
it is possible to get an even better estimator. In fact, for non-Gaussian distributions the
lower bound is always better as stated in the following theorem.

Theorem 2.1
For the intrinsic accuracy and covariance of the stochastic variable x the following holds

cov(x) � I−1
x ,

with equality if and only if x is Gaussian.

Proof: See [76].

In this respect the Gaussian distribution is a worst case distribution. Of all distribu-
tions with the same covariance the Gaussian distribution is the distribution with the least
information about its mean. All other distributions have larger intrinsic accuracy.

Relative Accuracy

The relation between intrinsic accuracy and covariance is interesting in many situations.
In most cases only the relative difference between the two matters, therefore introduce
relative accuracy (RA).
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Definition 2.2. If a scalar Ψx exists such that cov(x) = Ψx I−1
x , denote Ψx the relative

accuracy for the distribution.

It follows from Theorem 2.1 that when the relative accuracy is defined, Ψx ≥ 1, with
equality if and only if x is Gaussian. The relative accuracy is thus a measure of how much
useful information there is in the distribution, compared to a Gaussian distribution with
the same covariance.

Accuracy Properties

The intrinsic accuracy for independent variables are separable. This is intuitive and can
be used to simplify calculations considerably.

Lemma 2.1
For a vector X of independently distributed stochastic variables X = (xT

1 , . . . , xT
n )T each

with covariance cov(xi) = Σxi and intrinsic accuracy Ixi , for i = 1, . . . , n,

cov(X) = diag(Σx1 , . . . ,Σxn) and IE = diag(Ix1 , . . . , Ixn).

If Σxi = Σx and Ixi = Ix then the covariance and the intrinsic accuracy are more
compactly expressed

cov(X) = I ⊗ Σx and IX = I ⊗ Ix,

where ⊗ denotes the Kronecker product. Furthermore, if Σx Ix = Ψx · I , with Ψx ≥ 1 a
scalar, then

cov(X) = Ψx I−1
X = ΨxI ⊗ I−1

x .

Proof: For X = (xT
1 , xT

2 , . . . , xT
n )T , with xi independently distributed, it follows imme-

diately that

cov(X) = diag
(
cov(x1), . . . , cov(xn)

)
= diag(Σx1 , . . . ,Σxn).

Expand the expression:

IX = −E
(
∆X

X log p(X)
)

= −E
(

∆X
X log

n∏
i=1

p(xi)
)

=
n∑

i=1

−E
(
∆X

X log p(xi)
)
.

The partial derivatives of this expression becomes, for k = l = i,

−E
(
∇xk

∇xl
log p(xi)

)
= −E

(
∆xi

xi
log p(xi)

)
= Ixi ,

and for k 6= l the partial derivatives vanish, −E
(
∇xk

∇xl
log p(xi)

)
= 0. Combining

these results using matrix notation yields

IX = diag(Ix1 , . . . , Ixn
).

The compact notation for Σxi = Σx and Ixi = Ix follows as in the proof of Theo-
rem 2.1.
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Intrinsic accuracy of linear combinations of stochastic variables can be calculated
from the intrinsic accuracy of the components.

Theorem 2.2
For the linear combination of stochastic variables Z = BX, where X = (xT

1 , . . . , xT
n )T is

a stochastic variable with independent components with covariance cov(xi) = Σxi and
intrinsic accuracy Ixi ,

cov(Z) = B diag(Σx1 , . . . ,Σxn)BT ,

I−1
Z = B diag(I−1

x1
, . . . , I−1

xn
)BT .

Proof: Combine the result found as Theorem 4.3 in [8] with Lemma 2.1.

If the combined variables are identically and independently distributed (IID) the ex-
pressions can be further simplified using the last part of Lemma 2.1.

2.1.3 Kullback-Leibler Measures

The Kullback-Leibler information [54, 55], also called the discriminating information, is
quantifies the difference between two distributions. The Kullback-Leibler information is
not symmetric in its arguments, and therefore not a measure. If a measure is needed, the
Kullback divergence, constructed as a symmetric sum of two Kullback-Leibler informa-
tions [4, 54], can be used as an alternative.

Definition 2.3. The Kullback-Leibler information is defined, for the two proper PDFs
p(·) and q(·), as

IKL(p(·), q(·)
)

=
∫

p(x) log
p(x)
q(x)

dx, (2.8a)

when p(x) 6= 0 ⇔ q(x) 6= 0 and otherwise as IKL
(
p(·), q(·)

)
= +∞. The Kullback

divergence is from this defined to be

J K(p(·), q(·)
)

= IKL(p(·), q(·)
)

+ IKL(q(·), p(·)
)
, (2.8b)

under the same restrictions on p(·) and q(·).

The Kullback-Leibler information is closely related to other statistical measures, e.g.,
Shannon’s information and Akaike’s information criterion [4]. A connection to the Fisher
information can also be found [54].

Both the Kullback-Leibler information and the Kullback divergence are additive for
independent stochastic variables as shown in Lemma 2.2.

Lemma 2.2
For a vector X of independent stochastic variables, X = (xT

1 , . . . , xT
n )T distributed with

PDF p(X) =
∏n

i=1 pi(xi) or q(X) =
∏n

i=1 qi(xi) the Kullback-Leibler information and
Kullback divergence are additive, i.e.,

IKL(p(·), q(·)
)

=
n∑

i=1

IKL(pi(·), qi(·)
)
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and

J K(p(·), q(·)
)

=
n∑

i=1

J K(pi(·), qi(·)
)
.

Proof: If X, p(·), and q(·) satisfy the conditions in the lemma, then

IKL(p(·), q(·)
)

=
∫

p(X) log
p(X)
q(X)

dX

=
∫ n∏

j=1

pj(xj) log
∏n

i=1 pi(xi)∏n
i=1 qi(xi)

dX =
n∑

i=1

∫ n∏
j=1

pj(xj) log
pi(xi)
qi(xi)

dX

=
n∑

i=1

∫
pi(xi) log

pi(xi)
qi(xi)

dxi =
n∑

i=1

IKL(pi(·), qi(·)
)
,

where the second last equality is a marginalization utilizing that pi(·), for all i, are proper
PDFs and hence integrate to unity.

Now the Kullback divergence result follows immediately,

J K(p(·), q(·)
)

= IKL(p(·), q(·)
)

+ IKL(q(·), p(·)
)

=
n∑

i=1

IKL(pi(·), qi(·)
)

+
n∑

i=1

IKL(qi(·), pi(·)
)

=
n∑

i=1

(
IKL(pi(·), qi(·)

)
+ IKL(qi(·), pi(·)

))
=

n∑
i=1

J K(pi(·), qi(·)
)
.

Theoretical Bounds

There exists bounds on both the Kullback-Leibler information and the Kullback diver-
gence in terms of measures that are easier to compute. The bound in Theorem 2.3 is one
of the sharpest lower bounds known.

Theorem 2.3
A lower bound for the Kullback-Leibler information is defined in terms of the variational
distance, V (·, ·), between the two PDFs p(·) and q(·),

V
(
p(·), q(·)

)
=
∫ ∣∣p(x)− q(x)

∣∣ dx,

and is

IKL(p(·), q(·)
)
≥ max

{
L1

(
V
(
p(·), q(·)

))
, L2

(
V
(
p(·), q(·)

))}
L1

(
V
(
p(·), q(·)

))
= log

2 + V
(
p(·), q(·)

)
2− V

(
p(·), q(·)

) − 2V
(
p(·), q(·)

)
2− V

(
p(·), q(·)

)
L2

(
V
(
p(·), q(·)

))
=

V 2
(
p(·), q(·)

)
2

+
V 4
(
p(·), q(·)

)
36

+
V 6
(
p(·), q(·)

)
288

,

for 0 ≤ V
(
p(·), q(·)

)
≤ 2.
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Proof: See [62].

Unfortunately there seems to be few useful upper bounds for the Kullback-Leibler
information and the Kullback divergence.

2.2 Monte Carlo Integration

Monte Carlo integration [73] is a method to use statistical properties to compute integrals
that are otherwise hard to handle. Basically, the idea is to reformulate difficult integrals
on a form where computing an expected value renders the integral of interest. To illustrate
this, consider the integral

I :=
∫

f(x) dx =
∫

g(x)p(x) dx,

where p(·) should be a proper PDF and g(x) := f(x)/p(x). The value of the integral, I ,
can then be approximated with the sum

ÎN :=
N∑

i=1

1
N

g(x(i)),

where {x(i)}N
i=1 are N IID samples, or particles, from the distribution given by p(·). The

approximation utilizes that I = Ep(x) g(x) and that an expected value can be approxi-
mated with a sample mean. Furthermore, it follows from the law of large numbers that if
varp(x)

(
g(x)

)
= Σ, and Σ is bounded, then

lim
N→+∞

√
N(ÎN − I) ∼ N (0,Σ),

i.e., ÎN → I as N → +∞ and the quality of the estimate improves with increasing N
[19, 73]. Note, the convergence is in theory independent of the state-space dimension,
and Monte Carlo integration should hence suffer little from the curse of dimensionality
in contrast to the deterministic integration methods. However, this is according to [17,
67] overly optimistic and Monte Carlo integration is claimed to suffer from the curse of
dimensionality. This, on the other hand, seems too pessimistic for most applications in
practice.

If may be difficult, or even impossible, to draw samples from p(·). This is sometimes
the case with the a posterior state distributions used later. If this is the problem, choose
another proper PDF q(·) such that p(x) > 0 implies q(x) > 0 for x in the domain of p(·),
i.e., the support of p(·) is included in the support of q(·). Using q(·) in the approximation
yields,

ÎN =
N∑

i=1

p(x(i))
Nq(x(i))

g(x(i)) =
N∑

i=1

ω(i)g(x(i)),

with the same limit and principal convergence as before. The distribution given by q(·)
is often called an importance distribution and ω(i) importance weights. Note that even if
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p(·), and thus ω(i), is only known up to a normalizing constant, this is not a problem since∑
i

ω(i) →
∫

cp(x)
q(x)

q(x) dx =
∫

cp(x) dx = c,

and it is hence possible to normalize the distribution and compute the integral anyhow,

ÎN =
∑

i ω(i)g(x(i))∑
i ω(i)

.

2.2.1 Intrinsic Accuracy using Monte Carlo Integration

It is often difficult to calculate the intrinsic accuracy analytically, however to use Monte
Carlo integration is one possible solution. The intrinsic accuracy is defined by

Ix = Ex

((
∇x log px(x|µ)

)(
∇x log px(x|µ)

)T |µ=µ0

)
=
∫ (

∇x log px(x|µ)
)(
∇x log px(x|µ)

)T
px(x|µ)

∣∣∣
µ=µ0

dx (2.9)

which fits well into the Monte Carlo integration framework with samples from p(x|µ0).
If samples from the distribution p(x|µ0) are available and it is possible to compute

∇x log px(x|µ) =
∇x px(x|µ)

p(x|µ)
, (2.10)

for given µ and x, the application of the Monte Carlo integration is a straightforward way
to compute the intrinsic accuracy. The alternative formulation of the intrinsic accuracy

Ix = −Ex

(
∆x

x log px(x|µ)
∣∣
µ=µ0

)
, (2.11)

can also be used.
The number of particles that are needed to get an acceptable approximation of the

intrinsic accuracy for a distribution must be assessed independently for each distribution.
However, before applying Monte Carlo integration it is always a good idea to try to reduce
the size of the problem using the relations derived in Section 2.1.2. In most cases reducing
the complexity and dimension of the stochastic variable will speed up the computations
by limiting the degrees of freedom, the time it takes to draw random numbers, and to
compute the probabilities and their derivatives.

2.2.2 Kullback Divergence using Monte Carlo Integration

Just as with the intrinsic accuracy it is often hard to calculate the Kullback-Leibler infor-
mation and the Kullback divergence analytically, but the computations are well suited for
Monte Carlo integration. To compute the Kullback-Leibler information,

IKL(p(·), q(·)
)

=
∫

p(x) log
p(x)
q(x)

dx, (2.12)
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samples from the distribution p(·) are needed and

log
p(x)
q(x)

= log p(x)− log q(x) (2.13)

must be computed for the samples. Once again, it is preferable to utilize any rules that
lessens the complexity (see Section 2.1.3) of the computations to get results at a lower
computational cost. The Kullback-Leibler information can then be used to compute the
Kullback divergence if necessary.

2.3 Studied Distributions

In this section the Gaussian distribution is introduced as one of the most widely used
distribution and properties for it are derived. Furthermore, the class of Gaussian Mixture
distributions is introduced as a complement to the Gaussian distribution.

2.3.1 Gaussian Distribution

The most widely used stochastic distribution is the Gaussian distribution, or Normal distri-
bution, denoted with N (µ,Σ), where µ and Σ � 0 are parameters representing expected
value and variance (covariance matrix) of the distribution. The Gaussian distribution is
for a scalar stochastic variable defined in terms of its PDF,

N (x;µ,Σ) =
1√
2πΣ

e−
(x−µ)2

2Σ , (2.14)

which is extended to a vector valued stochastic variable as

N (x;µ,Σ) =
1√

(2π)nx det(Σ)
e−

1
2 (x−µ)T Σ−1(x−µ), (2.15)

where nx is the dimension of the vector x, see e.g., [31] for a more in detail description.
The Gaussian CDF,

Φ(x;µ,Σ) :=
∫

x′<x

N (x′, µ,Σ) dx′,

lacks an analytic expression, however, it is tabulated in most collection of statistical tables.
Figure 2.1 shows the PDF and CDF of the normalized Gaussian distribution, N (0, 1).

The widespread usage of the Gaussian distribution is in part motivated by the fact
that many natural phenomena exhibit Gaussian or Gaussian-like properties. One reason
for this is that the sum of stochastic variables, under weak conditions by the central limit
theorem, becomes Gaussian as the number of terms increases [68]. Hence, if a natural
phenomenon is a combination of many stochastic phenomena it is often quite reasonable
to assume that the combination of them is Gaussian.

The Gaussian distribution has favorable mathematical properties, and it is possible to
derive many analytical results when the Gaussian distribution is used. One reason for
this is that the Gaussian distribution is its own conjugate prior. (A conjugate prior is a



2.3 Studied Distributions 15

−3 −2 −1 0 1 2 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x

 

 

PDF

CDF

Figure 2.1: PDF and CDF for the normalized Gaussian distribution, N (0, 1).

prior chosen so that the posterior distribution is in the same family of distributions as the
prior [72].) One such property is that any linear combination of Gaussian variables is
Gaussian, i.e., if x ∼ N (µ,Σ) and B is a linear transformation of full (row) rank, then

z := Bx ∼ N (Bµ, BΣBT ). (2.16)

If B is rank deficient the resulting stochastic variable represents a degenerate case where
one or more of the elements can be obtained as a combination of the other.

Finally, calculating the properties discussed in Section 2.1 for x ∼ N (µ,Σ) yields
E(x) = µ, cov(x) = Σ, γ1 = 0, and γ2 = 0. Furthermore, the intrinsic accuracy is
Ix = Σ−1 and subsequently Gaussian distributions have the relative accuracy Ψx = 1.

2.3.2 Gaussian Mixture Distribution

Even though the Gaussian distribution is common it is not powerful enough to capture
every stochastic phenomena in a satisfactory manner. One way to extend the Gaussian
distribution is to mix several Gaussian distributions. The result is a Gaussian mixture
distribution or Gaussian sum distribution, defined by its PDF

Nn

(
x; (ωδ, µδ,Σδ)n

δ=1

)
=

n∑
δ=1

ωδN (x;µδ,Σδ), (2.17)

where ωδ > 0,
∑

δ ωδ = 1, and n indicates how many Gaussian components are used.
For n = 1 the Gaussian mixture is Gaussian. Note, this notation is ambiguous, e.g.,
N2

(
( 1
2 , 0, 1), ( 1

2 , 0, 1)
)

= N (0, 1). One interpretation of the Gaussian mixture is that
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for all possible δ the probability is ωδ that a sample comes from the Gaussian distribu-
tion N (µδ,Σδ). The result is a distribution that can be used to approximate any other
distribution if n increases, [1, 2, 79]. The Gaussian mixture is also its own conjugate
prior [72].

Example 2.1: Bi-Gaussian noise

Radar measurements often exhibit bimodal properties due to secondary radar reflections.
The Master’s theses [16, 81] both study this phenomenon for radar altitude measurements
from an aircraft. The collected data clearly shows that measurements over certain terrains
results in bimodal measurement errors. Radar reflections in treetops is one reason for this,
e.g., when flying over forests. This noise, e, is well modeled using a Gaussian mixture
with two components, a bi-Gaussian distribution, similar to

e ∼ N2

(
(0.8,−0.43, 0.29), (0.2, 1.73, 0.07)

)
= 0.8N (−0.43, 0.29) + 0.2N (1.73, 0.07).

(2.18)

The PDF of this distribution is depicted in Figure 2.2. Note that the Gaussian approxi-
mation poorly captures the true properties of the distribution. Hence, using knowledge of
non-Gaussian noise characteristics can be favorable, as shown in e.g., [7–9].
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)

 

 
True PDF
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Figure 2.2: The bimodal bi-Gaussian distribution in (2.18) and a second order equiv-
alent Gaussian distribution. The distribution is representative of what can be found
as measurement noise in a radar measurements.
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The mean of a Gaussian mixture is obtained by a weighted sum of the means of the
combined Gaussian components

µx =
∑

δ

ωδµδ, (2.19a)

and the covariance matrix a result of the contained covariances and spread of the mean
factors

Σx =
∑

δ

ωδ

(
Σδ + µ̄δµ̄

T
δ

)
, (2.19b)

where µ̄δ := µδ − µx. The higher order moments, assuming a scalar distribution, are

γ1,x =
∑

δ

ωδµ̄δ(3Σδ + µ̄δ)Σ
− 3

2
x (2.19c)

γ2,x =
∑

δ

ωδ

(
3Σ2

δ + 6µ̄2
δΣδ + µ̄4

i

)
Σ−2

x − 3. (2.19d)

Compare these values to γ1 = γ2 = 0 obtained for Gaussian distributions.
Calculating the intrinsic accuracy for a Gaussian mixture distribution is more difficult,

and in general no analytic expression exists. However, Monte Carlo integration can be
used to compute it. The gradient needed to compute the Fisher information etc., is given
by

∇xNn(x) =
n∑

δ=1

ωδ∇xN (x;µδ,Σδ) = −
n∑

δ=1

Σ−1
δ (x− µδ)N (x;µδ,Σδ),

and samples from the Gaussian mixture can be obtained by randomly selecting a mode
and then draw a sample from the Gaussian distribution indicated by the mode.

Outliers Distribution

An example of a Gaussian mixture that will be used in this thesis to illustrate theoretical
results is defined in terms of the PDF

p1(x;ω, k) = (1− ω)N (x; 0,Σ) + ωN (x; 0, kΣ), (2.20)

where Σ := 1/
(
1 + (k− 1)ω

)
, 0 ≤ ω ≤ 1, and k > 0 to obtain proper distributions. The

distribution can be used to model outliers. The two modes of the distribution represent
nominal behavior and outlier behavior, respectively. With this interpretation outliers occur
with probability ω and have k times the nominal variance. Hence, if x ∼ p1(0.1, 10) then
10% of the samples are expected to be outliers and to have 10 times the variance of the
nominal distribution.

The parameterization is intentionally chosen in such a way that E(x) = 0 and var(x) =
1 to allow for straightforward comparison with the normalized Gaussian distribution,
N (0, 1). As with Gaussian distributions, moving the mean and changing the variance
is a matter of changing the mean and scaling the variance of the different modes.
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Figure 2.3: Inverse relative accuracy and Kullback divergence for the outliers de-
scription (2.20).

The relative accuracy for the parameterization (2.20) is given in Figure 2.3(a). To get
the result Monte Carlo integration was used. Studying the contour plot shows that in an
information perspective most information is available if about 30–40% of the samples are
outliers, and the outliers have substantially larger variance.

The Kullback divergence between the outliers distributions, p1(ω, k), and the normal-
ized Gaussian distributionN (0, 1), has been computed to illustrate the difference between
the distributions. The result is found in Figure 2.3(b). The relative accuracy and the Kull-
back divergence behaves similarly.

Unsymmetric Bimodal Distribution

Another distribution that will be used throughout this thesis is the bimodal distribution
given by the PDF

p2(x;ω, µ, Σ) = ωN
(
x;µ,Σ

)
+ (1− ω)N

(
x; −ωµ

1−ω , 1−ωµ2/(1−ω)−ωΣ
1−ω

)
(2.21)

where 0 < Σ < 1
ω −

µ2

1−ω and 0 < ω < 1 to get a proper distribution. This is a
distribution of the same type as was used in Example 2.1. As described there, this type
of distributions can be used to model radar measurements, where one of the modes is the
result of secondary radar reflections, e.g., in treetops [8, 16, 81]. However, multimodal
distributions can be used to model other behaviors as well, for instance situations where
there are two different possibilities where the means of the modes can be used to represent
different behaviors.

The intrinsic accuracy of the parameterized distributions and the Kullback divergence
compared to a normalized Gauss distribution are found in Figure 2.4, for ω = 9

10 . The
two measures behave very similarly, and in this case it is difficult to tell the two part.
Close to the boundary of the allowed parameter region, the two modes both approach
point distributions since the spread of the mean will contribute substantially to the total
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Figure 2.4: Inverse relative accuracy and Kullback divergence for the bimodal dis-
tribution (2.21) with ω = 9

10 .

variance of the distribution. With point distributions present the information content is
very high, since once the point distribution is identified the estimate will be correct. A
similar argumentation can be made about the Kullback information and its interpretation
as a measure of how difficult it is to distinguish between two distributions.

Symmetric Trimodal Distribution

The final distribution that will be used to illustrate the theory is defined by the PDF

p3(x;µ, ω) = 1−ω
2 N (x;−µ,Σ) + ωN (x; 0,Σ) + 1−ω

2 N (x; +µ,Σ), (2.22)

where Σ := 1 − µ2(1 − ω) and 1 − µ−2 < ω < 1 to get a proper distribution. In many
respects this distribution is similar to the bimodal distribution (2.21). One usage is to
model different behaviors, where different means are interpreted as different behaviors
that could be experienced.

The relative accuracy for (2.22) is found in Figure 2.5(a) and the Kullback divergence
when the distribution is compared to a normalized Gaussian is in Figure 2.5(b). Once gain,
the principal behavior of the relative accuracy and the Kullback divergence is similar. As
the modes are separated the information increases up until the point where the distribution
consists of three point distributions.

2.4 Transformed Distributions

At time to time a stochastic variable is passed through a transformation, e.g., as the result
of a measurement. Assume that x is a stochastic variable passing through the function
f(·), the result is a new stochastic variable z = f(x) with a new distribution.

As seen earlier, if x is Gaussian and f(·) is a linear function then z is Gaussian as well,
and the distribution is given by (2.16). The general way to determine the distribution of z
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Figure 2.5: Inverse relative accuracy and Kullback divergence for the trimodal dis-
tribution (2.22).

is to use the definition of a PDF,

pz(z) =
d

dz

∫
f(x)<z

px(x) dx, (2.23)

which if f(·) is bijective simplifies to

pz(z) =
d

dz

∫
f(x)<z

px(x) dx =
d

dz

f−1(z)∫
−∞

px(x) dx = px(z)
df−1(z)

dz
. (2.24)

The expressions above are given for scalar variables but can be extended to vector valued
variables, see e.g., [31, Theorem 2.1 in Chapter I]

Example 2.2: χ2(2) distribution
Let x1 and x2 be two independent N (0, 1) distributed stochastic variables, and let z =
x2

1 + x2
2. Hence, if x1 and x2 are coordinates, z is the squared distance to origin. The

distribution of z is then derived using (2.23),

pz(z) =
d

dz

∫
x2
1+x2

2<z

1√
2π

e−x2
1/2 · 1√

2π
e−x2

2/2 dx1dx2 =
/

Change to polar coord.
/

=
d

dz

1
2π

√
z∫

0

e−r2/2r dr

2π∫
0

dφ =
d

dz

√
z∫

0

e−r2/2r dr =
1

2
√

z
e−z/2

√
z =

e−z/2

2
.

The new distribution is χ2(2) distributed, and it can be shown that E(z) = 2 and var(z) =
4. The χ2(2) distribution is a special instance of the χ2(n) distribution, the result obtained
when adding n independent and squared N (0, 1) stochastic variables.
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The analytic χ2(2) PDF and the result of 1 000 simulated samples are shown in Fig-
ure 2.6. Computing the sample mean and variance yields results close to the analytic
values.
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Figure 2.6: Analytical and simulated (1 000 samples) PDF of χ2(2).

Even though the target distribution in the example above turned out to be manage-
able to calculate, this is often not the case. Hence, approximations are needed. This
section presents three such approximations: Monte Carlo transformation, linear Gaussian
approximation, and unscented transformation.

2.4.1 Monte Carlo Transformation

If it is difficult to calculate (2.23) analytically, Monte Carlo integration can always be
used to compute the integral (see Section 2.2). Using enough samples the approximation
error can be made arbitrary small. Based on this, approximate the PDF with N samples
according to

px(x) ≈
N∑

i=1

ω(i)δ(x− x(i)), (2.25)

where ω(i) = 1/N if x(i) are IID samples from x and δ(·) denotes the generalized Dirac
function. Using some other distribution for x(i) may be motivated, and then ω(i) follows
according to Section 2.2.

To get an approximation of the target distribution transform all particles separately,

z(i) = f(x(i)),

and the PDF is then approximated by the sum

pz(z) ≈
N∑

i=1

ω(i)δ(z − z(i)), (2.26a)
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where the combination of the importance weights and density of particles yields the PDF.
Monte Carlo integration now yields the expected value and the covariance matrix:

µz =
N∑

i=1

ω(i)z(i) (2.26b)

Σz =
N∑

i=1

ω(i)(z(i) − µz)(z(i) − µz)T . (2.26c)

The larger the set of particles, the better the approximation becomes.

2.4.2 Gauss Approximation Formula

The Gaussian approximation is to linearize the transformation around the expected value
of x using a Taylor series expansion, and disregard all terms of order two or more. That
is, the mean is transformed using,

µz = Ez(z) = Ex

(
f(x)

)
= Ex

(
f(µx) +

(
∇x f(µx)

)T (x− µx) +O
(
‖x− µx‖2

))
≈ E

(
f(µx)

)
+
(
∇x f(µx)

)T
E
(
x− µx

)
= f(µx), (2.27)

and the covariance matrix

Σz = covz(z) = covx

(
f(x)

)
= Ex

((
f(x)− µz

)(
f(x)− µz

)T)
= Ex

((
f(µx) +

(
∇x f(µx)

)T (x− µx) +O
(
‖x− µx‖2

)
− f(µx)

)
·
(
f(µx) +

(
∇x f(µx)

)T (x− µx) +O
(
‖x− µx‖2

)
− f(µx)

)T
)

≈
(
∇x f(µx)

)T
Ex

(
(x− µx)(x− µx)T

)(
∇x f(µx)

)
=
(
∇x f(µx)

)T Σx

(
∇x f(µx)

)
. (2.28)

Note that with the gradient notation used is∇x(Ax) = AT . The method gives an approx-
imation of the first two moments of the distribution of z. Usually the distribution is then
approximated with a Gaussian distribution with correct mean and covariance. This works
fairly well in many situations where x is Gaussian and the transformation is fairly linear,
but not always.

A straightforward extension to the Gaussian approximation is to include higher order
terms in the approximation. The analysis is analogous, and since higher order moments
of the transformation are captured the result is likely to be somewhat better.

2.4.3 Unscented Transform

The unscented transform (UT), introduced by Julier [38], Julier and Uhlmann [39, 40],
is a recent method used to transform stochastic variables. The unscented transform was
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designed as a step in the creation of the unscented Kalman filter (UKF). The UKF is
discussed in Chapter 4 as an alternative filtering technique for nonlinear systems.

The basic idea of the unscented transform is to have a set of carefully chosen instances
of the initial stochastic variable, called sigma points, pass through the transformation
and based on these points derive the mean and the covariance matrix of the transformed
distribution. The idea is illustrated in Figure 2.7.

X1

X2

Z1

Z2

z = f(x)

Figure 2.7: Sigma points for x ∼ N
(
(0, 1)T , I

)
are passed through the nonlinear

function z = f(x) = (x2
1, x2

2)
T . (A × denote estimated mean and a dashed ellipse

estimated covariance.)

The standard form of the unscented transform uses N = 2nx +1 sigma points, where
nx is the dimension of x. The sigma points, x(i), and the associated weights, ω(i), are
chosen to be

x(0) = E(x), ω(0) is a parameter, (2.29a)

x(±i) = x(0) ±

[√
nx

1− ω(0)
cov(x)

]
i

, ω(±i) =
1− ω(0)

2nx
, (2.29b)

for i = 1, . . . , nx, where [A]i denotes the ith column of A, and the square root is inter-
preted in the matrix sense A =

√
A
√

A, when necessary. The ith column of the square
root of the covariance matrix is used since it represent the standard deviation of the distri-
bution in a principal direction. The set of sigma points hence span the uncertainty of the
stochastic variable. The weight on the mean, ω(0), is used for tuning. A small value of
ω(0) moves the sigma points away from the mean, whereas a large value gather them close
to the mean. This allows for tuning of the unscented transform. The weight ω(0) = 1

3
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gives, according to [40], preferable properties for Gaussian noise. It is also possible to
use other sets of sigma points and/or parameterizations to change the behavior of the
approximation and this way get more degrees of freedom for tuning [40].

Once the sigma points are chosen, the approximations of µz and Σz are computed as
weighted means. Denote the transformed sigma points

z(i) = f(x(i)),

for i = −nx, . . . , nx and associate them with the weights ω(i). The estimated mean
follows as

µz =
nx∑

i=−nx

ω(i)z(i), (2.30a)

and covariance matrix is

Σz =
nx∑

i=−nx

ω(i)(z(i) − µz)(z(i) − µz)T . (2.30b)

Once again, since only the mean and the covariance is known, a Gaussian approximation
is often used to represent the result.

According to Julier and Uhlmann [40] it is possible to get correct estimates of mean
and variance to the second order, and even higher orders, using the unscented transform.
However, very little is said about how and under what conditions this holds, and Exam-
ple 2.3 shows how the unscented transform sometimes produce poor approximations for
relatively simple transformations.

Example 2.3: Problem with unscented transform
Assume as in Example 2.2 two independent stochastic variables, x1 ∼ N (0, 1) and
x2 ∼ N (0, 1). The transformation z = x2

1 + x2
2 is then χ2(2) distributed according

to Example 2.2, with mean E(z) = 2 and variance var(z) = 4.
Using the unscented transform with ω(0) as parameter yields and the sigma points

x(0) =
(

0
0

)
, x(±1) =

(
±
√

2
1−ω(0)

0

)
, x(±2) =

(
0

±
√

2
1−ω(0)

)
,

Applying the transform results in the sigma points z(0) = 0 and z(±1) = z(±2) = 2
1−ω(0)

and the estimated mean and variance

µz =
∑

i

ω(i)z(i) = 2

Σz =
∑

i

ω(i)
(
z(i) − µz

)2 =
4ω(0)

1− ω(0)
,

where the variance differs from the variance for a χ2(2) distribution unless ω(0) = 1
2 .

Hence, in this case the unscented transform, with ω(0) chosen as recommended in [40],
does not produce an correct approximation of the distributions second moment, even for
a quadratic function.
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Example 2.4: Comparison of transformation methods

Let x ∼ N (1, 1) and z = x2. The PDF for z is

pz(z) =
d

dz

∫
x2<z

1√
2π

e−(x−1)2/2 dx =
1√
2πz

e−(z+1)/2 cosh(
√

z),

which turns out to be a non-central χ2 distribution. Hence, z ∼ χ2
1(1) with expected

value E(z) = 2 and variance var(z) = 6.
A Monte Carlo approximation of the target distribution using 1 000 particles yields

µz = 2.0 and Σz = 6.0.
The Gauss approximation of the target distribution is

µz ≈ µ2
x = 1

Σz ≈ 2µx · 1 · 2µx = 4

Finally, consider the unscented transform. The sigma points are using the weights
ω(0) = ω(±1) = 1

3

x(0) = µx = 1, z(0) =
(
x(0)

)2 = 1,

x(−1) = µx −

√
var(x)

1− ω(0)
= 1−

√
3
2
, z(−1) =

(
x(−1)

)2 =
5
2
− 2

√
3
2
,

x(1) = µx +

√
var(x)

1− ω(0)
= 1 +

√
3
2
, z(1) =

(
x(1)

)2 =
5
2
− 2

√
3
2
,

Using this

µz ≈
1∑

i=−1

ω(i)z(i) = 2

σz ≈
1∑

i=−1

(
z(i) − µz

)2 = 9
2 = 4.5.

The results of applying the three approximative methods to derive the distribution
of z is gathered in Figure 2.8. Note that performance is discouraging for the two the
approximative methods, but the Monte Carlo transformation works well. The estimated
distribution of z obtained with the Gauss approximation has both incorrect mean and
incorrect variance. The unscented transform, with the suggested ω(0) = 1

3 , gets the mean
correct, but underestimates variance. The PDF estimated in both cases differs significantly
from the true distribution. Hence, it is important to make sure that the result is acceptable
if an approximative transformation is used.
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Figure 2.8: Result of squaring a normalized Gaussian distribution: analytically, with
Gauss approximation formula, with Monte Carlo simulations and with unscented
transformation. (Used sigma points are included for reference.)



3
Models

SIR ISAAC NEWTON’S second law of motion (published in Philosophiæ naturalis
principia mathematica, 1687) states: ”The alternation of motion is proportional
to the motive force impressed; and is made in the direction of the right line in

which that force is impressed.” In modern terms “the applied force equals the mass times
the acceleration”, which is a very precise description of how a force affects an object.
This chapter deals with such descriptions of nature, in terms of mathematical models.

To extract information from measurements of a system, i.e., estimate the underlying
state of the system or detect a change in its behavior, it is important to have an accurate
description of the system. A good system model describes how the measurable output
reflects the internal state of the system and how it responds to input. For different applica-
tions, different descriptions are needed. They can be anything from textual descriptions,
e.g., “When the input voltage is 5 Volt, the output settles at 2 Volt.”, or measured fre-
quency response diagrams, or strict mathematical descriptions, e.g., transfer functions or
state-space models. Since the topic of this thesis is state estimation and change detection
the emphasis of this section will be discrete time models; in particular system descriptions
in terms of the similar state-space model and hidden Markov model (HMM).

3.1 State-Space Model

This section describes state-space models. The models given first are general in the sense
that they can be used to describe a wide range of systems. Assumptions are then made
that yield less general models, easier to analyze, but still powerful enough to be used in
practice.

27
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3.1.1 General State-Space Model

In a state-space model, a state vector, xt, holds all information about the system, at time t,
needed to determine its future behavior given the input. In this respect a state is very
powerful since a low dimensional vector, xt, can be used to summarize an infinite system
history.

How the state evolves over time is determined by the system dynamics. The state at
time t + 1, xt+1, relates to the state at time t, xt, (more generally times ti+1 and ti), and
inputs of the system ut and wt through the relation

xt+1 = f(xt, ut, wt), (3.1a)

where ut and wt are both inputs but differ in their interpretation; ut is a known input to
the system, whereas wt, usually referred to as process noise, is an unknown unpredictable
input modeled as a stochastic process.

An observation of the system at time t is denoted yt, and is a mapping of the state xt,
and the inputs ut and et, where the latter is measurement noise, an unpredictable distur-
bance, modeled with a stochastic process. Generally, the measurement yt can be related
to xt, ut, and wt through the relation

0 = h(yt, xt, ut, et). (3.1b)

The functions f(·) and h(·) in (3.1) are both implicitly assumed to depend on the time t
throughout this thesis, unless otherwise stated. One way to achieve this is to include t as
an element in the state vector, or by explicitly adding time as an argument to the functions.

The model defined by (3.1) is very general. For simplicity it is often assumed that yt

can be solved for in (3.1b) and that et is additive. The result,

xt+1 = f(xt, ut, wt) (3.2a)
yt = h(xt, ut) + et, (3.2b)

is still a very general nonlinear model that is powerful enough to model almost any system
encountered. In this thesis, (3.2) is the most general model used in the further discussions.

3.1.2 Linear State-Space Model

The state-space model (3.2) is good in the respect that it is general enough to describe
almost any system. However, analysis of such models often becomes too complex to
handle. This leads to the introduction of a new class of models, linear models. The general
theory of linear systems is treated in e.g., [42, 74]. In linear models, the dynamics and the
measurement relation are both considered to be linear functions of the state, according to

xt+1 = Ftxt + Gu
t ut + Gw

t wt, (3.3a)
yt = Htxt + Hu

t ut + et, (3.3b)

where Ft, Gu
t , Gw

t , Ht, and Hu
t are matrices.
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Example 3.1: Constant velocity model
The constant velocity (CV) model describes a linear motion with constant velocity dis-
turbed by external forces, process noise wt, entering the system in terms of acceleration
[61]. The constant velocity model is for instance used to track airplanes, where the deter-
ministic but unknown maneuvers by the pilot can be treated as process noise.

In one dimension, using measurements of the position and a sampling time T , the
model is given by

xt+1 =
(

1 T
0 1

)
xt +

(
1
2T 2

T

)
wt,

yt =
(
1 0

)
xt + et,

where the states are position, x, and velocity, v, stacked as x =
(
x v

)T
. Furthermore,

wt and et must be described for a complete model. A common assumption is white noise
(independent in time), Gaussian, and mutually independent noise, e.g., wt ∼ N (0, Q)
and et ∼ N (0, R).

To extend the model to handle multi-dimensional constant velocity motion, treat each
dimension separately and stack the states describing the motion in each dimension in the
state vector.

3.1.3 Model with Fault Terms

For applications such as fault detection it is preferable to introduce another input sig-
nal, ft. With this modification ft can be used to represent deterministic but to the mag-
nitude unknown effects, e.g., faults such as a suddenly appearing friction force. The
nonlinear model (3.2) with a fault term becomes

xt+1 = f(xt, ut, ft, wt), (3.4a)
yt = h(xt, ut, ft) + et, (3.4b)

and introducing the fault term in a linear model (3.3) yields

xt+1 = Ftxt + Gu
t ut + Gw

t wt + Gf
t ft, (3.5a)

yt = Htxt + Hu
t ut + et + Hf

t ft. (3.5b)

Usually, ft ≡ 0 is assumed for the nominal system and any deviation from this is consid-
ered a fault or a change. Note that it is always possible to re-parameterize a given model
in such a way that ft is zero for the nominal model.

To make a distinction between regular noise, entering through wt and et, and the
effect of a fault or a change ft, it will be assumed that ft can be separated into a smoothly
varying magnitude and a direction. Hence, the fault is parameterized as

ft = Hf,imt, (3.6)

where Hf,i gives the ith time-invariant fault direction with the scalar magnitude, mt. The
magnitude is then defined by the regression mt = ϕT

t θ, where θ is constant over time and
of relatively low dimension and where φt makes up a basis for the fault behavior.



30 3 Models

Example 3.2: Incipient noise

Consider an incipient fault with a magnitude that increases linearly in time. In the fault
description introduced above, this behavior could be represented in the fault basis

ϕt =
(

1
t

)
with the fault parameter θ =

(
θ0

θ1

)
,

where θ0 captures the constant fault level and θ1 determines the rate of the increase. Note
that θ is time-invariant even though the fault magnitude mt = ϕT

t θ is not.
To get a more advanced fault profile, include more terms to the basis of the magnitude,

e.g., adding a quadratic term yields

ϕt =

 1
t
t2

 and θ =

θ0

θ1

θ2

 ,

where θ2 represents the quadratic term.

To make it easy to use the noise description, let ϕt define an orthonormal basis, such that∑t
k=t−L+1 ϕkϕT

k = I . One such suitable choice is the discrete Chebyshev polynomials.
This definition preserves the fault energy, i.e., ‖mt‖22 =

∑t
k=t−L+1 m2

k = ‖θ‖22. This
method to distinguish between noise and unknown deterministic input is used in e.g.,
[35, 86].

3.1.4 Batched Linear State-Space Model

For applications where measurements are considered in batches it is convenient to have
the model reflect this. Therefore, introduce the following notation for L stacked measure-
ments,

Yt =


yt−L+1

yt−L+2

...
yt

 .

The same notation will be used throughout the thesis to represent other stacked variables,
i.e., Xt, Wt, Et, Ut, and Ft will be used for L stacked x, w, e, u, and f , respectively. Un-
less clearly stated otherwise, L is to be assumed to be such that the stacked vector includes
all available data. Using stacked variables, it is possible to express the L measurements
in a batch from the linear model (3.5) as

Yt = Otxt−L+1 + H̄w
t Wt + Et + H̄u

t Ut + H̄f
t Ft, (3.7)

where Ot is the extended observability matrix that describes the impact of the initial
state on the measurements, and H̄?

t matrices describing how ? ∈ {w, u, f} enters the
measurements. A bar is used to separate these matrices from those used in the standard
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linear model. The extended observability matrix is

O =


Ht−L+1

Ht−L+2Ft−L+1

...
Ht

∏t−L+1
i=t−1 Fi

 =
/

if time-invariant
/

=


H

HF
...

HFL−1

 , (3.8a)

where an assumption about time-invariance simplifies the expression considerably. The
input matrices are defined as

H̄? =


H?

t−L+1 0 . . . 0

Ht−L+2G
?
t−L+1 H?

t−L+2

. . .
...

...
. . . . . . 0

Ht

∏t−L+2
i=t−1 Fi G?

t−L+1 Ht

∏t−L+3
i=t−1 Fi G?

t−L+2 . . . H?
t



=
/

if time-invariant
/

=


H? 0 . . . 0

HG? H? . . .
...

...
. . . . . . 0

HFL−2G? HFL−3G? . . . H?

 , (3.8b)

for ? ∈ {w, u, f}. Note, if the system is time-invariant the H? are Toeplitz matrices
which allows for improved numerical algorithms to be used. For a more complete de-
scription of this way to view the system see e.g., [28, 29, 86].

3.2 Hidden Markov Model

An alternative view of a system, is to study how probable different events or states
are [72]. In Bayesian statistics, introduced by Bayes [6] in 1763, parameters are stochas-
tic variables with distributions instead of unknown but deterministic values as in classical
statistics. Prior knowledge and measurements are hence used to derive an as correct pa-
rameter distribution as possible, in this context focusing less on an exact parameter value.
The Hidden Markov model (IMM) is a statistical model that has much in common with
a state-space model. In an HMM, one Markov process represents the underlying system,
which cannot be directly observed,

p(xt+1|Xt, Ut) = p(xt+1|xt, ut), (3.9a)

with the initial information x0 ∼ p0(·). Observations of the system are then made through
a stochastic process, described by

p(yt|Xt, Ut) = p(yt|xt, ut). (3.9b)

A tutorial on the subject of HMM can be found in [69].
The hidden Markov model has much in common with state-space models. In the

HMM, the Markov process, which cannot be observed directly, corresponds to the de-
scription of the dynamics in the state space formulation, and the observations, described
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with the stochastic process, relates to the measurement equation. Regular systems can
be represented both as a HMM and as a state-space model. The process noise is then
implicitly defined by the PDF (3.9a), for a linear model with Gw = I , as

wt ∼ p
(
xt+1 − Ftxt −Gu

t ut

∣∣ xt, ut

)
.

The measurement noise is implicit in the PDF (3.9b), for additive nose, as

et ∼ p
(
yt − h(xt, ut)

∣∣ xt, ut

)
.

Example 3.3: Hidden Markov model representation of a linear model
Consider a scalar linear model

xt+1 = axt + wt

yt = cxt + et,

where wt ∼ N (0, Q) and et ∼ N (0, R). The equivalent HMM is

p(xt+1|xt) = N (xt+1; axt, Q),
p(yt|xt) = N (yt; cxt, R).

Furthermore, for both models the distribution of x0 must be specified in order for the
description to be complete, e.g., x0 ∼ N (0,Π0).

In estimation and detection, the inferred state distribution is very important, and
with a HMM description of a system the inferred distribution of xt follows directly form
marginalization and Bayes’ rule. Marginalization of (3.9a) with respect to the previous
state yields the conditioned PDF

p(xt+1|Yt) =
∫

p(xt+1|xt)p(xt|Yt) dxt, (3.10a)

where the integration is performed over the whole state space of xt. Information acquired
from new measurements are incorporated into knowledge about the state using Bayes’
rule,

p(xt|Yt) =
p(yt|xt)p(xt|Yt−1)∫

p(yt|xt)p(xt|Yt−1) dxt
=

p(yt|xt)p(xt|Yt−1)
p(yt|Yt−1)

. (3.10b)

The expressions (3.10) capture all information available about xt given the measurements
in Yt and the model. It is often hard, or impossible, to find closed form expressions for the
inferred PDF of xt. Especially the normalizing factor p(yt|Yt−1) is usually troublesome.
Linear models with Gaussian noise is one class of models where an analytical solution is
known, the Kalman filter [42]. The Kalman filter is further elaborated on in Chapter 4. In
general conjugate priors, render manageable analytical results. The family of exponential
distributions, of which the Gaussian distribution is a member, contains its own conjugate
priors [72].
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THE ART OF STATE ESTIMATION, is to learn as much about the state of a system as
possible from measurements of it. This should be interpreted in the widest sense
possible. The result is a time series of estimates, a trajectory, describing how

the state has developed over time. If the objective is positioning a car to give the driver
directions, the trajectory could be a list positions and speeds indicating where the car was
and how fast it was going at certain times.

This chapter presents several different methods to utilize available sensor information
for estimation purposes. First estimation in general is presented, and after that state es-
timation in particular. The first group of filtering methods introduced are the sequential
Monte Carlo methods, or particle filters, which gives a general way to approximate (3.10)
for the nonlinear system (3.2),

xt+1 = f(xt, wt) (4.1a)
yt = h(xt) + et, (4.1b)

where deterministic input ut has been removed in favor of a clearer notation. The Kalman
filter is presented next as an optimal and analytical solution to linear Gaussian estimation
problem (3.3)

xt+1 = Ftxt + Gw
t wt, (4.2a)

yt = Htxt + et, (4.2b)

where wt and et are Gaussian, and as a suboptimal linear method for any other linear
system. Finally, a few nonlinear variations of the Kalman filter are studied as well: the
extended Kalman filter (EKF), the unscented Kalman filter (UKF), and filter banks.

33
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4.1 Parameter Estimation

General parameter estimation techniques are covered thoroughly by most textbooks on es-
timation theory, e.g., [47, 58]. The aim of parameter estimation is to find x̂ that minimizes
a certain loss function, or in a Bayesian setting a cost function, L(x, Y),

x̂ := arg min
x̂

L(x̂, Y),

where Y are measurements related directly, or indirectly, to x. An estimate, x̂, with
expected value

E(x̂) = x0 + b,

where x0 is the true state, is unbiased if b = 0. If b 6= 0 then the estimate bias is b.
Unbiasedness is an important property for estimators in classical statistics, but of little
interest in the Bayesian framework where the parameter distribution is the main objective
and there is no true parameter value [72].

There are many estimation methods available, four important methods are listed be-
low:

• Least square (LS) estimation, where the squared errors between the estimated and
the actual measurements are minimized,

x̂LS := arg min
x̂

∑
i

‖yi − h(x̂)
)
‖22. (4.3a)

• Maximum likelihood (ML) estimation, where the estimate is chosen to be the pa-
rameter most likely to produce the measurements obtained,

x̂ML := arg max
x̂

p(Y|x̂). (4.3b)

The ML estimate is optimal in the sense that it is unbiased and reaches the CRLB as
the information in the measurements goes to infinity. However, the ML estimate is
generally not unbiased for finite information.

• Minimum mean square error (MMSE) estimation, which basically is the Bayesian
version of LS estimation,

x̂MMSE := arg min
x̂

Ex,Y(x− x̂)2 = Ex|Y(x), (4.3c)

where the last equality follows from performing the optimization.

• Maximum a posteriori (MAP) estimation, the Bayesian equivalent of ML, is defined
as the most likely x based on the a priori distribution and the measurements,

x̂MAP := arg max
x̂

p(x̂|Yt). (4.3d)

In state estimation the estimate of a time-varying state, xt, is sought and the estimate
of xt, using measurements up to time τ , Yτ , is here denoted x̂t|τ . If the PDFs (3.10),
p(xt+1|Yt) and p(xt+1|Xt), are known estimation is easy just apply one of the estima-
tors (4.3). However, most times it is impossible, or at least very difficult, to analytically
derive these distributions.
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4.2 Particle Filter

When an analytic solution is unavailable numeric approximations of (3.10) are necessary.
The main problem with (3.10) is the integrals. One way to handle this is to grid the state
space and approximate the PDFs with piecewise constant functions so that the integrals
can be treated as sums that are easier to handle than integrals. This grid based approach,
also called the point-mass filter (PMF), is described in depth in [14, 37, 53] and evaluated
in [8, 52]. Another method, which has much in common with filter banks, is to use
a Gaussian sum approximation [1, 79]. However, this method suffers heavily from the
curse of dimensionality. In practice this drastically limits the usability of the point-mass
filter . An alternative is to resort to stochastic methods, such as Monte Carlo integration,
leading to sequential Monte Carlo filters, also known as particle filters (PF).

The foundation for the particle filter was laid in the 1950s [32], but the technique never
came into use then. Reasons for this may include the lack of computing power needed to
fully take advantage of the method, and that the fundamental resampling step, introduced
by Gordon, Salmond, and Smith [27], was not yet used. Since the seminal paper [27]
much has been written about the particle filter and its favorable properties, as well as
applications using it. The particle filtering theory is described in [19, 20, 71], variations
of the theory combining it with other filtering techniques in [51, 88], and applications in
[9, 30, 45].

4.2.1 Approximative Probability Density Function

Based on the Monte Carlo integration technique and Monte Carlo transformation, de-
scribed in Sections 2.2 and 2.4.1, a reasonable approximation of the interesting PDF is to
use a set of N particles {x(i)

t }N
i=1, with associated weights {ω(i)

t|t−1}
N
i=1, such that

p(xt|Yt−1) ≈
N∑

i=1

ω
(i)
t|t−1δ(xt − x

(i)
t ),

where the particles are IID samples from an importance distribution and the weights are
matching importance weights. Properties such as the mean of xt, the MSE, is then easily
computed using Monte Carlo integration,

x̂t|t = Ext|Yt−1(xt) ≈
N∑

i=1

ω
(i)
t|t−1x

(i)
t .

Now, assume that the measurement yt is obtained, the updated PDF is then according
to (3.10b)

p(xt|Yt) ∝ p(yt|xt)p(xt|Yt−1),

leading to the importance weight update

ω
(i)
t|t =

p(yt|x(i)
t ) ω

(i)
t|t−1∑

j p(yt|x(j)
t ) ω

(j)
t|t−1

.
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The measurement updated PDF becomes, using the updated weights,

p(xt|Yt) ≈
N∑

i=1

ω
(i)
t|t δ(xt − x

(i)
t ).

The following PDF must be constructed for the prediction, (3.10a),

p(xt+1|Yt) =
∫

p(xt+1|xt)p(xt|Yt) dxt.

To do this, draw a new set of IID particles to represent the updated PDF, sample x
(i)
t+1 from

an importance distribution q(xt+1|x(i)
t , Yt) and update the importance weights accord-

ingly,

ω
(i)
t+1|t =

p(x(i)
t+1|x

(i)
t )

q(x(i)
t+1|x

(i)
t , Yt)

ω
(i)
t|t ,

yielding the approximative PDF

p(xt+1|Yt) ≈
N∑

i=1

ω
(i)
t+1|tδ(xt+1 − x

(i)
t+1).

Figure 4.1 illustrates a particle cloud before and after a prediction step. Note how
the cloud is translated by the transfer function f(·, ·) and how the process noise spreads
the particles. Compare this illustration to Figure 1.1 where the effects of a Gaussian
approximation are shown.

t+1
t

Figure 4.1: PDFs for, and particles describing, the state distribution before (left) and
after (right) the prediction step in a particle filter.
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Note that if the importance distribution is chosen to be q(xt+1|xt, Yt) = p(xt+1|xt)
this simplifies the update of the importance weights to ω

(i)
t+1|t = ω

(i)
t|t . However, this is

not optimal with respect the statistical properties of the filter. Nevertheless, due to its
simplicity this importance distribution is often used.

The above is a sequential Monte Carlo method and represents what was available in
the 1950s [32]. It can be shown that using this method the approximated distribution will
degenerate so that only a few particles actually contribute to the description of the PDF
[19, 50]. Using q(xt+1|xt, Yt) = p(xt+1|xt) this can happen quite quickly, whereas a
more careful choice of importance distribution may slow down the process. A solution to
the problem is to introduce a resampling step as suggested in [27]. The resampling step
in combination with the increased computational power was what was needed to turn the
particle filter into an interesting method. Algorithm 4.1 represents a generic particle filter
with resampling.

Algorithm 4.1 Particle Filter

1. Initiate the filter: {x(i)
0 }N

i=1 ∼ p(x0) and {ω(i)
0|−1}

N
i=1 = 1

N for i = 1, . . . , N . Let
t := 0.

2. Measurement update phase:

ω
(i)
t|t =

p(yt|x(i)
t ) ω

(i)
t∑

j p(yt|x(j)
t ) ω

(j)
t

, i = 1, . . . , N. (4.4a)

3. Resample! See Section 4.2.2, e.g., Algorithms 4.2 and 4.3.

4. Time update phase: Generate N IID samples from an importance distribution q(·),
{x(i)

t+1|t}
N
i=1 ∼ q(xt+1|x(i)

t , Yt) and update the importance weights accordingly,

ω
(i)
t+1|t = ω

(i)
t|t

p(x(i)
t+1|t|x

(i)
t )

q(x(i)
t+1|x

(i)
t , Yt)

, i = 1, . . . , N. (4.4b)

If q(xt+1|x(i)
t|t , Yt) = p(xt+1|x(i)

t|t) this simplifies to ω
(i)
t+1|t = ω

(i)
t|t .

5. Let t := t + 1 and repeat from 2.

At any time in the algorithm a minimum variance estimate of the state can be obtained as
a weighted sample mean:

x̂t|t =
∑

i

ω
(i)
t|t x

(i)
t , x̂t+1|t =

∑
i

ω
(i)
t+1|tx

(i)
t .
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4.2.2 Resampling

The resampling step rejuvenates the particles used to represent the PDF in the particle
filter so that the stochastic support is maintained. Several methods have been devised to
do this; one of the earliest and most commonly used resampling algorithms is the one
used in the sampling importance resampling (SIR) particle filter [27] which is a special
case of the more general sequential importance sampling (SIS) particle filter [19]. The
SIR and SIS methods both use stochastic resampling. Other solutions to the problem
rely on deterministic resampling. Four different resampling algorithms are compared and
contrasted in [36]; two stochastic methods, and two deterministic methods. Resampling
in a setting with a network of distributed computational nodes is reviewed in [13].

The SIR algorithm for resampling is straightforward and resampling is performed in
each sample time. Resampling is done by drawing a new set of particles, x

(i)
t+ , randomly

with replacement from the old set of particles, x
(i)
t . The probability to choose a certain

particle in the old set for the new set should be Pr(x(i)
t+ = x

(j)
t ) = ω

(j)
t|t , and the weights

matching the new particles are ω
(i)
t+|t = 1/N . The new set of particles and weights then

replace the old set in the particle filter. The SIR particle filter is given in Algorithm 4.2.

Algorithm 4.2 Sampling Importance Resampling (SIR) Filter
Use Algorithm 4.1 with the following resampling step:

3. Resample: Construct the set {x(i)
t+}

N
i=1 by drawing N IID samples from {x(j)

t }N
i=1,

with Pr(x(i)
t+ = x

(j)
t ) = ω

(j)
t|t , and let ω

(i)
t+|t = 1/N for i = 1, . . . , N . Let the

new particles and weights replace the old ones: x
(i)
t := x

(i)
t+ and ω

(i)
t|t := ω

(i)
t+|t for

n = 1, . . . , N .

The SIS algorithm is a generalization of the SIR algorithm, the difference lies in how
often the resampling step is conducted. Whereas a SIR filter resamples before each time
update, a SIS filter only resamples when the particle degeneration requires it. The effective
sample size [8, 50],

Neff =
N

1 + varq(x)(ω(i))
,

is one measure of the particle quality often used, but other measures have been suggested
e.g., [80]. The effective sample size indicates how many of the particles that actually
contribute to the support of the studied PDF. If Neff � N this indicates that the support is
poor and that resampling is needed to avoid degeneration of the filter. Unfortunately, Neff
is hard to calculate analytically, but can be approximated [50] with,

N̂eff =
1∑

i

(
ω(i)

)2 .
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Hence, N̂eff can be used to determine when to resample, i.e., given some threshold Nth
resample when N̂eff < Nth. One suggestion in [8] is to use Nth = 2

3N as threshold for
resampling. The SIS particle filter is given in Algorithm 4.3.

Algorithm 4.3 Sequential Importance Sampling (SIS) Filter
Use Algorithm 4.1 with the following resampling step:

3. Resample: Compute the effective sample size,

N̂eff =
1∑N

i=1

(
ω

(i)
t|t
)2 . (4.5)

If N̂eff < Nth then construct the set {x(i)
t+}

N
i=1 by drawing N IID samples from

{x(j)
t }N

i=1, with Pr(x(i)
t+ = x

(j)
t ) = ω

(j)
t|t , and let ω

(i)
t+|t = 1/N for i = 1, . . . , N .

Let the new particles and weights replace the old ones: x
(i)
t := x

(i)
t+ and ω

(i)
t := ω

(i)
t+

for i = 1, . . . , N .

4.3 Kalman Filter

Probably the most well-known estimation algorithm for linear systems is the Kalman
filter. The filter is named after Rudolph E. Kalman, who in 1960 published a famous
paper introducing the method [43]. At that time others were independently working with
similar methods; amongst other Swerling [82] and researchers from the USSR [78]. Never-
the-less Kalman has over time received most of the credit for developing the filter. In a
few decades the Kalman filter became widely used. A collection of important work from
the first decades of Kalman filtering, both theoretical and application oriented, can be
found in [78]. The original Kalman filter assumes a discrete time linear model (3.3), but
just a few years later the theory was extended to also include continuous time system [44].

The main idea of the Kalman filter is to use a linear filter to update the mean and the
covariance of the estimate so that the covariance of the estimation error is kept minimal.
If all noises are Gaussian, and hence stays Gaussian even after linear transformations,
the Kalman filter proves the solution to (3.10) and yields the minimum variance estimate
[42]. If the noise is non-Gaussian, the Kalman filter is the best linear unbiased estima-
tor (BLUE), i.e., it has the smallest error covariance of all linear filters, but there may exist
nonlinear estimators that are better.

The Kalman filter is often derived for Gaussian noise where the calculations are
straightforward to perform and the optimality follows immediately. There are many good
books on the subject how to derive the Kalman filter, e.g., the work by Anderson and
Moore [2] and more lately the book by Kailath, Sayed, and Hassibi [42], therefore the
filter is just given in Algorithm 4.4 without any derivation. The Kalman filter equations
can be divided into a time update phase, where the dynamics of the system is handled, and
a measurement update phase, where the measurements are incorporated in the estimate.
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Algorithm 4.4 Kalman Filter

1. Initiate the filter with the initial information:

x̂0|−1 = x0 and P0|−1 = Π0,

where x0 is the unital state estimate and Π0 = cov(x0). Let t = 0.

2. Measurement update phase:

Kt = Pt|t−1H
T
t

(
HtPt|t−1H

T
t + Rt

)−1

x̂t|t = x̂t|t−1 + Kt

(
yt −Htx̂t|t−1 −Hu

t ut

)
(4.6a)

Pt|t =
(
I −KtHt

)
Pt|t−1 (4.6b)

3. Time update phase:

x̂t+1|t = Ftx̂t|t + Gu
t ut (4.6c)

Pt+1|t = FtPt|tF
T
t + Qt (4.6d)

4. Let t := t + 1 and repeat from 2.

Algorithm 4.4 is a straightforward way to implement a Kalman filter. However, nu-
merical issues may be the result if the estimation problem is poorly stated. One such
problem is that the covariance matrices lose symmetry. Another problem is that the co-
variances become indefinite. Symmetry is easily checked for, but indefiniteness is more
difficult. One solution to this problem is to use a square-root implementation, also called
an array implementation, of the Kalman filter algorithm where the square-root of the co-
variance matrix is propagated. This guarantees both symmetry and positive definiteness.
Square-root based Kalman filter algorithms are described in e.g., [42]. The same tech-
nique is also used for other methods derived from the Kalman filter, e.g., the unscented
Kalman filter discussed in Section 4.5.

4.4 Kalman Filters for Nonlinear Models

The Kalman filter, even though quite general, is in many cases not applicable due to
its limitation to linear models. Many real life situations have either nonlinear dynamics
or nonlinear measurements. Over time an approximative extension to the Kalman filter
was developed, the extended Kalman filter (EKF) that uses linearized models to handle
nonlinear models. Early examples of this are the works of Schmidt [75], Smith, Schmidt,
and McGee [77]. An early reference where the EKF is thoroughly treated is Jazwinski
[37]. The EKF is also treated in other standard references on filtering, e.g., [2, 42].
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4.4.1 Linearized Kalman Filter

A first step towards a Kalman filter for nonlinear models is to assume that a nominal
trajectory is known, xnom, linearize the system about this trajectory (cf. Gaussian trans-
formation of stochastic variables in Section 2.4.2) and then apply the Kalman filter to
the linearized system. This is often called the linearized Kalman filter [42] and works in
situations where a good nominal trajectory is known in advance, e.g., the trajectory of an
orbiting satellite.

The linear system resulting from linearization of (3.2) has the dynamics

xt+1 = f(xt, 0) ≈ f(xnom
t , 0) + Ft(xt − xnom

t ) + Gtwt

= Ftxt + f(xnom
t , 0)− Ftx

nom
t︸ ︷︷ ︸

=:u′t

+Gtwt = Ftxt + u′t + Gtwt, (4.7a)

without deterministic input for notational clarity. The gradient

Ft :=
(
∇x f(x, 0)

∣∣
x=xnom

t

)T

, Gt :=
(
∇w f(xnon

t , w)
∣∣
w=0

)T

,

and the artificial input u′t are all known at design time since the nominal trajectory xnom

is assumed known. Using the same technique the measurement relation can be expressed
as

yt = h(xt) + et ≈ h(xnom
t ) + Ht(xt − xnom

t ) + et

= Htxt + h(xnom
t )−Htx

nom
t︸ ︷︷ ︸

u′′t

+et = Htxt + u′′t + et, (4.7b)

where the gradient

Ht :=
(
∇x h(x)

∣∣
x=xnom

t

)T

.

and the artificial input u′′t are both known. It is now possible to use the linearized sys-
tem (4.7) in the Kalman filter. Note that since the nominal trajectory is assumed known, it
is possible to precompute P and K. However, if the nominal trajectory is not known, or
not accurate enough to allow for the higher order terms in the linearization to be discarded,
other methods are needed.

4.4.2 Extended Kalman Filter

In the extended Kalman filter (EKF) the problem with the lack of a nominal trajectory is
solved using the information available from estimates by the filter itself. The best state
estimate available, the latest estimate, can be used to construct a new linearization,

xt+1 ≈ f(x̂t|t, 0) + Ft(xt − x̂t|t) + Gtwt

= Ftxt + f(x̂t|t, 0)− Ftx̂t|t︸ ︷︷ ︸
=:u′t

+Gtwt = Ftxt + u′t + Gtwt (4.8a)
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yt ≈ h(x̂t|t−1) + Ht(xt − x̂t|t−1) + et

= Htxt + h(x̂t|t−1)−Htx̂t|t−1︸ ︷︷ ︸
=:u′′t

+et = Htxt + u′′t + et, (4.8b)

with

Ft :=
(
∇x f(x, 0)

∣∣
x=x̂t|t

)T

, Gt :=
(
∇w f(x̂t|t, w)

∣∣
w=0

)T

,

and
Ht :=

(
∇x h(x)

∣∣
x=x̂t|t−1

)T

.

For this linearization, K and P cannot be computed at design time, because neither x̂t|t
nor x̂t|t−1 are available beforehand, both become available before they are needed in
the recursion. The result, found in Algorithm 4.5, is the EKF. This filter is harder to
analyze than the linearized Kalman filter, but in practice it has proven to work well in
many applications.

Algorithm 4.5 Extended Kalman Filter

1. Initiate the filter with the initial information:

x̂0|−1 = x0 and P0|−1 = Π0,

where x0 is the initial state estimate and Π0 = cov(x0). Let t = 0.

2. Measurement update phase:

x̂t|t = x̂t|t−1 + Kt

(
yt − h(x̂t|t−1)

)
(4.9a)

Pt|t = (I −KtHt)Pt|t−1 (4.9b)

Kt = Pt|t−1H
T
t (HtPt|t−1H

T
t + Rt)−1

with
Ht :=

(
∇x h(x)

∣∣
x=x̂t|t−1

)T

.

3. Time update phase:

x̂t+1|t = f(x̂t|t, 0) (4.9c)

Pt+1|t = FtPt|tF
T
t + GtQtG

T
t (4.9d)

where

Ft :=
(
∇x f(x, 0)

∣∣
x=x̂t|t

)T

and Gt :=
(
∇w f(x̂t|t, w)

∣∣
w=0

)T

4. Let t := t + 1 and repeat from 2.
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4.4.3 Iterated Extended Kalman Filter

One problem that can sometimes occur with the EKF is that if the estimate is poor, then
the filter gain matrix K is affected due to linearizing around a point far from the true
state. This is most serious when the functions involved are highly nonlinear. The iterated
extended Kalman filter (IEKF) is a slight modification of the EKF aimed to improve this
[37, 42].

The main idea in the IEKF is that the measurement update most likely improves the
state estimate, and that if the new estimate is used for the linearization this should improve
performance further. To utilize this idea, the measurement update of the EKF is performed
repeatedly using what is likely to be better and better estimates of the state as they become
available. This is obtained by replacing the measurement update (4.9a)–(4.9b) in Algo-
rithm 4.5 with

x̂t|t = x̂
(m)
t|t (4.10a)

Pt|t =
(
I −Kn

t H
(m)
t

)
Pt|t−1, (4.10b)

where x̂
(m)
t|t , K

(m)
t , and H

(m)
t are given by the recursion

x̂
(0)
t|t = x̂t|t−1

x̂
(i)
t|t = x̂t|t−1 + K

(i)
t

(
yt − h(x̂t|t−1)

)
K

(i)
t = Pt|t−1H

(i) T
t

(
H

(i)
t Pt|t−1H

(i) T
t + Rt

)−1

H
(i)
t :=

(
∇x h(x)

∣∣
x=x

(i)
t|t−1

)T

.

The number of iterative improvements performed is determined by the parameter m.
Choosing m to be 3–5 is usually enough to obtain the desired effect.

4.5 Unscented Kalman Filter

The EKF is sufficient for many applications, if nothing else the popularity and wide spread
usage of the EKF is a proof of this. However, there are situations when the EKF performs
poorly. Furthermore, to use an EKF gradients must be computed and computing the gra-
dients can be computationally expensive. Therefore, a scheme, not needing any gradients
and which avoids numerical problems such as indefinite and unsymmetric covariance ma-
trices by not performing the Riccati recursion explicitly, based on the unscented transform
discussed in Section 2.4.3, has been suggested by Julier [38] and Julier and Uhlmann
[39, 40]. This unscented Kalman filter (UKF) and aspects of it has also been discussed
in for instance [87, 91, 92]. The UKF and other similar approaches can be gathered in a
common framework of linear regression Kalman filters, [56, 57].

The basic idea of the UKF, and other linear regression Kalman filters, is to use a set of
carefully chosen points in the state space to capture the effect of model nonlinearities on
means and covariances during filtration. The UKF uses the unscented transform [39] to
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select points from an augmented state space that includes the state, xt, the process noise,
wt, and the measurement noise, et, in one state vector,

Xt =

xt

wt

et

 ,

with the dimension nX . Using the augmented state vector Xt allows for a straightforward
utilization of the unscented transform discussed in Section 2.4.3, especially when it comes
to find suitable sigma points. However, once the sigma points have been acquired the
augmented state can be split up again to give a more familiar notation. By letting the sigma
points pass through the model dynamics the following time update phase is obtained,

x
(i)
t+1|t = f(x(i)

t|t , w
(i)
t ),

and the result can then be combined to obtain the estimate

x̂t+1|t =
nX∑

i=−nX

ω
(i)
t x

(i)
t+1|t

Pt+1|t =
nX∑

i=−nX

ω
(i)
t

(
x

(i)
t+1|t − x̂t+1|t

)(
x

(i)
t+1|t − x̂t+1|t

)T
.

The information in the measurements is introduced in a similar way by first obtaining
the predicted measurements based on the sigma points

y
(i)
t = h(x(i)

t , e
(i)
t ),

yielding

ŷt =
nX∑

i=−nX

ω
(i)
t y

(i)
t

St =
nX∑

i=−nX

ω
(i)
t

(
y
(i)
t − ŷt

)(
y
(i)
t − ŷt

)T
.

The filter gain, Kt, is then computed as the cross-covariance between state and measure-
ment divided by the covariance of the state, as this will project the state onto the new
innovation,

Kt =
nX∑

i=−nX

ω
(i)
t

(
x

(i)
t|t−1 − x̂t|t−1

)(
y
(i)
t − ŷt

)T
S−1

t ,

and the estimate follows as

x̂t|t = x̂t|t−1 + Kt

(
yt − ŷt

)
Pt|t = Pt|t−1 −KtStK

T
t .

The UKF is given in detail in Algorithm 4.6.
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Algorithm 4.6 Unscented Kalman Filter

1. Initiate the filter with the initial information:

x̂0|0 = x0 and P0|0 = Π0,

where x0 is the initial estimate and Π0 = cov(x0). Let t = 1.

2. Choose N sigma points, X (i)
t partitioned as Xt =

xt

wt

et

, and weights, ω
(i)
t , e.g.,

as suggested by (2.29).

3. Time update phase:

x̂t|t−1 =
N∑

i=0

ω
(i)
t x

(i)
t|t−1 (4.11a)

Pt+1|t =
N∑

i=0

ω
(i)
t

(
x

(i)
t|t−1 − x̂t|t−1

)(
x

(i)
t|t−1 − x̂t|t−1

)T
(4.11b)

where

x
(i)
t|t−1 = f(x(i)

t−1|t−1, w
(i)
t ).

4. Measurement update phase:

x̂t|t = x̂t|t−1 + Kt

(
yt − ŷt

)
(4.11c)

Pt|t = Pt|t−1 −KtStK
T
t , (4.11d)

where

y
(i)
t = h(x(i)

t|t−1, e
(i)
t )

ŷt =
N∑

i=0

ω
(i)
t y

(i)
t

St =
N∑

i=0

ω
(i)
t

(
y
(i)
t − ŷt

)(
y
(i)
t − ŷt

)T
Kt =

N∑
i=0

ω
(i)
t

(
x

(i)
t|t−1 − x̂t|t−1

)(
y
(i)
t − ŷt

)T
S−1

t .

5. Let t := t + 1 and repeat from 2.
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4.6 Filter Banks

It is sometimes useful to have models that behave differently depending on a discrete
mode, e.g., an operational mode that changes the model characteristic. To track a highly
maneuverable target one mode can be designed to track small maneuvers and one to han-
dle more advanced maneuvers. This can be described as a special case of (3.1),

xt+1 = f(xt, wt, δt) (4.12a)
yt = h(xt, et, δt), (4.12b)

where δt is used to indicate the mode at time t and pδ|δ′ is the probability that the model
changes from mode δ′ to δ. Even though not explicitly stated, it should be assumed that
wt and et could both be affected by the active mode. This way the method can be used to
approximate any process noise and measurement noise arbitrarily well [1, 79]. How the
system evolves over time is determined by which modes it has visited. Hence, introduce
δt, in analogy with Yt, to hold the mode history. If there are nδ different possible modes
at each sample time this yields nL

δ possible different mode combinations to keep track of
over a window of L samples. Thus, the mode complexity increases exponentially over
time. The basic branching idea and the exponentially increasing number of nodes are
illustrated in Figure 4.2.

1

2

nδ

1

2

nδ

1
2

nδ

1
2

nδ

1
2

nδ

Branching

Timet t + 1 Timet t + 1 t + 2

A A

B

Figure 4.2: Illustration of the exponential increase in mode combinations, i.e., how
the model branch off new modes in each time step. Each node represents one possi-
ble mode combination. The nodes marked A indicate δt+1 = (δt, δt+1 = 1) and the
B node δt+2 = (δt, δt+1 = 2, δt+2 = nδ).

The structure of a multiple models (MM) model such as (4.12) can be utilized for fil-
ter construction. The idea is to treat each mode of the model independently, and combine
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the independent results based on the likelihood of the obtained measurements. The num-
ber of parallel filters must in practice be kept from increasing exponentially and different
approaches have been developed to achieve this. Two major and closely related meth-
ods are the generalized pseudo-Bayesian (GPB) filter [11] and the multiple interacting
models (IMM) filter [11]. Especially the latter is popular in the tracking community. The
adaptive forgetting through multiple models (AFMM) by Andersson [3] is another solution
to the problem. The three different filters differ mainly in how and when the exponential
complexity is avoided, and in how the estimate is computed. This section covers how to
maintain a perfect multiple model filter bank, and then a pruning algorithm, related to the
AFMM, is used to illustrate a way to handle the growing filter complexity.

4.6.1 Complete Filter Bank

To get the inferred PDF for (4.12) one filter for each possible mode is maintained and
associated with a probabilities based on the model and available measurements. Given
that there are filters to correctly handle the different modes of the model, the result is
optimal in the sense that it produce the correct a posterior distribution for xt.

To do this a filter bank, F , is maintained to hold the filters and their probability.
If Kalman filters, or EKFs, are used, the filter bank Ft|t reduces to a set of quadruples
(δt, x̂

(δt)
t|t , P

(δt)
t|t , ω

(δt)
t|t ) representing mode, estimate, covariance matrix, and probability

of the filter operating in that mode.
Now, assume that a filter bank, Ft|t, is available that incorporates all information

available from the model and measurements at time t. That is, there is one entity in it for
every node at the t level of the tree in Figure 4.2.

In order for the filter bank to evolve in time so that it correctly represents the posterior
state distribution, it must now branch, i.e., for each filter in Ft|t nδ new filters should
be created, one for each possible mode at the next time step. These new filters obtain
their internal state from the filter they are derived from and are then time updated. The
probability of these new filters are

ω
(δt+1)
t+1|t = p(δt+1|Y) = p(δt+1|δt)p(δt|Yt) = pδt+1|δt

ω
(δt)
t|t .

The new filters together with the associated probabilities make up the filter bank Ft+1|t.
The next step is to update the filter bank when a measurement arrives. This too is done

in two steps. First, each individual filter in Ft|t−1 is updated using standard measurement
update methods, e.g., a Kalman filter, and then the probability is updated according to
how probable that mode is given the measurement,

ω
(δt)
t|t = p(δt|Yt) =

p(yt|δt, Yt−1)p(δt|Yt|t−1)
p(yt|Yt)

=
p(yt|δt)ω

(δt)
t|t−1∑

δt
p(yt|δt)ω

(δt)
t|t−1

,

where the last step requires that the measurements are mutually independent and that only
the present state affects the measurement. The filters and the associated weights can now
be gathered in the filter bank Ft|t.
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An algorithm to create a complete filter bank is given in Algorithm 4.7.

Algorithm 4.7 Filter Bank Algorithm

1. Let F0|−1 representing the initial state knowledge, e.g., with one single entry
(δ0, x0,Π0, 1). Let t = 0.

2. Measurement update all filters in Ft|t−1 and put the result in Ft|t. Update the mode
probabilities in Ft|t using

ω
(δt)
t|t =

p(yt|δt)ω
(δt)
t|t−1∑

δt
p(yt|δt)ω

(δt)
t|t−1

(4.13a)

The minimum variance estimate based on this is:

x̂t|t =
∑
δt

ω
(δt)
t|t x̂

(δt)
t|t (4.13b)

Pt|t =
∑
δt

ω
(δt)
t|t

(
P

(δt)
t|t +

(
x̂

(δt)
t|t − x̂t|t

)(
x̂

(δt)
t|t − x̂t|t

)T)
. (4.13c)

3. Branch the filter bank, i.e., from Ft|t construct Ft+1|t by copying each entry in Ft|t
nδ times to the new filter bank only updating the current mode, and the probability
of that mode. The probability of the modes are updated using

ω
(δt+1)
t+1|t = pδt+1|δt

ω
(δt)
t|t . (4.13d)

The minimum variance estimate based on this is:

x̂t+1|t =
∑
δt+1

ω
(δt+1)
t+1|t x̂

(δt+1)
t+1|t (4.13e)

Pt+1|t =
∑
δt+1

ω
(δt+1)
t+1|t

(
P

(δt+1)
t+1|t +

(
x̂

(δt+1)
t+1|t − x̂t+1|t

)(
x̂

(δt+1)
t+1|t − x̂t+1|t

)T)
.

(4.13f)

4. Time update all filters in Ft+1|t.

5. Let t := t + 1 and repeat from 2.

4.6.2 Filter Bank with Pruning

The method used in this section demonstrates how to reduce the size of a filter bank by
simply throwing away, pruning, unlikely mode combinations to allow for getting focus
on more probable ones. To achieve this only minor modifications to Algorithm 4.7 are
needed.
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2Pruning

Timet− L t− L + 1 t Timet− L t− L + 1 t

Figure 4.3: Illustration of pruning of a filter bank represented as a tree. In the left
tree, before pruning, the subtree (represented by a triangle) originating at δt−L+1 =
2 is the most probable and the other modes are removed. The result is displayed to
the right.

To keep a complete filter bank over a window of L samples the filter bank must hold at
least (nδ)L filters with associated probabilities. This way the window length L becomes
a parameter for tuning; if L is large the inferred PDF is accurate at the cost of a large filter
bank, if L is small the filter bank is small but the approximation less accurate. A rule of
thumb is to choose L ≥ nx + 1 so that the modes get a chance to manifest themselves
before being removed [28].

The reduction of the filter bank, the pruning, is performed the following way. Since
a complete mode history over a window of L samples are asked for, the different modes
at time T − L + 1 is examined. This should be the first time instance where multiple
modes are present. Determine which mode at this level that is most probable and remove
all filters in the filter bank not stemming from this mode. This reduces the filter bank to
one nδth of the size. Hopefully the removed filters carry little weight, hence affecting the
estimate little. As a last step renormalize the weights. The pruning process is illustrated
in Figure 4.3.

The pruning can be performed in connection with any of the steps in Algorithm 4.7.
However, the best place to do it is between steps 2 and 3. At this point new information
from measurements has just been incorporated into the filter, and the model is just about
to branch and make a deterministic time update. Hence, branching at this time is the only
sensible alternative. The filter bank algorithm with pruning is given in Algorithm 4.8
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Algorithm 4.8 Filter Bank with Pruning

1. Let F0|−1 have one single entry (δ0, x0,Π0, 1), representing the initial knowledge,
and t = 0.

2. Measurement update all filters in Ft|t−1 and put the result in Ft|t. Update the mode
probabilities in Ft|t using

ω
(δt)
t|t =

p(yt|δt)ω
(δt)
t|t−1∑

δt
p(yt|δt)ω

(δt)
t|t−1

(4.14a)

The minimum variance estimate based on this is:

x̂t|t =
∑
δt

ω
(δt)
t|t x̂

(δt)
t|t (4.14b)

Pt|t =
∑
δt

ω
(δt)
t|t

(
P

(δt)
t|t +

(
x̂

(δt)
t|t − x̂t|t

)(
x̂

(δt)
t|t − x̂t|t

)T)
. (4.14c)

3. Prune the filter bank. Compute which mode, δ, has at time t − L + 1 the most
probability stemming from it, i.e.,

δ = arg max
i

∑
{δt:δt−L+1=i}

ωδt

t|t. (4.14d)

Remove all filters from Ft|t not having δt−L+1 = δ, and renormalize the remaining
weights,

ω
(i)
t|t := ω

(i)
t|t

/∑
j

ω
(i)
t|t . (4.14e)

4. Branch the filter bank, i.e., from Ft|t construct Ft+1|t by copying each entry in Ft|t
nδ times to the new filter bank only updating the current mode, and the probability
of that mode. The probability of the modes are updated using

ω
(δt+1)
t+1|t = pδt+1|δt

ω
(δt)
t|t . (4.14f)

The minimum variance estimate based on this is:

x̂t+1|t =
∑
δt+1

ω
(δt+1)
t+1|t x̂

(δt+1)
t+1|t (4.14g)

Pt+1|t =
∑
δt+1

ω
(δt+1)
t+1|t

(
P

(δt+1)
t+1|t +

(
x̂

(δt+1)
t+1|t −x̂t+1|t

)(
x̂

(δt+1)
t+1|t −x̂t+1|t

)T)
.

(4.14h)

5. Time update all filters in Ft+1|t.

6. Let t := t + 1 and repeat from 2.
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4.7 Comparison of Nonlinear Filtering Methods

In this section a bearings-only estimation problem is used to illustrate some of the proper-
ties experienced with different nonlinear extensions of the Kalman filter. First the problem
setup is described and then different nonlinear filtering methods are applied.

4.7.1 Problem Description

The problem studied is motivated by what can be considered a somewhat strange behavior
from the EKF in a situation as depicted in Figure 4.4. This is a situation where a target,
known to be in an approximate location quantified by x̂0|0 and P0|0, is being triangu-
lated using bearings-only measurements. In practice this could be an object known to be

x

y

x

x̂0|0 P0|0

M1

θ1

M2

θ2

Figure 4.4: Bearings-only problem. Two measurements are used, one fromM1 and
one fromM2.

stationary measured by a moving sensor. This can mathematically be described as

xt+1 = f(xt) + wt = xt + wt

yt = h(xt) + et = arctan
(

yt − y0
t

xt − x0
t

)
+ et,= θt + et,

where the state x =
(
x y

)T
is the Cartesian position of the target, wt ≡ 0 for clarity,

and cov(et) = R. For this situation, the gradients needed to perform filtering using an
EKF are

FT := ∇x x = I

HT := ∇x arctan
(

y − y0

x− x0

)
=

1
(x− x0)2 + (y − y0)2

(
−(y − y0)

x− x0

)
.
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Note, the first order approximation of arctan is best for
∣∣ y
x

∣∣ � 0, and that in practice
moving between different quadrants is a problem that must be addressed.

Now, assume

x0 =
(

1.5
1.5

)
, x̂0|0 =

(
2
2

)
, P0|0 =

(
1 0
0 1

)
,

and that the bearing to the target is measured first from the positionM1 = (0, 0) and then
fromM2 = (2, 0), as depicted in Figure 4.4. With exact measurements of the direction to
the target (however with cov et = π

1000 , i.e., the standard deviation is 3.2◦) the correctly
inferred information about the state develops as in Figure 4.5. Especially note the slight
wedge shape obtained after one measurement. The effect of this is that the probability
mass moves outwards from the present estimate even though the initial estimate fits the
measurement perfectly. At first this may seem somewhat counter intuitive, but it is ex-
plained by the a combination of the initial knowledge and the measurement without range
information which makes it more likely that the target is farther away.

4.7.2 Studied Methods

The methods that will be studied with respect to their behavior in this specific setup is
given below.

• The extended Kalman filter (EKF, see Section 4.4.2).

• The iterated extended Kalman filter (IEKF, see Section 4.4.3). Five iterations are
used.

• The unscented Kalman filter (UKF, see Section 4.5). As suggested in [91] the fol-
lowing parameters are used α = 10−3, β = 2, and κ = 0,

• The particle filter (PF, see Section 4.2) with 5 000 particles.

For reference the analytical Bayesian inference solution is presented in Figure 4.5.
Applying the filters yield the results in Figure 4.6. In each of the plots the estimates

are shown for no measurements, one measurement from M1, and for two measurements
from M1 and M2 in that order. Furthermore, for each estimate one standard deviation
is given as a circle around the estimate. The probability of being inside one standard
deviation is approximately 68% per dimension, i.e., in this two dimensional setting 47%.
The 47% confidence region is depicted for the analytic inference in Figure 4.7, to give a
better understanding of where the most of the probability mass is located.

Figure 4.6 shows quite clearly the difference between the filtering methods for this
specific noise realization. The performance of the EKF is not good, but the poor perfor-
mance of the UKF is striking.

No Measurement

Without any information from any measurements the results from the different filters are
identical — the initial knowledge is assumed to be identical.
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(a) Initial knowledge, no measurements.
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(b) Knowledge after one measurement from
M1.
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(c) Knowledge after measurements from
M1 andM2.

Figure 4.5: Analytic inferred information about x0 as given for no measurements,
one measurement from M1 = (0, 0), and one from M2 = (2, 0). The thick lines
indicate the 47% confidence regions.

One Measurement

With one measurement, from M1, aligned with the estimate, the EKF, the IEKF, and the
UKF yield the response assumed for a linear system with Gaussian noise. The estimate
remains the same and the covariance shrinks in the direction of information in the mea-
surement. The analytic solution and the PF behaves somewhat differently, the estimate
moves away from M1 as more of the probability mass survives farther away from the
point of the measurement. As with the other estimates the covariance matrix shrinks,
and to approximately the same size. At this point the estimate given by the EKF is better
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(b) IEKF
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(c) UKF
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(d) PF
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(e) Analytic inference

Figure 4.6: Estimate and covariance for the bearings-only example with no, one,
and two measurements, using an EKF, an IEKF, an UKF, a PF, and true inference.
(Estimates are denoted with x in the center of each covariance ellipse, and the true
target position is denoted with ◦.)
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Figure 4.7: 47% confidence region for analytically inferred distribution. (Estimates
are denoted with x in the center of each covariance ellipse, and the true target position
is denoted with ◦.)

than the true interference estimate, but less coherent with the information available. The
estimates from the different filters for one measurement are shown in Figure 4.8(a).

Two Measurements

With two measurements, the first one from M1 and second one from M2, the difference
between the methods becomes more apparent. See Figure 4.8(b). The covariance matrix
for the EKF is computed, under an incorrect linear assumption, as a linearization around
the point suggested by the previous estimate. In this specific instance this means that
the covariance becomes larger than expected, but also that its major axis is slightly mis-
aligned compared to what is given by the analytic solution. Instead, the major axis of the
covariance is aligned parallel to the direction from the point of measure and the expected
measurement.

The idea with the IEKF is to iterate the measurement update in such a way that the
best possible estimate is used for the linearization. Doing this five times pays off well,
yielding an almost perfect estimate with two measurements. Both estimate and covariance
is comparable to the inferred solution.

The performance of the UKF is a great disappointment. The UKF estimate is as bad as
the EKF estimate, the covariance matrix is larger than with the EKF, and the misalignment
is evident. The only thing that favors the UKF compared to the EKF is that the confidence
region of the UKF covers the analytically inferred region, whereas the EKF covariance only
covers about half of it. That is, the EKF puts too much trust in the quality of its estimate,
whereas the UKF is overly pessimistic. The particle filter yields results very close to what
is obtained for the true inferred state distributions. This indicates that the particle filter is
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Figure 4.8: Comparison of covariances and estimates. (Estimates are denoted with
x in the center of each covariance ellipse, and the true target position is denoted with
◦.)

well suited for this application.

4.7.3 Monte Carlo Simulations

The evaluation in Section 4.7.2 suffers from just analyzing one specific noise instance.
Even though the analysis gives some insight into how nonlinearities are treated by the
different filters, it tells little about the actual performance of the filters, especially when it
comes to choosing between the EKF, the IEKF, and the UKF.

An often used performance measure is the variance of the estimation error, often eval-
uated using Monte Carlo simulations. Monte Carlo simulations of the problem specified
above, using the described filters, yield the result in Table 4.1(a). The table somewhat
contradicts the previous results. One thing to observe is that the UKF outperforms the EKF
and the IEKF. Hence, it seems that the conservative P matrix actually pays off.

Another difference compared to the theoretical analysis is that the IEKF performance
is noticeable poorer than the regular EKF and the UKF. This seems to be the effect of a
limited set of very bad noise instances. Looking instead at the median square error yields
another result (see Table 4.1(b)). The IEKF sometimes gets stuck in updates resulting in
what can be compared to positive feedback, where the new linearization actually yields a
worse result than the previous one. This behavior is clearly visible if the initial estimate
is moved to x̂0 = (1, 1)T . Note that the new initial estimate is on the same bearing as the
previous one as seen from the first measurement, and that the distance from the estimate
to the true position is the same. Figure 4.9 depicts the estimates based on this new x̂0

for the different filters. Except for the bad IEKF result nothing has changed compared to
the previous result, cf. Figure 4.6. The reason for the poor IEKF performance is clearly
visible in Figure 4.10. The supposedly improved estimate does actually produce a worse
estimate when used for a new linearization. This estimate when used again produce an
even worse estimate, and so on. In this case, the further from the point of the measurement
the estimate is, the larger K becomes in the EKF. A larger K yields an estimate even
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Table 4.1: Filter performance for 1 000 Monte Carlo simulations. Mean square error
and median square error.

(a) Mean square error.

Filter Measurements
None M1 M1 +M2

True 2.01 0.95 0.06
EKF 2.01 1.33 1.23
IEKF 2.01 7.18 8.43
UKF 2.01 1.33 0.95
PF 2.01 0.95 0.06

(b) Median square error.

Filter Measurements
None M1 M1 +M2

True 1.42 0.38 0.03
EKF 1.42 0.64 0.13
IEKF 1.42 0.47 0.07
UKF 1.42 0.64 0.17
PF 1.42 0.39 0.03

further away from the measurement point. This induces an even larger K and so on.
This is just one example, there are other combinations that produce much worse results.
It turns out that the comparable poor IEKF performance is introduced by a few of these
degenerate cases.
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Figure 4.9: Estimate with x̂0 = (0, 0)T , based on one and two measurements.
(Estimates are denoted with x in the center of each covariance ellipse, and the true
target position is denoted with ◦.)
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Figure 4.10: Illustration of the effect of the iteration in the IEKF when the second
measurement arrives. (Estimates are denoted with x in the center of each covariance
ellipse, and the true target position is denoted with ◦.)

Finally, note that the PF and the inferred distribution is almost identical. Worth notic-
ing, though, is the substantially better estimates achieved with the PF compared to the
other used filters. Hence, this is a situation when the PF pays off.



5
Cramér-Rao Lower Bound

IT IS OFTEN of interest to know how well a parameter or a state can be estimated since
that can answer questions such as: Is it possible to improve the present estimation
performance with a more advanced estimator? Is it worthwhile to spend more time

tuning the filter? Is it theoretically possible to fulfill these accuracy requirements? These
questions are both important and common. The Cramér-Rao lower bound (CRLB) is a
measure that can be used to answer these questions. As mentioned in Section 2.1.2, the
CRLB is a lower bound on the variance of any unbiased estimator θ̂ of a parameter, given
by the inverse Fisher information,

cov(θ̂) � I−1(θ) = P CRLB
θ .

This chapter extends the CRLB to describe estimation of the state in dynamic systems; first
for deterministic trajectories, where the parametric Cramér-Rao lower bound can be used,
and then for stochastic trajectories using the theory for the posterior Cramér-Rao lower
bound. It is then shown that for linear systems, the parametric and the posterior CRLB
bounds yield identical limits in terms of the intrinsic accuracy of the involved noise dis-
tributions. Comparing the CRLB for the information in the true noise PDF and a Gaussian
approximation makes it possible to see how much can be gained using nonlinear estima-
tion methods. Finally, Monte Carlo simulations for two different systems exemplify the
theory.

5.1 Parametric Cramér-Rao Lower Bound

The parametric Cramér-Rao lower bound is a natural extension to the CRLB for parameter
estimation. Basically, treat the state at each time as a parameter with a deterministic but
unknown value (more precisely treat each process noise realization, wt, as a parameter
from which the state can then be found) and derive a bound for how well these parameters

59
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can be estimated. The subject is throughly treated in e.g., [8, 83], therefore only the
resulting theorem is given here.

Theorem 5.1 (Parametric Cramér-Rao lower bound)
The parametric Cramér-Rao lower bound for a one-step-ahead prediction

Pt+1|t � Ex̂t+1|t

(
(x̂t+1|t − x0

t+1)(x̂t+1|t − x0
t+1)

T
)

and filtering,

Pt|t � Ex̂t|t

(
(x̂t|t − x0

t )(x̂t|t − x0
t )

T
)
,

for the system (3.2) is given by the recursion:

Pt|t = Pt|t−1 − Pt|t−1H
T
t (HtPt|t−1H

T
t + Rt)−1HtPt|t−1

Pt+1|t = FtPt|tF
T
t + GtQtG

T
t ,

initialized with P−1
0|−1 = Ix0 and with

FT
t = ∇xt

f(xt, w
0
t )
∣∣
xt=x0

t
, GT

t = ∇wt f(x0
t , wt)

∣∣
wt=w0

t
,

HT
t R−1

t Ht = −Eyt

(
∆xt

xt
p(yt|xt)

)
, Q−1

t = −Ext

(
∆wt

wt
p(xt|w0

t )
)
,

where superscript 0 denotes the true value, and the factorization between Ht and Rt is
chosen such that Rt � 0.

The bounds are valid if all involved gradients, expectations, and matrix inverses exist.
Explicitly this means that p(xt+1|xt) must be well defined for all t.

Proof: For the prediction bound, see Theorem 4.3 in [8]. The proof of the filtering bound
follows with only minor modifications.

The recursions in Theorem 5.1 should be recognized as the Riccati recursions used in
the EKF to update the error covariance, (4.9). The difference lies not in the mathematical
expressions themselves, but in the exact matrices involved. The matrices are however
related, as the naming scheme suggests. If all involved distributions are Gaussian, the
expressions are exactly the same as for the EKF if it is fed with the correct state trajectory.
This connection is shown in [83], and is useful when it comes to evaluating a filter com-
pared to the parametric CRLB. Simply run the EKF and feed it with the correct states to
get the parametric CRLB. With the CRLB available Monte Carlo simulations is a common
technique to derive the performance of the filter. The idea is to use Monte Carlo inte-
gration over enough different measurement noise instances to use the mean square error
(MSE) instead of the variance of the error. One way to do this is given in Algorithm 5.1.

The results in Theorem 5.1 are in [8] extended to cover multi-step prediction and
smoothing, too. The results are similar to those presented above in their resemblance to
the covariance propagation in the EKF.
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Algorithm 5.1 Parametric Mean Square Error

1. Generate one true state trajectory, X.

2. Based on the trajectory X, generate M � 1 independent measurement sequences,
Y(i) for i = 1, . . . ,M .

3. Apply the filter to the measurements to get M estimated trajectories, X̂(i).

4. How well the filter performs compared to the parametric CRLB, P CRLB, is now given
by,

1
M

M∑
i=1

(x̂(i)
t − xt)(x̂

(i)
t − xt)T % P CRLB

t ,

where % indicates that for limited M the MSE is only approximately bounded by
the CRLB.

5.2 Posterior Cramér-Rao Lower Bound

The parametric CRLB is insufficient in a Bayesian estimation setting since it assumes a
true state trajectory, which is inconsistent with the Bayesian philosophy. The introduction
of the posterior Cramér-Rao lower bound solves this philosophical dilemma. The poste-
rior CRLB differs from the parametric CRLB in that it does not assume a true trajectory,
hence it is acceptable from a Bayesian perspective. The posterior CRLB is more frequently
treated in the literature, some references are [12, 18, 23, 24, 85]. As with the parametric
CRLB, [8] provides a through description and derivation of the posterior CRLB. Therefore,
Theorem 5.2 is given here without further derivation.

Theorem 5.2 (Posterior Cramér-Rao lower bound)
The one-step-ahead posterior Cramér-Rao lower bound for the model (3.2) is given by
the recursion

P−1
t+1|t = Q−1

t − ST
t (P−1

t|t−1 + R−1
t + Vt)−1St

initiated with P−1
0|−1 = I−1

x0
, and the filtering bound by

P−1
t+1|t+1 = Q−1

t + R−1
t+1 − ST

t (P−1
t|t + Vt)−1St

initiated with P−1
0|0 = (P−1

0|−1 + R−1
0 )−1, both recursions use the system dependent matri-

ces:

Vt = −Ext,wt

(
∆xt

xt
log p(xt+1|xt)

)
, R−1

t = −Ext,yt

(
∆xt

xt
log p(yt|xt)

)
,

St = −Ext,wt

(
∆xt+1

xt
log p(xt+1|xt)

)
, Q−1

t = −Ext,wt

(
∆xt+1

xt+1
log p(xt+1|xt)

)
.

For the bounds to be valid the involved differentiations and expectations must exist,
however there is no need for Rt and Qt to exist as long as the matrices R−1

t and Q−1
t do.

Explicitly this means that p(xt+1|xt) must be well defined for all t.
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Proof: See the proof of Theorem 4.5 in [8].

As with Theorem 5.1, [8] elaborates further on the posterior CRLB and gives expres-
sions for multi-step prediction and smoothing.

One observation that should be made is that the posterior CRLB is often harder to
evaluate than the parametric because extra stochastic dimensions are introduced. How-
ever, in some special cases can explicit expressions be found. One such case the systems
with linear dynamics. For situations when no explicit posterior CRLB expressions exist,
[84] suggests a method based on Monte Carlo simulations, similar to the particle filter, to
compute the CRLB numerically.

To evaluate a filter against the posterior CRLB Monte Carlo simulations can be used
in a way similar to what is described for the parametric CRLB. However, since the tra-
jectories are also random, different trajectories must be generated for each measurement
sequence. See Algorithm 5.2.

Algorithm 5.2 Posterior Mean Square Error

1. Generate M � 1 independent trajectories, X(i) for i = 1, . . . ,M .

2. Generate M measurement sequences, where Y(i) is based on the trajectory X(i).

3. Apply the filter to the measurements to get M estimated trajectories, X̂(i).

4. How well the filter performs compared to the parametric CRLB, P CRLB, is now given
by,

1
M

M∑
i=1

(x̂(i)
t − x

(i)
t )(x̂(i)

t − x
(i)
t )T % P CRLB

t ,

where % indicate that for limited M the MSE is only approximately bounded by the
CRLB.

5.3 Cramér-Rao Lower Bounds for Linear Systems

The sequel of this chapter is devoted to studies of the parametric and posterior CRLB of
linear systems, i.e., models of the type introduced in Section 3.1.2. Linear models are
studied because they allow for analytical analysis and because the Kalman filter offers the
BLUE for these systems. Hence, it is easy to compare optimal linear performance to the
performance bound given by the CRLB. The understanding of the linear models derived
this way can then be used to get better understanding of nonlinear systems, where the
mathematics is usually more involved and less intuitive.

First, recall the linear model (3.3) (here without any deterministic input to simplify
the notation),

xt+1 = F ′
txt + G′

twt, (5.1a)
yt = H ′

txt + et, (5.1b)
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with cov(wt) = Q′
t and cov(et) = R′t. Note the ′s used to distinguish between the system

parameters and the quantities used in the CRLB expressions.
For this system, derive an expression for the parametric CRLB using Theorem 5.1.

The expressions needed are:

FT
t = ∇xt f(xt, w

0
t )
∣∣
xt=x0

t
= F ′T

t

GT
t = ∇wt f(x0

t , wt)
∣∣
wt=w0

t
= G′T

t

HT
t R−1

t Ht = −Eyt

(
∆xt

xt
p(yt|xt)

)
= H ′T

t Iet H ′
t

Q−1
t = −Ext

(
∆wt

wt
p(xt|w0

t )
)

= Iwt .

In conclusion, for linear Gaussian systems, the naming convention in the linear model (3.3)
maps directly onto the parametric CRLB notation in Theorem 5.1. For linear non-Gaussian
systems, the system matrices still map directly, however, the covariances in the system
model should be substituted for the inverse information of the stochastic variable. The
inverse can in a way be interpreted as the effective covariance in a filter which is optimal
in the sense that it reaches the CRLB.

Using the expressions to calculate the CRLB yields the recursion

Pt|t = Pt|t−1 − Pt|t−1H
′T
t (H ′

tPt|t−1H
′T
t + I−1

et
)−1H ′

tPt|t−1

=
(
P−1

t|t−1 + H ′T
t Iet H ′

t

)−1
,

(5.2a)

Pt+1|t = F ′
tPt|tF

′T
t + G′

t I
−1
wt

G′T
t (5.2b)

initiated with P0|−1 = I−1
x0

. The second form of Pt|t follows from applying the matrix
inversion lemma once. Note that this is the same Riccati recursion as used for the error
covariances in the Kalman filter.

Next, the posterior CRLB for the linear model (5.1) is derived. The expressions used
in Theorem 5.2 simplifies to

Q−1
t = Iw̄t = (G′

t Iwt G′
t)
−1,

R−1
t = H ′T

t Iet H ′
t,

St = −F ′T
t Iw̄t = −F ′T

t (G′
t Iwt G′

t)
−1,

Vt = F ′T
t Iwt F ′

t = F ′T
t (G′

t Iwt G′
t)
−1F ′

t ,

where w̄t := Gtwt. Detailed derivations, in terms of Iw̄t , can be found in [8], and the
last equalities follows from applying Theorem 2.2. Substituting these into the posterior
CRLB expressions yields,

P−1
t+1|t = Iw̄t −(−F ′T

t Iw̄t)
T (P−1

t|t−1 + H ′T
t Iet H ′

t + F ′T
t Iw̄t F ′

t )
−1(−F ′T

t Iw̄t)

=
(
I−1

w̄t
+F ′

t (P
−1
t|t−1 + H ′T

t Iet H ′
t)
−1F ′T

t

)−1

=
(
Gt I−1

wt
GT

t + F ′
t (P

−1
t|t−1 + H ′T

t Iet H ′
t)
−1F ′T

t

)−1
(5.3a)
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for the prediction bound and for the filtration bound

P−1
t|t = Iw̄t +H ′T

t Iet H ′
t − (−F ′T

t Iw̄t)
T (P−1

t−1|t−1 + F ′T
t Iw̄t F ′

t )
−1(−F ′T

t Iw̄t)

= H ′T
t Iet H ′

t + (I−1
w̄t

+F ′
tPt−1|t−1F

′T
t )−1

= H ′T
t Iet H ′

t + (Gt I−1
wt

GT
t + F ′

tPt−1|t−1F
′T
t )−1. (5.3b)

Inspection of the expressions reveals that the same recursive expression as for the para-
metric CRLB can be used to calculate the posterior CRLB for linear systems. Hence, for
linear systems do the parametric CRLB and posterior CRLB yield exactly the same bounds.
That is, in this case the results obtained using a classical view of estimation and a Bayesian
view are the same. The result follows because the state does not change the dynamics or
the measurement equation of the system, hence not knowing the state will not affect the
estimation. If the state influences the dynamics or measurements of the system then the
uncertainty of the exact system makes the estimation more difficult using the Bayesian
approach. Note that for nonlinear systems, where the effective system depends on the
state, the bounds should be expected to differ.

Theorem 5.3 (Cramér-Rao Lower Bounds For Linear Systems)
For linear systems (3.3) the parametric and posterior Cramér-Rao lower bound yield the
same lower bound. This lower bound is given by the recursion

Pt|t =
(
P−1

t|t−1 + HT
t Iet Ht

)−1
,

Pt+1|t = FtPt|tF
T
t + Gt I−1

wt
GT

t ,

initiated with P0|−1 = I−1
x0

.

Proof: The result follows from Theorems 5.1 and 5.2 and the derivation of the parametric
and the posterior CRLB for a linear system as done above.

Corollary 5.1
If the linear system is time invariant and there exist a bounded asymptotic Cramér-Rao
lower bound then the prediction bound P̄+ is

P̄+ = F
(
P̄−1

+ + HT
t Iet Ht

)−1
FT + G I−1

wt
GT ,

and the filtering bound P̄ is

P̄ =
(
P̄−1

+ + HT
t Iet Ht

)−1
.

Proof: If asymptotic solutions exist as t → ∞, the bounds are Pt+1|t = Pt|t−1 =: P̄+

and Pt|t = Pt−1|t−1 =: P̄ . The result then follows from using P̄+ and P̄ in Theorem 5.3.

Conditions for when a stationary solution exists can be found in [42].
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Linear Cramér-Rao Lower Bound Properties

For linear systems the noise characteristics have a direct impact on the CRLB that is ob-
tained. It is by studying how the changes in the intrinsic accuracy affects optimal estima-
tion performance possible to minimize the calculations necessary to find the CRLB and to
get a better understanding of the mechanisms in play.

Lemma 5.1
For matrices Qt � 0, Rt � 0, and P � 0, and the scalar γ > 0 the following is true:

(i) For the time update of the Kalman filter covariance

γ(FtPFT
t + GtQGT

t ) = Ft(γP )FT
t + Gt(γQ)GT

t .

(ii) For the measurement update of the Kalman filter covariance(
P−1 + HT

t R−1
t Ht

)−1 =
(
(γP )−1 + HT

t (γRt)−1Ht

)−1
.

(iii) If Q̃ � Q and P̃ � P this is preserved through a time update,

FP̃FT + GQ̃GT � FPFT + GQGT ,

with equality if and only if GQ̃GT = GQGT and FP̃FT = FPFT .

(iv) If R̃ � R and P̃ � P the relation is preserved through a measurement update,(
P̃−1 + HT R̃−1H

)−1 �
(
P−1 + HT R−1H

)−1
,

with equality if and only if HT R̃−1H = HT R−1H and P̃ = P .

Proof: The properties (i)–(ii) can be shown by factoring out γ in right-hand side expres-
sions.

To show property (iii) compare the two expressions,

(FPFT + GQGT )− (FP̃FT + GQ̃GT ) = F (P − P̃ )FT + G(Q− Q̃)GT � 0,

since P̃ � P and Q̃ � Q.
Property (iv) follows in a similar manner,(
P−1 + HT R−1H

)
−
(
P̃−1 + HT R̃−1H

)
= (P−1 − P̃−1) + HT

(
R−1 − R̃−1

)
H � 0,

since A � 0 and B � 0 implies A � B ⇔ A−1 � B−1, and P � P̃ and Q � Q. This
in turn provides the inequality.

Lemma 5.1 can be used to show what happens with the CRLB for linear systems when
the information in the noise changes; properties (i) and (iii) describe how the state es-
timate looses information in the time update step if a less informative process noise is
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introduces, and properties (ii) and (iv) how information is lost when introducing less in-
formative measurements. Common for both time and measurement updates is that if all
involved stochastic contributions are scaled then the result of the update is scaled with the
same factor. Another result is that if the information content in a stochastic variable is
increased the CRLB for the estimate is improved as well, unless the information is gained
in a direction that is neglected by the system. However, introducing more informative
noise will never have a negative effect on the CRLB. Furthermore, if a system is affected
by non-Gaussian noise the CRLB is likely to improve since according to Theorem 2.1 the
Gaussian distribution is the least informative distribution.

The results above deals with individual steps in recursive formulas used to calculate
the Kalman filter and CRLB covariance matrices. By repeatedly applying Lemma 5.1
results for the CRLB at a specific time can be derived.

Theorem 5.4
Assume a linear system (3.3), with inverse intrinsic noise accuracies Qτ � 0, Rτ � 0,
and P0|−1 � 0 for τ ≤ t, and for which the Cramér-Rao lower bounds at time t are Pt|t
and Pt+1|t. The following two properties are true.

• If all Qτ and Rτ are changed to γQτ and γRτ , respectively, and P0|−1 to γP0|−1,
the CRLB of the resulting system are γPt|t and γPt+1|t.

• For a new system with the same dynamics as the first and with Qτ � Q̃τ , Rτ �
R̃τ , and P0|−1 � P̃0|−1 the CRLB of the two systems relates as Pt|t � P̃t|t and
Pt+1|t � P̃t+1|t where the˜ indicate a property of the new system.

Proof: Recursively apply Lemma 5.1.

The first part of Theorem 5.4 states that if all intrinsic accuracies in the system is
scaled with the same factor, i.e., have the same relative accuracy, the resulting CRLB will
also be scaled with the same factor. The second part states that if any intrinsic accuracy
is improved, i.e., a noise becomes more informative, this can only improve the resulting
CRLB and unless the direction of the improvement is ignored by the system the CRLB
will improve. Since non-Gaussian noise is more informative than Gaussian noise, having
non-Gaussian distributions in the system description will likely improve the estimation
performance.

For time invariant linear systems the stationary performance is given by the Riccati
equation if a stationary bound exists.

Corollary 5.2
If the linear system is time invariant and an asymptotic Cramér-Rao lower bound exists,
denote κ̄+(Q,R) := Pt+1|t and κ̄(Q,R) := Pt|t as t → +∞, where Q and R are the
parameters in the CRLB recursion, then:

• For γ > 0

γκ̄+(Q,R) = κ̄+(γQ, γR) and γκ̄(Q,R) = κ̄(γQ, γR).

• If Q̃ � Q and R̃ � R then

κ̄+(Q̃, R̃) � κ̄+(Q,R) and κ̄(Q̃, R̃) � κ̄(Q,R).
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Proof: Follows immediately from Theorem 5.4 given that asymptotic solutions exist.

Using the notation in Corollary 5.2, κ̄(Q,R) denotes the asymptotic CRLB for a (im-
plicitly defined) linear time-invariant system if Q and R are the inverse intrinsic accu-
racies of the process and measurement noise, respectively, and the BLUE performance
if Q and R are the covariances. At the same time is κ̄(Q,R) the solution to a Riccati
which makes it fairly easy to compute with standard methods. This makes κ̄(Q,R) a
good quantity to study when deciding if a nonlinear filtering method should be evaluated
or not.

5.4 Applications of the Theory

The remaining part of this chapter will be used to illustrate the Cramér-Rao lower bound
theory with simulations. Two examples will be used, the first is a constant velocity (CV)
model, and the second is a model of a DC motor. The effect of introducing non-Gaussian
noise as process noise and measurement noise is studied.

5.4.1 Constant Velocity Model

The constant velocity (CV) model, previously described in Example 3.1,

xt+1 =
(

1 T
0 1

)
xt +

(
1
2T 2

T

)
wt, (5.4)

yt =
(
1 0

)
xt + et, (5.5)

with wt and et mutually independent white noises. Here with Q = R = 1 and T = 1.
The state is constructed as

x =
(

x
v

)
,

where x and v represent position and velocity, respectively. This is, however, just one
possible interpretation of the state-space model, it can also be interpreted as a second order
random walk or a double integration and can then be used to model a slowly changing
state, e.g., a fluid level in a container.

With this model and with the given noise levels, the asymptotic variance of the posi-
tion component, x, of the state vector of a BLUE prediction is var(x̂t+1|t) = κ̄x

+(1, 1) =
3.0, where κ+(·, ·) is defined in Corollary 5.2. However, if the noise is non-Gaussian the
Cramér-Rao lower bound is lower. Since both wt and et are scalar it is possible to il-
lustrate how the optimal performance, normalized with κ̄x

+(1, 1), varies with the intrinsic
accuracy of the noise. In this case is the intrinsic accuracy equal to the relative accuracy
due to the unit variance for all noise terms. The prediction performance

κ̄x
+(I−1

wt
, I−1

et
)

κ̄x
+(var(wt), var(et))

=
κ̄x

+(Ψ−1
wt

,Ψ−1
et

)
κ̄x

+(1, 1)

is in Figure 5.1 presented as a function of the relative accuracies involved. Recall the
definition of relative accuracy in Section 2.1.2 as a measure of how much more useful in-
formation is contained in a distribution compared to a Gaussian distribution. Hence, Fig-
ure 5.1 is in much similar to the relative accuracies in the Figures 2.3(a), 2.4(a), and 2.5(a)
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Figure 5.1: Contour plot of the optimal filter performance, as a function of the rela-
tive accuracies Ψwt and Ψet , κ̄x

+(Ψ−1
wt

,Ψ−1
et

)/κ̄x
+(1, 1) with κ̄x

+(1, 1) = 3.0. (× de-
notes the noise in the first simulation and ◦ the noise in the second simulation.)

in that they show the optimal prediction performance. From the information in the con-
tour plot it is possible to determine if it is worthwhile to design a nonlinear filter, e.g., a
particle filter, in an attempt to come closer to the CRLB. Or if the potential gain is minor
and not worth the extra effort to design and implement anything but a Kalman filter, which
is the BLUE. In accordance with the theoretical results above the performance improves
as the relative accuracy increases, and therefore the optimal performance is acquired for
maximum relative accuracy in both process noise and measurement noise. (Note the in-
verse on the axis in Figure 5.1, the optimal performance is obtained for Ψ−1

w = Ψ−1
e = 0,

i.e., infinite information.) Also note the linear behavior as the relative accuracy for the
process noise and measurement noise are the same. In general, when the CRLB is much
lower than the BLUE performance, indicated with a low value in the plot, an nonlinear
filter could pay off. However, observe that it is impossible to conclude from these results
how to obtain better performance, and that the Cramér-Rao lower bound is an asymptotic
result without information about how difficult it is to reach the bound, or if it is possible
at all.

Bimodal Measurement Noise

The first simulation features Gaussian process noise, Ψwt
= 1, and the non-Gaussian

measurement noise,

et ∼ 9
10N (0.2, 0.3) + 1

10N (−1.8, 3.7),

an instance of the bi-Gaussian noise presented in Section 2.3.2. The relative accuracy of
the measurement noise is Ψet = 2.7, e.g., found in Figure 2.4(a). From Figure 5.1 (the
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position denoted with ×), or by solving the appropriate Riccati equation in Theorem 5.3,
the CRLB for this system with this measurement noise can be found to be κ̄x

+(1, 0.37) =
1.8. That is, the optimal variance is 60% of what is obtainable with a BLUE, κ̄x

+(1, 1) =
3.0. Hence, the system seems to be a good candidate for a nonlinear filter.

The system is analyzed in a simulation study, where a Kalman filter and a particle
filter (SIR with 50 000 particles1) are applied. The mean square error of these estimates
are then computed for 1 000 Monte Carlo simulations. The MSE together with theoretical
stationary limits are plotted in Figure 5.2, which shows a significant improvement when
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Figure 5.2: MSE of 1 000 MC simulations with KF and PF (50 000 particles) on the
system with bi-Gaussian measurement noise. CRLB and BLUE (variance) indicate
asymptotic limits.

using the PF (approximately 18% lower variance). However, the CRLB is not reached. A
reason is that the CRLB expression is asymptotic in the measurements, which leaves no
guarantee that it could be reached in practice. More measurement information compared
to process noise would probably improve the results, i.e., more and better measurements.
In practice, this could be achieved with e.g., more frequent measurements and/or better
sensors.

Tri-Gaussian Process Noise

In the second simulation study with the constant velocity model the measurements are
kept Gaussian, whereas the system is driven by trimodal noise, as described in Sec-
tion 2.3.2,

wt ∼ 0.075N (−2.5, 0.065) + 0.85N (0, 0.065) + 0.075N (+2.5, 0.065),

1The number of particles in the PF is large, intentionally, to get the most from the filter without having to
worry about numerical issues. Fewer particles could be sufficient, but this has not been analyzed.
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yielding Ψe = 1 and Ψw = 15.4. In this setting the mode of the noise can be interpreted
as being an unknown control input with stochastic properties. The non-central modes
would then represent different input to the system. As such the noise can be used in
tracking application where the probability of a turn is given beforehand, but not the exact
times when the target turns is unknown.

The performance of the BLUE is the same as before, κ̄x(1, 1) = 3.0. However, the
CRLB for the system is different, κ̄x(0.065, 1) = 1.77. This can be derived from Fig-
ure 5.1 or by using Theorem 5.3.

Simulating this system and applying a Kalman filter and a particle filter (SIR with
50 000 particles) yields for 1 000 Monte Carlo simulations the result in Figure 5.3. In this
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Figure 5.3: MSE for x of 1 000 MC simulations with KF and PF (50 000 particles)
on the system with tri-Gaussian process noise. CRLB and BLUE (variance) indicate
asymptotic limits.

simulation study it is hard to tell the difference between the particle filter and the Kalman
filter, there is no significant difference. (Taking the mean over time shows that the particle
filter is approximately 3% better than the Kalman filter.) The same argumentation as for
the non-Gaussian measurement noise apply.

This case is also complicated by the fact that the non-Gaussian noise is only mea-
sured indirectly. As a result it is harder to extract all available information, especially for
prediction since there is no measurement available to give information about the latest
process noise affecting the system.

5.4.2 DC Motor

In this section, a DC motor (direct current motor) is used to further exemplify the Cramé-
Rao lower bound theory. The DC motor is a common component in many everyday con-
sumer products, e.g., CD-players, hard drives in computers and MP3-players, where the
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accuracy of the DC motor is important. To use a DC motor for accurate positioning it is
important to be able to tell the current state of the motor, i.e., how much the drive shaft
is turned and how fast it is turning right now. For this estimation techniques can be used.
The task in this simulation study is therefore to estimate the angle and speed of the drive
shaft when either the process noise, the uncertainty in the control signal, or the measure-
ment noise is non-Gaussian. Without loss of generality the nominal input can be removed
from the system, hence motivating the lack of a regular input to the system. A DC motor
can be approximated with the following linear time-invariant model:

xt+1 =
(

1 1− e−1

e−1 0

)
xt +

(
e−1

1− e−1

)
wt (5.6a)

yt =
(
1 0

)
xt + et, (5.6b)

where wt and et are independent, but not necessarily Gaussian noises.
To get a understanding of how the system is affected by non-Gaussian noise study a

nominal DC motor system with the noise profile

wt ∼ N
(
0, ( π

180 )2
)

et ∼ N
(
0, ( π

180 )2
)
,

i.e., both process noise and measurement noise are Gaussian and have the same order
of magnitude, equivalent to a standard deviation of 1◦. This gives the asymptotic esti-
mation performance (in this case trace of the covariance matrix) κ̄tr

(
( π
180 )2, π

180 )2
)

=
4.5 · 10−4 ≈ (1.2◦)2. Figure 5.4 illustrates how the estimation performance is affected
by non-Gaussian noise. The result is similar to what was found for the constant velocity
model.

Measurements with Outliers

For the first simulation study of the DC motor, assume the noise configuration

wt ∼ N
(
0, ( π

180 )2
)

et ∼ N2

((
0.9, 0, ( π

180 )2
)
,
(
0.1, 0, ( 10π

180 )2
))

,

where Ie = 1.1 · 104 and Ψe = 9, and the standard deviation on each mode is 1◦. Note
that this does not give the same noise variance as was used for the nominal system above.
The difference between the previously described nominal DC motor is that the measure-
ment noise is now affected by outliers in 10% of the measurements, and the outliers have
ten times the variance of the nominal measurements. In a real sensor this could be the
affect of not having time enough to process all data and hence once in a while produce a
measurement of low quality. The measurement noise is an instance of the noise discussed
in Section 2.3.2 with scaled variance.

The high intrinsic accuracy of the measurement noise, is an indication that, unless the
model is such that informative measurements does not pay off, nonlinear filtering should
not be ruled out without further analysis. Computing the relative filtering performance,
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Figure 5.4: Contour plot of the optimal filter performance, as a function of
the relative accuracies Ψwt and Ψet , κ̄tr(Ψ−1

wt
,Ψ−1

et
)/κ̄tr

(
var(wt), var(et)

)
with

κ̄tr
(
var(wt), var(et)

)
= 4.5 · 10−4.

this time the trace of the covariance matrix, for the system yields the impressive

κ̄tr
(
I−1

w , I−1
e

)
κ̄tr
(
var(w), var(e)

) = 0.5.

The potential performance gain is large, 50% improvement, and nonlinear filtering should
definitely be evaluated for this system.

Figure 5.5 shows the result of a Monte Carlo simulation performed on this model using
a Kalman filter and a particle filter (SIR with 10 000 particles2). The result is promising
because the variance of the estimate comes close to the CRLB. There is still a gap between
the CRLB and the performance obtained using the particle filter but it is comparably small.

Load Disturbances

The second DC motor system studied has the noise configuration:

wt ∼ N2

((
0.8, 0, ( π

180 )2
)
,
(
0.2, −10π

180 , ( π
180 )2

))
et ∼ N

(
0, ( π

180 )2
)
.

The bimodal process noise can be interpreted as a reoccuring load disturbance which is
in affect 20% of the time resulting in a mean of the distribution at −10◦, e.g., it can be

2For this system 10 000 particles seems to be enough to obtain maximum performance from the particle
filter, increasing the number of particles to 50 000 does not improve the performance.
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Figure 5.5: MSE for 1 000 MC simulations with KF and PF (10 000 particles) on the
DC motor with outliers in the measurements. CRLB and BLUE (variance) indicate
asymptotic limits.

that the drive shaft gets stuck every once in a while. The noise is a scaled instance of
to the bimodal noise in Section 2.3.2. The new process noise has larger variance than
the nominal system yielding κ̄tr

(
var(wt), var(et)

)
= 3.9 · 10−3. The process noise is

characterized by Iw = 3.3 · 103 and Ψw = 17, which gives

κ̄tr
(
I−1

w , I−1
e

)
κ̄tr
(
var(w), var(e)

) = 0.1.

Monte Carlo simulations on the system yields the result in Figure 5.6. The result is
not as promising as in the outliers example since the CRLB is not reached, but there is
a clear improvement in performance compared to the Kalman filter. Hence, this shows
that performance can be gained with non-Gaussian process noise, even though this was
not observed in the simulations of the constant velocity model with non-Gaussian process
noise.

The fact that the particle filter does not reach the CRLB every time could at first come
as a surprise, however the CRLB is just a lower bound without guarantees of being reach-
able. Lack of information in the measurements is one probable reason for this. The CRLB
results are derived for asymptotic measurement information, which is not obtained for the
standard filtering formulations.

5.4.3 Observations

The obtained performance of the four simulation studies can be concluded with the fol-
lowing items:
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Figure 5.6: MSE for 1 000 MC simulations with KF and PF (10 000 particles) on the
DC motor with bimodal process noise. CRLB and BLUE (variance) indicate asymp-
totic limits.

• It has been shown that using a nonlinear filer, in this case a particle filter, it is
possible to obtain better estimation performance than with a Kalman filter if non-
Gaussian noise is present.

• Computing the CRLB for the system and then comparing it to the performance of
the BLUE gives an indication of how much may be gained with nonlinear filtering.
However, there is no guarantee for improved performance even if the CRLB is much
better than the BLUE performance.

• For the two studied systems, it has been easier to turn information from non-
Gaussian measurement noise into better estimates, than it has been to utilize non-
Gaussian process noise. The reasons for this have not yet been established; it may
be a property of the systems studied, or a more general property as a result from
how process and measurement noise enter a system.



6
Change Detection

DETECTING AN UNEXPECTED change in a system as fast as possible is often vital
in order to be able to adapt to new conditions. The change may be introduced by
a component failure, as an effect of constant usage, or simply be the result of a

change in the surrounding environment. Trying to detect a change in a system is called
change detection or fault detection since a change in a system is often considered to be
a fault. The main objective in this chapter is to determine if a change has occurred. This
chapter can be read without first having read Chapters 4 and 5, however the material in
those chapters increases the level of understanding of the detection theory.

In this chapter, ft denotes the deterministic but unknown parameter that may change.
The models used here were presented in Section 3.1.3, where

xt+1 = f(xt, wt, ut, ft) (6.1a)
yt = h(xt, ut, ft) + et, (6.1b)

is the most general model treated. Hypothesis testing is introduced first in this chapter
since it, in one way or another, is the base for all fault detection. Once the basic con-
cepts are known, general techniques for detection and optimality results are introduced.
Results for linear system are then derived and the theory is illustrated using Monte Carlo
simulations.

6.1 Hypothesis Testing

The foundation for change detection is hypothesis testing. Hypothesis testing is treated in
depth by many text books on change detection, e.g., [5, 48, 59, 89] just to mention a few,
and is used to decide between statistical statements called hypotheses. Hypotheses are in
this thesis denoted with Hi, where H0 is the null hypothesis which is put against one or
several alternate hypotheses.

75
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Definition 6.1. A hypothesis,H, is any assumption about a distribution. The hypothesis
H is called a simple hypothesis if it reduces to a single point in the parameterization of
the distribution, and otherwiseH constitutes a composite hypothesis.

Example 6.1: Hypothesis
Assume that y is a measurement of a parameter f in presence of Gaussian noise, i.e.,
y ∼ N (f, 1), and that either f = 0 or f = 1. Deciding which value f has is to decide
between two simple hypotheses:{

H0 : If y ∼ N (0, 1), i.e., f = 0,

H1 : If y ∼ N (1, 1), i.e., f = 1.

Now assume instead that the question is whether f = 0 or not, and that f can take on any
real value. The two new hypotheses to decide between are then{

H0 : If y ∼ N (0, 1), i.e., f = 0,

H1 : If y ∼ N (f, 1), i.e., f 6= 0,

where the alternative hypothesis, H1, is a composite hypothesis since it corresponds to
several different values of f , and the null hypothesis, H0, is simple. As will be seen
further on, the second set of hypotheses is much harder to handle than the first one due to
the less informative composite hypothesis.

The general principle for deciding between the hypotheses is to derive a test statistic,
L(Y), and a rule to choose one hypothesis over the other. The test statistic and the rule
can be constructed with many different objectives in mind. The most common objectives
are [28]:

• Probability of false alarm (PFA), which is the probability to incorrectly detect a
change. The quantity 1− PFA is denoted the level of the test.

• Probability of detection (PD), which is the probability of correctly detecting a
change when a change has occurred. This property is also known as the power
of a test.

• Time to detect (tD), which is the expected value of the time between the change and
when it is detected.

• Mean time between false alarms (tFA), which is the expected value of the time
between two false alarms.

The probability of false alarm and the probability of detection are important properties
often used together to characterize a detector. Furthermore, the two are coupled; a given
probability of false alarm, PFA, limits how large the probability of detection, PD, can be,
and a given PD puts a lower bound on PFA. Due to the coupling, PD is often plotted against
PFA in what is called a receiver operating statistics (ROC) diagram. The ROC diagram can
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then be used to decide a reasonable compromise between the probability of detection and
the probability of false alarm.

With the notation adopted in this thesis, a hypothesis test involves estimating, explic-
itly or implicitly, the parameter ft in (6.1). The estimate is then used, often indirectly,
in the test statistic to decide which hypothesis to choose. One approach, not necessarily
based on stochastic theory, is to compute the least squares estimate of ft and decide if it
significantly differs from 0, or not. With better estimates of the parameter, e.g., the best
linear unbiased estimate (BLUE), the minimum variance estimate (MVE), or the maximum
likelihood estimate (MLE), it is often possible to derive tests that are more efficient. This
opens up for nonlinear estimators such as the particle filter, which was shown to improve
the quality of the estimate in Chapter 5. The particle filter also provides an estimate of
the complete PDF of the estimated parameter, which can be utilized in the hypothesis test,
see [46]. A general rule is that the more accurate the estimate of the parameter is, the
better grounds for deciding between the hypotheses.

Example 6.2: Hypothesis test

Let y ∼ N (f, 1), where f equals 0 or µ > 0, and design a hypothesis test for

{
H0 : If y ∼ N (0, 1), i.e., f = 0,

H1 : If y ∼ N (µ, 1), i.e., f = µ.

Let the test statistic be L(y) = y and decide for H0 if y ≤ γ and otherwise for H1. The
probability of false alarm for the test is

PFA = Pr
(
y > γ

∣∣y ∼ N (0, 1)
)

= 1− Φ(γ)

where Φ(·) is the Gaussian CDF and the probability of detection is

PD = Pr
(
y > γ

∣∣y ∼ N (µ, 1)
)

= 1− Φ(γ − µ).

Hence, for µ = 2 and γ = 2 the probability of false alarm is PFA ≈ 2% and the probability
of detection is PD = 50%. Varying γ, the ROC diagram in Figure 6.1 is obtained. Note the
dashed line in the diagram that shows the performance obtained if a change is randomly
detected with probability PFA. Any test should be at least this good, or else it is better to
randomly detect a change. Hence, it is always possible to obtain a test with PD ≥ PFA.
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Figure 6.1: ROC diagram for the detector in Example 6.2 with µ = 2. The dashed
line represents the result achieved for random detection.

6.2 Test Statistics

This section outlines the most commonly used test statistics: the likelihood ratio (LR) test,
for deciding between simple hypotheses, and the generalized likelihood ratio (GLR) test,
an extension to composite hypotheses of the regular likelihood ratio test.

6.2.1 Likelihood Ratio Test

For simple hypothesis tests, with only one alternative hypothesis, the likelihood ratio test
[59] is one of the most well-known tests. The likelihood ratio test uses the ratio between
the probabilities of the obtained measurements under the alternative hypothesis and the
probability of the null hypothesis as test statistic,

L(Y) =
p(Y|H1)
p(Y|H0)

. (6.2)

The more likely the alternative hypothesis is compared to the null hypothesis, the larger
L(Y) becomes, and vice versa. Therefore, if the test statistic is larger than a threshold,
L(Y) ≥ γ, the null hypothesis, H0, is rejected, and if L(Y) < γ the null hypothesis, H0,
is accepted. The following notation will be used to represent this decision rule,{

H0, if L(Y) < γ

H1, if L(Y) ≥ γ
⇐⇒ L(Y)

H1

≷
H0

γ. (6.3)
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The probability of a false alarm with a given test statistic and the decision rule (6.3) is

PFA = Pr
(
L(Y) ≥ γ|H0

)
= Pr

(
p(Y|H1) ≥ γp(Y|H0)

∣∣∣ H0

)
, (6.4a)

and the probability of detection is

PD = Pr
(
L(Y) ≥ γ|H1

)
= Pr

(
p(Y|H1) ≥ γp(Y|H0)

∣∣∣ H1

)
. (6.4b)

The threshold γ determines how much more likely the alternative hypothesis must be
before it is chosen over the null hypothesis. The larger the difference between the like-
lihoods, the easier it is to make a good decision. The difference can for instance be
measured with the Kullback-Leibler information since the Kullback-Leibler information
is a measure of how difficult it is to tell two distributions apart [54, 60].

Example 6.3: Likelihood ratio test between Gaussians
Assume a measurement y with {

H0 : y ∼ N (0, 1)
H1 : y ∼ N (µ, 1).

The likelihood ratio test for deciding betweenH0 andH1 becomes

L(y) =
p(y|H1)
p(y|H0)

=
N (y;µ, 1)
N (y; 0, 1)

= eµy−µ2/2
H1

≷
H0

γ.

To find a suitable threshold, γ, to achieve a level, 1− PFA, for the test, solve for γ in

PFA = Pr
(
L(y) ≥ γ

∣∣ H0

)
= Pr

(
eµy−µ2

2 ≥ γ
∣∣ y ∼ N (0, 1)

)
.

It is allowed to apply a logarithm to both sides of the inequality since log(x) is strictly
increasing for x > 0. Using the logarithm yields the simplified equation

PFA = Pr
(

log
(
L(y)

)
≥ log γ

∣∣∣ H0

)
= Pr

(
y ≥ log γ

µ + µ
2︸ ︷︷ ︸

=:γ′

∣∣ H0

)
= 1− Φ(γ′),

which is easily solved for y ∼ N (0, 1). Once γ′ is chosen, the probability of detection
becomes

PD = Pr
(
y ≥ γ′

∣∣ H1

)
= 1− Φ(γ′ − µ).

Compare the test and the test statistic derived here with the identical result in Exam-
ple 6.2. Hence, it is obvious that the test derived in Example 6.2 is indirectly based on the
likelihood ratio test statistic.

To use the logarithm of the likelihood ratio, as in Example 6.3, often simplifies the in-
volved expressions. This is the for instance the case for distributions from the exponential
family of distributions [72], of which the Gaussian distribution is a member.
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6.2.2 Generalized Likelihood Ratio Test

The likelihood ratio test has one shortcoming, it requires both hypotheses to be simple to
be applicable. In many situations this is overly restrictive, e.g., to determine if a param-
eter has its nominal value or not does in most situations result in a composite alternative
hypothesis. When composite hypothesis are involved, the generalized likelihood ratio
(GLR) test [48, 63, 64], defined as

L(Y) =
supf |H1

p(Y|H1)
supf |H0

p(Y|H0)

H1

≷
H0

γ, (6.5)

can be used instead. Basically, the GLR test compares the highest likelihoods obtainable
under the respective hypotheses. Implicitly, this is the same as estimating the parameter
using a maximum likelihood estimator under the two hypotheses, and use the estimates to
construct and use a regular likelihood ratio test.

In analogy with the likelihood ratio test, the probability of false alarm and the proba-
bility of detection are given by (6.4). However, the two suprema involved often consider-
ably complicates the task of deriving explicit expressions.

6.3 Most Powerful Detector

What determines how useful a detector is depends on what it is supposed to be used for.
Sometimes it is very important to have few false alarms, PFA � 1, whereas in other
situations it is very important not to miss any detections, PD � 0. In yet other situations
it may be important to detect faults fast, the time to detection td is short, and so forth.
Unfortunately, most of these properties contradict each other, e.g., demanding few false
alarms will inevitable make it more difficult to obtain a high detection rate. This chapter
will from here on deal only with the relationship between PFA and PD, and optimality in
terms of them. The following different definitions of optimality are commonly in use [5]:

• A most powerful test is a test that amongst all tests at a given level, equivalent to a
given PFA, maximizes the power, PD, of the test.

• A minimax test is a test that minimizes the maximal risk of failing to detect any
hypothesis.

• A Bayes test is a test that for a given a priori distribution for the hypotheses has the
minimal probability of making an incorrect decision.

In this thesis the focus lies on optimality in terms of most powerfulness.
For testing between two simple hypotheses the Neyman-Pearson lemma, first intro-

duced by Neyman and Pearson in the article series [65, 66], provides the statistics of the
most powerful detector. The lemma is further elaborated on in [5, 59] and is therefore
given without further explanation.
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Theorem 6.1 (Neyman-Pearson lemma)
Every most powerful test between two simple hypotheses for a given probability of false
alarm, PFA, uses, at least implicitly, the test statistic

L(Y) =
p(Y|H1)
p(Y|H0)

,

and the decision rule

L(Y)
H1

≷
H0

γ,

where the threshold γ is obtained by solving for γ in

PFA = Pr
(
L(Y) ≥ γ

∣∣ H0

)
.

Proof: See proof of Theorem 1 in Chapter 3 of [59].

The Neyman-Pearson lemma (Theorem 6.1) does not only give a limit on how power-
ful tests that can be constructed. The theorem also states that the likelihood ratio test is the
most powerful test for simple hypothesis, and that all most powerful tests will somehow
be based on this test statistic.

For hypothesis tests including at least one composite hypothesis the situation is more
complicated. One way to get an upper performance bound is to assume the true fault
parameter to be known, and construct a simple hypothesis test based on this information.
The test obtained under these conditions is called clairvoyant. If the simple clairvoyant
test is optimal, its performance constitutes an upper bound for the performance of any
detector working on the original problem.

The concept of most powerful tests is not general enough to handle composite tests
because there may be different most powerful tests depending on the actual parameter
value. The uniformly most powerful (UMP) property is therefore introduced to solve this
problem. A test is UMP if it is most powerful for every possible parameter value under the
alternative hypothesis.

Definition 6.2. A hypothesis test that is most powerful for all f underH1 is said to be a
uniformly most powerful (UMP) test.

The concept of UMP tests is the natural extension of most powerfulness to handle
composite tests. The price paid for introducing the extra degree of freedom in the com-
posite hypothesis is that it is much harder to find UMP tests than to find most powerful
tests. Hence, there is no generalized Neyman-Pearson lemma for composite tests. In [59]
examples are given both of cases when UMP tests exist and of cases when it is possible to
show that no UMP test exists. For instance, there is no UMP test betweenH0 : f = f0 and
H1 : f 6= f0 unless f is further restricted, or infinite information is available [59]. The
latter case will be studied next.

6.4 Asymptotic Generalized Likelihood Ratio Test

Theorem 6.1 shows that the likelihood ratio test is optimal for simple hypotheses. Un-
fortunately, the strong optimality properties of the likelihood ratio test do not carry over
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to composite hypothesis tests and the GLR test. In fact, the exact optimality properties of
the GLR test are unknown. However, the GLR test is known to be optimal in several spe-
cial cases [5]. One case when optimality can be shown is when asymptotic information
is available. Therefore, the sequel of this chapter will be used to study the asymptotic
properties of the GLR test.

Theorem 6.2
The generalized likelihood ratio test is asymptotically uniformly most powerful amongst
all tests that are invariant (invariance imposes no restriction for the usual cases, see [59]
for details), when the value of F, the stacked faults, is the only thing that differs be-
tween the null hypothesis and the alternative hypothesis. Furthermore, the asymptotic
test statistic is given by

L′(Y) := 2 log L(Y) a∼

{
χ2

nF
, underH0

χ′2nF
(λ), underH1

,

where L(Y) is the generalized likelihood ratio test statistic, χ′2n (λ) is the non-central χ2

distribution of order n with non-centrality parameter λ, and

λ = (F1 − F0)T I(F = F0)(F1 − F0).

Here I(F = F0) is the Fisher information of the stacked faults, at the true value F0, under
H0, and F1 is the true value of F underH1.

Proof: See [48, Ch. 6].

For anything but theoretical argumentation, the assumption of infinite information is
unrealistic. However, the asymptotic behavior constitutes a fundamental upper perfor-
mance limitation and as such it can be compared to the Cramér-Rao lower bound for
estimation (see Chapter 5). The asymptotic GLR properties can therefore be used to indi-
cate how much better performance could be hoped for by utilizing available information
about non-Gaussian noise even though no best linear detector comparable to the Kalman
filter exists. Furthermore, in practice the GLR test usually performs quite well for moder-
ately sized series of measurements [48]. Hence, the asymptotic behavior indicates what
kind of performance to expect.

6.4.1 Wald Test

One way to motivate the asymptotic GLR test statistics is to optimally estimate the fault
parameter, F, and based on this estimate, with known statistics, do hypothesis testing.
This approach is called the Wald test if the parameter is estimated with an MLE, and it is
known that it has the same favorable asymptotic properties as the GLR test [48, 90].

To use the Wald test, the first step is to obtain an estimate, F̂, of the fault parameter.
From Chapter 5, the optimal estimate is known to be asymptotically distributed according
to

F̂ a∼ N (F, I−1
F ),
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assuming, without loss of generality, that F0 = 0. Normalizing the estimate to obtain an
estimate with unit covariance matrix yields

ˆ̄F := I
1
2
F F̂ a∼ N (I

1
2
F F, I).

UnderH0, where F = 0, the estimate is distributed according to

ˆ̄F a∼ N (I
1
2
F F0, I) = N (0, I).

With L(Y) = ‖ˆ̄F‖22 as test statistic, the distribution of L(Y) underH0 becomes

L(Y) := ‖ˆ̄F‖22
a∼ χ2

nF̄
.

Under the alternative hypothesis,H1,

ˆ̄F a∼ N (I
1
2
F F1, I)

yielding the test statistics distribution

L(Y) = F̂1T IF F̂1 a∼ χ′2nF̄
(λ),

where F1T is a shorthand notation for (F1)T and λ = F1T IF F1. With this information a
suitable threshold can be found for the decision rule

L(Y)
H1

≷
H0

γ′.

The test statistics derived this way should be recognized as the same as for the asymp-
totic GLR test in Theorem 6.2. However, the test statistics are only valid under the asymp-
totic assumption, and the behavior of the Wald test and the GLR test may differ for finite
information.

The derivation of the Wald test indicates how an approximation of the system noise
affects the performance of a test. With a Gaussian approximation of the noise, the variance
of the estimate of the fault parameter increases (see Chapter 5), which makes it more
difficult to detect a fault.

6.4.2 Detection Performance

For the asymptotic GLR test, and consequently the asymptotic Wald test, with the thresh-
old γ′ the probability of a false alarm, PFA, is

PFA = Qχ2
nF

(γ′), (6.6)

where Q? denotes the complementary cumulative distribution function of the distribu-
tion ?. This follows directly from the test statistics given by Theorem 6.2. Note that PFA

depends only on the choice of threshold, γ′, and not on F0 or F1. The probability of
detection is

PD = Qχ′2nF
(λ)(γ′), (6.7)
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where λ is defined in Theorem 6.2. The functionQχ′2nF
(λ)(γ′) is monotonously increasing

in λ (moving the mean to the right lessens the risk that a detection is missed) thus any
increase in λ will improve PD. Note, it follows immediately that if the magnitude of F1

increases it is easier to detect the change, and that if IF increases PD increases, i.e., any
non-Gaussian noise component will increase the probability of detection with preserved
PFA, unless the system suppresses the informative noise direction.

Example 6.4

Consider measurements from

yt = f + et, t = 1, . . . , L, (6.8)

where et is any noise with var(et) = 1 and relative accuracy Ψe. It then follows that the
normalized estimate of f is

ˆ̄f a∼ N
(√

ΨeLf, 1
)
,

and subsequently to λ = ΨeL(f1)2 = ΨeL in the GLR statistics under the assump-
tion f1 = 1. The improved detection performance is illustrated with a ROC diagram in
Figure 6.2. From Figure 6.2 it is clear that there is potentially much to be gained from
utilizing information about non-Gaussian noise in this simple model, especially for small
PFA where the relative increase in PD is substantial.
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Figure 6.2: ROC diagram for (6.8) with nF = 1, L = 5 measurements, and F1 = 1
for different values of Ψe. Random denotes what happens if all available information
is discarded and a change is signaled randomly with probability PFA.

To show the performance actually obtainable, assume that the measurement noise is
subject to outliers,

et ∼ 0.9N (0, R) + 0.1N (0, 10R), (6.9)
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Figure 6.3: Solid line, PDF for measurement noise with outliers, (6.9), var(et) = 1,
and Ψe = 1.5. Dashed line shows the Gaussian approximation.

where R = 0.28, so that var(et) = 1. This is an instance of the outlier noise described in
Section 2.3.2 with Ie = Ψe = 1.5. The PDF is shown in Figure 6.3.

Simulations with this setup, using 10 000 Monte Carlo simulations and a numeric GLR
test implementation, yields the ROC diagram in Figure 6.4. The result is promising since
the simulations seem to come close to the performance bound (cf. Figure 6.2).

6.5 Uniformly Most Powerful Test for Linear Systems

In this section, the theory for general systems, presented in the previous sections, is ap-
plied to two problems with linear residuals. The section is divided into two main parts.
First general results are derived for linear residuals and it is then shown how the theory
can be applied to two special cases of change detection with linear systems. The reader
only interested in the general results may skip the special cases and continue with the
simulations in the next section.

6.5.1 Linear System Residuals

Most change detection methods do not deal directly with the measurements. The differ-
ence between the measurements and the measurements expected under the null hypothe-
sis,

rt = yt − h(xt, f
0
t ), (6.10)
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Figure 6.4: ROC diagram for (6.8) with measurements (6.9) (Ψe = 1.5) for 10 000
MC simulations. Optimal performance for Ψe = 1 and Ψe = 1.5 are found in
Figure 6.2 as reference.

is studied instead. The difference rt is called a residual. Without noise the residual
should be zero under H0, but since noise is always present the residual should be small
and average to zero over time if no fault is present. The exact residual distribution is
determined by the system and the noise affecting it. For linear models with the fault
structure discussed in Section 3.1.3 the residual is given by

rt = yt −Htxt = Hw
t wt + et + Hf

t ft =
∑

i

Hf
t Hf,iϕT

t︸ ︷︷ ︸
=:Hθ

t

θ + Hw
t wt + et,

where θ is the fault parameter and ϕt make up an basis to describe incipient faults. If L
measurements in a time window are gathered, the stacked model becomes

Rt = Yt −Otxt−L+1 = H̄f
t Ft + H̄w

t Wt + Et

= H̄θ
t θ +

(
H̄w

t I
)︸ ︷︷ ︸

=:H̄v
t

(
Wt

Et

)
︸ ︷︷ ︸

=:Vt

= H̄θ
t θ + H̄v

t Vt, (6.11)

which is a linear regression in the fault parameter θ, and where V combines the noise
effects over the window. Note that the dimension of θ is not increased due to the stacking.
This is significant because a consequence of this is that if the studied window is enlarged
the information available about the elements in θ increases.
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Using the residual (6.11), the statistics of the asymptotic GLR test becomes

PFA = Qχ2
nθ

(γ) (6.12a)

PD = Qχ′2nθ
(λ)(γ), (6.12b)

where γ is the detection threshold and

λ = θ1T H̄θT
t IH̄v

t V H̄θθ1 = θ1T H̄θT
t

(
H̄v

t I
−1
V H̄vT

t

)−1
H̄θθ1.

From this it is clear that if the intrinsic accuracy of Vt is improved, i.e., by introducing
non-Gaussian components in the process noise or the measurement noise, the probability
of detection increases. If the improvement is in a direction ignored by the system, the
potential gain is lost.

It is sometimes useful to use only part of the residual derived above. This can be
achieved by applying a projection when constructing Rt, this way removing a subspace
of the residual space known to be difficult to estimate or otherwise unsuitable for usage
in the test. The parity space formulation, discussed below as a special case of this theory,
uses a carefully chosen projection to remove the influence of the unknown initial state.
Introducing a projection only changes the matrices H̄θ

t and H̄v
t in the analysis.

6.5.2 Prior initial state knowledge

One of the unknown components of the residual description (6.11) is the initial state of the
studied window, xt−L+1. If an estimate of the state is available, x̂t−L+1, from measure-
ments outside the window it can be used. However, an estimate is just an approximation
of the true state and an extra noise term is introduced in the residual description. The
residual becomes,

Rt = Yt −Otx̂t−L+1 = Otx̃t−L+1 + H̄w
t Wt + Et + H̄f

t Ft

= H̄θ
t θ +

(
Ot H̄w

t I
)x̃t−L+1

Wt

Et

 , (6.13)

where x̃t−L+1 := xt−L+1−x̂t−L+1. The distribution of x̃t−L+1 depends on the estimator
used to obtain x̂t−L+1. Any estimate of xt−L+1 will do, but with a better estimate the
detection performance improves. Assuming that x̂t−L+1 is not based on studied data
in the window avoids dependencies between the noise terms, which may be difficult to
handle. The residual formed this way still fits into the general linear regression framework
given by (6.11), hence the analysis in Section 6.5.1 still applies and the test statistics are:

PFA = Qχ2
nθ

(γ) (6.14a)

PD = Qχ′2nθ
(λ)(γ), (6.14b)

where
λ = θ1T H̄θT

t

( (
O H̄w

t I
)T I−1

Vt

(
O H̄w

t I
) )−1

H̄θ
t θ1,

with Vt =

x̃t−L+1

Wt

Et

.
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6.5.3 Parity Space

Sometimes it is favorable to look only at contributions to the residual that could not come
from the nominal system. To study only this part of the residual is called to use parity
space or analytic redundancy [5, 25]. One reason to work in parity space is that no
estimate of the initial state is available, or that the available estimate is poor and unreliable.
The residual are obtained in parity space as

Rt = P⊥O
(
Yt −Otxt−L+1 − H̄u

t Ut

)
= P⊥OYt − P⊥OH̄u

t Ut

= P⊥O
(
H̄w

t Wt + Et + H̄f
t Ft

)
= P⊥OH̄θ

t θ + P⊥O
(
H̄w

t I
)(Wt

Et

)
, (6.15)

where P⊥O is a projection matrix such that P⊥OO = 0, i.e., a projection into the comple-
ment of the state space. This way any contribution from xt−L+1 is effectively removed
from the residuals, and hence it is unimportant that xt−L+1 is unknown.

The projection P⊥O can be constructed using a singular value decomposition (SVD)
[26] of the extended observability matrix O. First, take the SVD of O,

O = U

(
Σ 0
0 0

)
V T =

(
U1 U2

)(Σ 0
0 0

)(
V1 V2

)T
, (6.16)

where U and V are unitary matrices, split into blocks so that U1 spans the range ofO and
V2 the null space of O, and Σ is a diagonal matrix with the non-zero singular values of
O. After that, choose P⊥O = UT

2 to get a projection with the desired properties. Note,

cov(Rt) = P⊥OH̄w
t ΣWtH̄

wT
t P⊥T

O + P⊥OΣEtP⊥T
O , (6.17)

and P⊥O has full row rank and therefore cov(Rt) � 0 if cov(Et) � 0. Furthermore, in
order for the parity space to contain any interesting information the system must be such
that rank(P⊥OH̄f

t ) > 0 in order for all faults to show up in the residuals.
In the parity space setting the signal part of the model is removed using a projection

leaving only IW and IE as interesting quantities. The statistics are

PFA = Qχ2
nθ

(γ) (6.18a)

PD = Qχ′2nθ
(λ)(γ), (6.18b)

where
λ = θ1T H̄θT

t P⊥T
O

( (
O H̄w

t I
)T I−1

Vt

(
H̄w

t I
) )−1

P⊥OH̄θ
t θ1

with Vt =
(

Wt

Et

)
.

6.6 Applications of the Theory

The treatment of change detection in this chapter is concluded with several simulation
studies. The same linear systems as in Chapter 5 are used; the constant velocity model
and the DC motor. Both systems will be affected by non-Gaussian process noise and
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measurement noise. Using the same systems as in the estimation simulations allows for
parallels to be drawn between detection and estimation performance. Furthermore, since
the systems are thoroughly described in Section 5.4 it is not necessary to do that again,
therefore the descriptions of the systems in this section focuses on the faults to detect.

Detection is in all simulations performed in parity space, on a time window of L = 6
measurements. Parity space is used to, as far as possible, separate the detection problem
from the estimation problem studied in Chapters 4 and 5. Working in parity space elim-
inates the xt−L+1 term that would otherwise have to be estimated and that way impose
properties of the estimate on the detection performance. Stacked versions of linear mod-
els are described in Section 3.1.4 and the projection down into the parity space using the
method given in Section 6.5.3. The result is a residual description on the form (6.15).

GLR tests are used to detect faults in stacked residual formulations of the systems. All
statistical properties of the stacked model are known, and it is therefore possible to derive
the analytical likelihood ratio if the fault is given. However, the fault is assumed unknown
and the analytic MLE of the fault is difficult to obtain if the noise is non-Gaussian. There-
fore, the MLE is computed numerically resulting in an approximate GLR test, which seems
to perform quite well in practice.

For comparison, a GLR test has also been designed in each case assuming that the
noise is Gaussian, i.e., all noise distributions have been assumed Gaussian for the design
of the GLR test. The detector derived in this way is used for comparison. However, note
that there are no results similar to the BLUE to support this approach, nonetheless this is a
result that could be achieved if non-Gaussian effects are ignored.

6.6.1 Constant Velocity Model

The first simulation uses the constant velocity model (see Section 5.4.1). This time the
state of the system is of minor interest, and the main objective is to determine if the system
is affected by a fault or not. The potential fault enters the system the same way the process
noise does. The model therefore becomes

xt+1 =
(

1 T
0 1

)
xt +

(
1
2T 2

T

)
wt +

(
1
2T 2

T

)
ft (6.19a)

yt =
(
1 0

)
xt + et, (6.19b)

with T = 1 and ft as the fault term. The process noise and measurement noise are
known to be mutually independent white noise with var(wt) = var(et) = 1. To lower the
complexity of the detection problem the fault is assumed to be either present or not, i.e.,
ft = θ without any incipient behavior. Throughout the simulations the true fault profile
is

ft =

{
0, t ≤ 25
1.5, t > 25,

i.e., the fault appears suddenly after time t = 25. In terms of the constant velocity model
this can be interpreted as an unexpected maneuver, or that the measurement platform has
started to move.

The optimal detection performance in terms of the asymptotic GLR performance for
the constant velocity model can be computed from the test statistics in (6.18), given L =
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6, f1
t = 1.5, and the noise characteristics. Figure 6.5 shows the probability of detection,

if PFA = 1%, as a function of the intrinsic accuracy of system noise. The probability
of detection has been normalized to be 1 for Gaussian noise (for which PD = 48%),
to simplify the comparison of the detection performance. That is, if the contour plot
indicates detection performance 1.5 for a given noise characteristics, PD is 50% higher
with that noise than with Gaussian noise. In this way, Figure 6.5 is similar to Figure 5.1,
both display how much can potentially be gained using all noise information available.
Note that with a different PFA or magnitude of the fault, a different result is obtained due
to the nonlinearities in the expressions, but the main characteristics of the result will be
the same. Figure 6.5 shows that for non-Gaussian noise it is asymptotically possible to
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Figure 6.5: Relative probability of detection for the given constant velocity model
at PFA = 1% for detection in parity space and a window size L = 6. In the contour
plot 1 corresponds to PD = 48% which is obtained for Gaussian noise.

gain detection performance. Furthermore, the performance increases faster in the relative
accuracy of the measurement noise than in the relative accuracy of the process noise.
This indicate that describing the measurement noise correctly is more important for the
performance than the describing process noise.

Bimodal Mesurement Noise

The first simulation, using the constant velocity model, features Gaussian process noise,
Ψw = 1, and the non-Gaussian measurement noise

et ∼ 9
10N (0.2, 0.3) + 1

10N (−1.8, 3.7),

with Ψe = 2.7. The detection performance achieved for 1 000 Monte Carlo simulations is
given as a ROC diagram in Figure 6.6. The ROC diagram shows that by utilizing the extra
information available in the non-Gaussian measurement noise the probability of detection
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is improved, however not as much as indicated by the asymptotic results. The same sys-
tem was used in Section 6.6.1 for a Monte Carlo study of estimation performance, with
a similar result. Furthermore, the performance obtained when assuming Gaussian noise
is better than expected for large PFA. For PFA close to 1, it is difficult to tell the differ-
ence between the approximative test and the test based on correct statistics. Hence, the
behavior when using a Gaussian approximation is not as easy to predict as for estimation,
where the BLUE can be used.
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Figure 6.6: ROC diagram derived from 1 000 Monte Carlo simulations for the par-
ity space formulation of the constant velocity model with bi-Gaussian measurement
noise, L = 6, and the fault f1 = 1.5.

Tri-Gaussian Process Noise

For the second simulation, with the constant velocity model, where et is kept Gaussian,
Ψe = 1, and

wt ∼ 0.075N (−2.5, 0.065) + 0.85N (0, 0.065) + 0.075N (+2.5, 0.065),

with Ψw = 15.4. This is the same system as was used in Section 5.4.1, where the dis-
couraging result was that no improved performance could be found using a particle filter.
The detection results are similar, see Figure 6.7. No difference can be observed between
the detection result based on a correct noise description and the test using the Gaussian
approximation. It is however in line with what could be expected since if the estimate
cannot be improved then there is little new information to base a better detector on.
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Figure 6.7: ROC diagram derived from 1 000 Monte Carlo simulations of a parity
space formulation of the constant velocity model with tri-Gaussian process noise,
L = 6, and the fault f1 = 1.5.

6.6.2 DC Motor

The second system used for simulations is the DC motor, see Section 5.4.2. The DC motor
is affected by a load disturbance, ft, according to the model

xt+1 =
(

1 1− e−1

e−1 0

)
xt +

(
e−1

1− e−1

)
wt +

(
e−1

1− e−1

)
ft (6.20a)

yt =
(
1 0

)
xt + et, (6.20b)

where wt and et are independent but not necessarily Gaussian noise. This fault can be
caused by a load being suddenly added to the drive shaft, a bad bearing in the motor, or
an offset in the voltage being used to control the motor. It is here assumed that the load is
either there or not, i.e., ft = θ. In the Monte Carlo simulations the fault has the profile

ft =

{
0, t ≤ 25
π
90 , t > 25

.

That is, 25 time units into the experiment something happens to the DC motor. The motor
starts to accelerate π

90 more than expected, e.g., due to an offset in the control input.
As for the constant velocity model, a contour plot of the relative probability gain for

PFA = 1% is given in Figure 6.8 (cf. the relative estimation performance in Figure 5.4).
Compared to Figure 6.5 the relative gain obtainable according to Figure 6.8 is smaller,
however this is in part because the detectability for Gaussian noise here is greater and the
possibility to increase it is limited.
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Figure 6.8: Relative probability of detection for the given constant velocity model
at PFA = 1% for detection in parity space and a window size L = 6. In the contour
plot 1 corresponds to PD = 67% which is obtained for Gaussian noise.

Measuremens with Outliers

The first simulation study with the DC motor involves Gaussian process noise and outliers
in the measurements (cf. Section 5.4.2),

wt ∼ N
(
0, ( π

180 )2
)

et ∼ N2

((
0.9, 0, ( π

180 )2
)
,
(
0.1, 0, ( 10π

180 )2
)
)
)
,

with Ψw = 1 and Ψe = 9. The contour plot in Figure 6.8 indicates, even though it is not
exactly the correct noise levels, that detection performance could improve substantially if
the outliers are correctly handled in the test.

The result of the simulations is presented in the ROC diagram in Figure 6.9. Especially
for low false alarm rates, PFA � 1, the gain is substantial and close to what is possible to
achieve with an asymptotic GLR test. Considering detection in terms of the Wald test the
good detection performance is not surprising since it was shown in Section 5.4.2 that the
estimation performance for this setup is close to the CRLB.

Once again, the GLR statistics under the false assumption that all noise is Gaussian
prove to be a rather poor description of the behavior of what happens when non-Gaussian
components are neglected. Furthermore, Figure 6.9 clearly shows for low false alarm
rates, the asymptotic Gaussian GLR test is better than the performance achieved, whereas
for larger PFA, the approximative test outperforms the asymptotic Gaussian GLR test.
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Figure 6.9: ROC diagram derived from 1 000 Monte Carlo simulations of a parity
space formulation of the DC motor with outliers in the measurements, L = 6, and
the fault f1 = π

90 .

Load Disturbances

Finally, the DC motor is studied with Gaussian measurement noise, Ψe = 1, and bimodal
process noise, Ψ = 17,

wt ∼ N2

((
0.8, 0, ( π

180 )2
)
,
(
0.2, −10π

180 , ( π
180 )2

))
et ∼ N

(
0, ( π

180 )2
)
.

The same system was studied in Section 5.4.2, that time with respect to estimation per-
formance. It was in Section 5.4.2 shown that with knowledge about the true statistics of
the noise it was possible to improve estimation performance. Based on the previous de-
tection experiments, and the indication in Figure 6.8 that the detection performance could
be improved using the actual noise distributions for the test statistic, an improvement is
to be expected.

The result of 1 000 Monte Carlo simulations is found as a ROC diagram in Figure 6.10.
The performance using the correct noise distributions is clearly better than the perfor-
mance achieved approximating all distributions with Gaussian noise. Note that the com-
plete ROC curve is not obtained for the test based on the Gaussian approximation, due
to numerical errors when computing L(Yt) for the approximative test. Once again, this
shows the difficulty involved in treating non-Gaussian noise as Gaussian noise.

6.6.3 Observations

The results from the simulations conducted both with the constant velocity model and the
DC motor can be summarized with:
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Figure 6.10: ROC diagram derived from 1 000 Carlo simulations of a parity space
formulation of the DC motor with bi-Gaussian process noise, L = 6, and the fault
f1 = π

90 .

• Studying the asymptotic GLR performance, it is potentially much to be gained from
taking care of non-Gaussian effects.

• It is not enough to study the asymptotic GLR test performance for a system with
Gaussian noise to predict the effects of a Gaussian approximation. The simula-
tions indicate that this approach is overly optimistic for small PFA, whereas it for
large PFA is more pessimistic than it need to be. With this in mind, the asymptotic
GLR test with Gaussian noise can be used to hint the behavior of an approximative
detector.

• It is in the conducted experiments more difficult to extract information from non-
Gaussian process noise compared to non-Gaussian measurement noise. Similar
results were obtained for the estimation problem in Section 5.4.3.

• The simulations indicate that it is for small PFA the most is gained by using a correct
noise description.
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7
Concluding Remarks

IN THE INTRODUCTION to this thesis it is described how linear and Gaussian system
approximations are often used for estimation and detection applications. The impli-
cations of the approximations are seldom analyzed, even though methods to handle

the true systems exist. This chapter concludes the work in this thesis aimed towards giv-
ing guidelines for when noise approximations are acceptable in linear systems. Based on
the results obtained ideas of future work are given.

7.1 Conclusions

The work in this thesis deals with linear systems with non-Gaussian noise from an estima-
tion and detection perspective. For this class of models it is shown how the information
content in the system noise affects the performance obtained with approximative meth-
ods. For this purpose intrinsic accuracy and relative accuracy are used. A method is
given to compute the intrinsic accuracy, and it is shown that Gaussian mixtures, that to
the naked eye look Gaussian, may be much more informative than a Gaussian approxima-
tion. If the intrinsic accuracy is large this indicates that a Gaussian noise approximation
is unfavorable.

To determine if a noise approximation affects estimation performance the Cramér-Rao
lower bound (CRLB) can be studied. Comparing the CRLB to the performance with linear
systems obtained with the Kalman filter, which is known to be the best linear unbiased
estimator (BLUE), it is possible to determine how much can be gained with a correct
noise description in combination with a nonlinear filter, e.g., a particle filter. The gain
depends on properties of the system, if the relative accuracy of the system noise is high
disregarding non-Gaussian properties tend to affect the estimation performance. Monte
Carlo simulations verify this, but also show that the CRLB analysis sometimes must be
combined with other methods to get conclusive results since the lower bound is not always
reached.
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Detection performance is discussed in terms of the uniformly most powerful asymp-
totic generalized likelihood ratio (GLR) test, for which the intrinsic accuracy plays an
important role. If the performance utilizing the true noise distributions is much better
than what is achieved for Gaussian noise, approximations should be avoided. Within the
framework derived for detection in linear systems it is shown, using Monte Carlo simu-
lations, that the detection improvement may be substantial, and also that it is difficult to
predict the properties of a detector based on approximative noise distributions.

Based on results derived in this thesis it is possible to indicate if a Gaussian approxi-
mation is acceptable or not for a linear estimation or detection problem, given a complete
system description including noise properties. However, work remains to be done to
strengthen the theory to give more conclusive answers.

7.2 Further Work

Some questions still remain to be answered to get a complete framework to handle esti-
mation and detection in nonlinear non-Gaussian systems in an satisfactory manner. Some
issues regard linear systems:

• What performance is actually obtainable? The CRLB is a lower bound, but it is not
always reached as seen in simulations. The situation is similar for the asymptotic
GLR statistics. Is it possible to tell if/how optimal performance is reached?

• What about robustness? How sensitive are the results to errors in the model, both
in the system dynamics and in the noise distributions?

• Are there better measures than the CRLB and the asymptotic GLR statistics to de-
scribe optimal performance? If so, which properties of the system are then interest-
ing?

Furthermore, what approach is best for extending the framework to nonlinear sys-
tems? In principle, the techniques in the thesis can be used to obtain optimality results for
nonlinear systems, however it is difficult predict the properties of different approximative
methods, as seen in the study of the bearings-only measurements. Another problem is
that results derived for general nonlinear systems tend to be less intuitive than the results
for linear system, and results are often difficult and expensive to compute. All these are
questions it would be interesting to continue working with.
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A
Notational Conventions

Abbreviations and Acronyms

Abbreviation Meaning
AFMM Adaptive forgetting through multiple models
BLUE Best linear unbiased estimate/estimator
CDF Cumulative distribution function
CUSUM Cumulative sum
CRLB Cramér-Rao lower bound
CT Coordinated turn
CV Constant velocity
EKF Extended Kalman filter
FI Fisher information
GLR Generalized likelihood ratio
GPB Generalized pseudo-Bayesian
HMM Hidden Markov model
IA Intrinsic accuracy
IEKF Iterated extended Kalman filter
IID Identically and independently distributed
IMM Interacting multiple models
KF Kalman filter
LSE Least square estimate/estimator
MAP Maximum a priori
MLE Maximum likelihood estimate/estimator
MMSE Minimum mean squares error
MSE Mean square error
MVE Minimum variance estimate/estimator
PDF Probability density function
PF Particle filter

101



102 A Notational Conventions

Abbreviation Meaning
RA Relative accuracy
RMSE Root mean square error
ROC Receiver operating characteristics
SIR Sampling importance resampling
SIS Sequential importance sampling
SVD Singular value decomposition
UKF Unscented Kalman filter
UMP Uniformly most powerful
UT Unscented transform

Symbols and Mathematical Notation

Notation Meaning
Xt Stacked variables, XT

t =
(
xT

t−L+1, . . . , x
T
t

)
, if not stated

otherwise, L is chosen to include all available data. A
similar notation is used for other stacked variables.

x ∼ y x is distributed as y.
x

a∼ y x is asymptotically distributed as y.
∇x Gradient with respect to x, see (A.1) below.
∆y

x Second derivative, ∇y∇x, see (A.2) below.

L(·)
H1

≷
H0

γ If L(·) ≥ γ, rejectH0 otherwiseH0 is accepted.

Ψx Relative accuracy of x.
arg max

x
f(x) The x maximizing f(x).

arg min
x

f(x) The x minimizing f(x).

cov(x) Covariance of x.
δ(·) Generalized Dirac function.
δt Mode indicator for time t.
diag(x1, . . . , xn) A diagonal matrix with xi in the diagonal.
et Measurement noise at time t.
E(x) Expected value of x.
f(·) State propagation function.
ft Deterministic but unknown fault at time t.
Hi A hypothesis.
h(·) Measurement function.
Ix(µ) Fisher information of x with respect to µ.
Ix Intrinsic accuracy of x

IKL(p(·), q(·)) Kullback-Leibler information between the PDFs p(·) and
q(·).

J K(p(·), q(·)) Kullback divergence between the PDFs p(·) and q(·).
L(·) Likelihood ratio.
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Notation Meaning
L Window size.
µx Mean of x.
N (x;µ,Σ) Gaussian PDF for mean µ and covariance Σ.
Nn

(
x; (ωδ, µδ,Σδ)n

δ=1

)
Gaussian mixture PDF with n modes.

N (µ,Σ) Gaussian distribution with mean µ and covariance Σ.
Nn

(
(ωδ, µδ,Σδ)n

δ=1

)
Gaussian mixture distribution with n modes.

nx Dimension of the variable x.
ωδ Mode/particle probability.
Pt|τ Estimation error covariance at time t given the measure-

ments Yτ .
p(·) Probability density function.
Pr(A) Probability of the statement A.
Qt Covariance of process noise at time t.
Q? Complementary cumulative distribution function of the

distribution ?.
Rt Covariance of measurement noise at time t.
rt Residual
rank(A) Rank of A.
Σx Covariance of x.
tr(A) Trace of A.
AT A transposed.
ut Known input at time t.
var(x) Variance of x.
wt Process noise at time t.
xt State at time t.
x̂t|τ Estimate of xt given the measurements Yτ .
yt Measurement at time t.

Definition of Derivatives

The derivative of f : Rn 7→ Rm, often denoted the gradient or the Jacobian, used is

∇x f =


∂f1
∂x1

∂f2
∂x1

. . . ∂fm

∂x1
∂f1
∂x2

∂f2
∂x2

. . . ∂fm

∂x2
...

...
. . .

...
∂f1
∂xn

∂f2
∂xn

. . . ∂fm

∂xn

 . (A.1)

With this definition the second derivative of a scalar function f : Rn 7→ R becomes

∆y
x f = ∇x∇y f =


∂2f

∂x1∂y1
. . . ∂2f

∂x1∂ym

...
. . .

...
∂2f

∂xn∂y1
. . . ∂2f

∂xn∂ym

 . (A.2)
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