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Abstract

Internet ow control algorithms used today are separately designed and tuned
for outdated setups and traÆc mixes. Di�ernet algorithms exist in both end
nodes an core routers of a network. This work presents improved techniques
for network ow control. The solutions are adaptive and scalable to account
for changing network structures and shifts in the traÆc mix. The ow control
is performed at the network routers by adaptive queue management. The
problem is identi�ed to be a control problem, which requires dynamic models
to base control design on. System identi�cation and automatic control are
used to design adaptive queue management techniques. It is shown that
biased autoregressive models of the queue length dynamics capture the main
dynamics. The throughput is increased and the oscillations damped by using
knowledge from the model, in the control.

The techniques for adaptive queuemanagement are triggered by packet ar-
rivals, which indicate nonuniform sampling rather than uniform. Techniques
for modeling dynamics based on nonuniform samples are discussed. Accu-
rate approximations of the signal spectra can be used to adopt continuous
time models. Approximations of the Fourier transform based on nonuniform
samples are developed and evaluated.

Continuous time models can be identi�ed using standard identi�cation
techniques, from nonuniformly sampled data. Some of the considerations
that has to made are presented. Filtering at nonuniform sample times is also
discussed.

There exist many control problems on di�erent levels in a network. An
overview of network control is given, based on available speci�cation. The
control problems are also presented using block diagrams and connections be-
tween the problems are highlighted. It is shown that, is important to consider
the structure of underlying network control when design is done.
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Sammanfattning

En svensk �overs�attning av avhandlingens titel �ar Reglering och modellering av
k�odynamik i n�atverk.

Internet �ar ett komplext kommunikationssystem som b�orjade byggas i
slutet p�a 1960-talet. Det �ar uppbyggt av lager med funktionalitet f �or att un-
derl �atta f �or ny design. Varje lager �ar avsk�armat fr�an �over och underliggande
lager och har hand om en speci�k del av kommunikationen. Data p�a inter-
net skickas paketvis och varje paket �ar individuellt, endast vid s�andare och
mottagare �nns paketen med s�akerhet i r�att ordning. Flera regler �nns f �or att
kommunikationen ska vara s�a bra, snabb och s�aker, som m�ojligt. Dessa re-
gler �ar i m�anga fall kvarlevor fr�an Internets tidiga dagar och forskare v�arlden
�over arbetar med f �orb�attringar p�a olika plan.

Avhandlingen b�orjar med en �oversikt om hur reglerteknik kan anv�andas
p�a Internet b�ade p�a h �og och l�ag niv�a. Detta syns�att anv�ands sedan f �or att
f �orb�attra prestanda i en k �o p�a n�atverket, genom att hitta samband f �or hur k �on
uppf �or sig och utifr �an dessa ta beslut om ett paket som just anl�ant ska kastas
eller inte. Detta ger resultat p�a grund av att avs�andaren till paketet kom-
mer att s�anka sin s�andhastighet n�ar s�andningen inte lyckades, d�arf �or d�ampas
ocks�a inhastigheten till k �on.

K�oregleringen p�a Internet ger upphov till era nya problem, bland annat
p�a grund av att paket inte anl�ander i regelbunden takt utan tiden mellan
deras ankomst varierar slumpm�assigt. Avhandlingen behandlar matematik
f �or ickelikformig sampling, som dessa slumpm�assiga ankomster ger upphov
till. Detta g �ors f �or att kunna anv�anda den designade tekniken i en verklig
Internetk �o, samt f �or att utveckla den allm�anna teorin p�a omr�adet.
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Notation

Abbreviations

cf. confere, compare

e.g. exempli gratia, for the sake of example

i.e. id est, that is

i.i.d. independent identically distributed, about stochastic variables

n.b. nota bene, take notice

Acronyms

3G Third Generation radio network

ACK Acknowledgment (number), used in TCP as a receipt of received
data.

AQM Active Queue Management, mechanisms for intelligent control of
packet ows through routers.

Di�Serv Di�erentiated Services, techniques to handle di�erent traÆc types
according to their demands.

DFT Discrete Fourier Transform.

ECN Explicit Congestion Noti�cation, an AQM mechanism.

FTP File Transfer Protocol, handles regular �le transfers at the appli-
cation level.

HTTP Hyper Text Transfer Protocol, is used to transfer web sites, at ap-
plication layer.

ix



x Notation

IP, IPv6 Internet Protocol (version 6), handles routing of individual Inter-
net packets at network layer.

MAC Medium Access Control, unacknowledged data transfers over the
radio link.

QoS Quality of Service, di�erent traÆc types have di�erent demands
on the transmission.

RED Random Early Detection, algorithm for ow control in routers.

RFC Request For Comments, standards and proposals for network
components.

RLC Radio Link Control, protocol for retransmissions over the radio
link.

RNC Radio Network Controller, handles RRM in the UMTS network.

RRM Radio Resource Management, handling, e.g., power limitations
for individual base station.

RTP Realtime Transfer Protocol, transport protocol designed speci�-
cally for stremaing transmissions.

SMTP Simple Mail Transfer Protocol, transfer of electronic mail.

TCP Transmission Control Protocol, protocol for end-to-end ow con-
trol from senders at transport level.

UDP User Datagram Protocol, simple transport layer protocol used
when TCP is overkill.

UMTS Universal Mobile Telcommunication System, future standard for
mobile telephony.

UTRAN UMTS Terrestral Radio Access Network, part of the 3G system.

Math

∀ for all, e.g., x(t) = 0, ∀t describes a zero signal.

x(t) A continuous signal measured at the time t.

xk A discrete measurements of x at time tk, i.e., xk = x(tk).
F(x) The Fourier transform of the continuous signal x.

F(x)∗ The Fourier transform based on the discrete measurements of x,
and the subscript, ∗, denotes the approximation method, e.g., ra
for Riemann approximation or sp for spline interpolation.

X∗(f) The same as F(x)∗
E[x] The expected value of the stochastic variable x.

Z The set of real integers

N The set of natural numbers, equal to the set {0,Z+}



Notation xi

R The set of real numbers

C The set of complex numbers

{x : A(x)} The set of all x that makes A(x) true.
|x| The absolut value of x.

‖x‖ The norm of the vector x, ‖x‖2 =
∑
|xi|2.

I The identity matrix, I−1 = I, Ix = x. A subcript index is used to
denote the size if there is risk for confusion, In.

x , a x is de�ned as a.



Introduction

1

Communication has always been part of man's daily life. The techniques for
communicating have therefore evolved together with the rest of the technical
development. The postal services played a large part in building the infras-
tructures during the industrial revolution and it did not take long after the
computers emerged until the thought of communication between computers
started. Today the Internet is the largest man made system in the world, both
geographically and in the number of connected parts. It is also one of todays
most widely used tools for communication and information access, at least in
the industrial world. The demands on the transmissions over this system is
increasing with the number of users and the complexity of the applications.
It is important that data is delivered exact, fast and uncorrupted. The size of
the network makes it impossible to model every detail, level and packet and
other methods are needed to analyze performance and design new algorithms
for control of the transmissions.

The solutions need to be scalable and adaptive in order to be useful for
di�erent network sizes and traÆc mixes. The tools in systems theory and
automatic control gives possibilities to adaptively �nd models of the trans-
mission and use these to tune control designs. An immense interest for this
�eld is growing from the system theorists, and a large e�ort has already been
carried out to �nd useful solutions to the upcoming performance problems.

This thesis will study the network problems from a control perspective
and, in particular, the task of improving performance over Internet routers
are discussed. The application at hand gives rise to a study of nonuniform
sampling, that are independent of the particular problem.

This chapter will introduce some of the key concept that is necessary for
the coming discussions. In Section 1.1, an introduction to the network system
is given. A short history time line and the structure of the layered commu-
nication system is presented. In Section 1.2, systems theory is introduced
with basic concept in system identi�cation and automatic control. The previ-
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2 Chapter 1 Introduction

ous publications that contributed to this work is listed in Section 1.3 and the
outline of the thesis is presented in Section 1.4.

1.1 Network Preliminaries

To understand the structure of the network application, some background
knowledge is necessary. First a short overview of some of the key events
during the �rst years of computer network history is given. Then the building
blocks of the Internet communication system, the layers and their function-
ality, are discussed.

1.1.1 Internet History

To give an overview of the time horizon for the Internet evolution some of the
key events are here presented in chronological order. A continuously develop-
ing time line can be found in Zakon (2003). In 1961, the �rst paper on packet
switching was published and later on there was also a book on the subject both
written by Leonard Kleinrock. In 1962, a series of memos from J.C.R. Lick-
lider was published, envisioning a globally interconnected set of computers
where everyone could access data from any site. In 1965, the �rst wide-area
network was built, connecting two computers, by Lawrence Roberts. This ex-
periment showed that packet switching was needed and circuit switching was
totally inadequate. In 1966, several papers on packet networks were pre-
sented at a conference and, in 1968, the design of the �rst packet switches
started at a small �rm called BBN. Besides the team at BBN lead by Frank
Heart, Robert Kahn was involved in the overall network architectural design,
network topology and economics were designed and optimized by Roberts,
and the network measurement system was prepared by Kleinrock's team at
UCLA.

The �rst node in the network was installed at UCLA in 1969 and by the
end of the year, four hosts were connected together, at the universities in
Stanford, Santa Barbara and Utah. In 1970, the �rst host-to-host protocol,
Network Control Protocol (NCP), was designed and after the �nal implemen-
tation the users of the network could start with application implementations.
In 1972, the network was demonstrated to the public by Roberts and elec-
tronic mail was introduced. In 1973, the design of what was to become the
protocol suite TCP/IP started by Robert Kahn and Vinton Cerf. Much more
information including references to the mentioned publications can be found
in Leiner et al. (2000, Sec. Origins of the Internet).

1.1.2 Layer Structure

To manage the large system of interacting computers, the information ow on
the Internet is structured into layers. Each layer is responsible for a certain
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task and does not know anything about how layers above or below carry out
their tasks. The actual data traverses the layer stack top down at the sender
but the layer structure is transparent and information is seemed to be carried
between the corresponding layers at the sender and the receiver using headers
attached to the data. Every packet contains a header with information about
the packet and data, which is delivered. Every layer adds a new header with
information relevant for the corresponding layer at the receiver. The task
of each layer is carried out using di�erent protocols. Protocols are rules on
how to handle �les and packets at di�erent layers. Di�erent layers can use
di�erent protocols, depending on the type of transmission.

ApplicationApplication

NetworkNetwork NetworkNetwork

TransportTransport

LinkLink
LinkLink

FTP, HTTPFTP, HTTP

TCP, UDPTCP, UDP

IP(v6)IP(v6)

hardwarehardware

Figure 1.1 The explicit data transfer (dashed) and the communication
(solid) in the layered network structure. Each bar repre-
sents a physical position in the network, such as routers
and servers.

Example 1.1 (Data transfer) When the goal is to deliver a �le from sender A
to receiver B di�erent things happen at di�erent layers. Both horizontal and
vertical communication take place. The structure is described in Figure 1.1
together with names of some of the protocols for each layer..

Application A �le is sent from A to B. When the whole �le is successfully de-
livered a noti�cation is sent to the sending application. The application
delivers the IP address and port number to be used to the layer below.

Transport The �le is separated into packets, each with a header stating the
size of the packet and the port to which it should be delivered. After each
packet is successfully delivered an acknowledgment is received, other-
wise it is retransmitted. The IP address is forwarded downwards.

Network The packet is provided a header with the source and destination
address, the IP addresses of A and B respectively, producing an IP frame.
After each frame is sent the next one is prepared. The address of the next
computer in the network is determined and delivered to the next layer.
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Link The frame is given a header with the local address of the next computer
and delivered on the physical link. The physical link can be both a wire
and a radio link. In the latter case a number of internal layers are used
to enhance the communication over the radio link.

In this case the delivery of the �le is always successful since the transport layer
makes sure that lost packets are retransmitted. For other application types,
e.g., real time transmissions, this might not be a desired behavior and the
correction can instead be made in the application, e.g., by using redundant
data, coding or retransmissions. �

In Figure 1.2, the principal components of a network are shown. The
senders are at the ends and the packets traverses links and queues to the re-
ceiver. The receipts or acknowledgments, ACKs, go the other way. The setup
can be compared to Figure 1.1 where the link and network layer exists in all
nodes but the higher layers are only present in the sources and destinations.

flow 1 source

flow 1 destination
flow 2 source

flow 2 destination

..

..

..

queues links

packets

data direction

ACKs

Figure 1.2 A simple network with packets and receipts, queues and
links. Each end node contains all the layers and the core
nodes contains the two lower layers, see Figure 1.1.

A generic layer provides a service to the upper layer and uses a service from
the lower layer. Decisions are made on whether or not to forward additional
data downward based on quality measures. The lower layer is thus fed with
a varying data rate and the lower layer needs to try to provide its service fast
enough.

This four layer model belongs to the TCP/IP protocol suite which is a col-
lection of protocols for all the di�erent layers. In Stevens (1994, Ch. 1) a
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more formal description of the layers is given. The di�erent parts including
the radio link are described further in Chapter 2.

1.2 System Theory Preliminaries

What is a system? The connection between variable signals, inputs, and mea-
sured signals, outputs, is called a system. An example is a dam. The level can
be measured and is also a�ected by the size of the hatch. Another example
is a thermostat in a house. The indoor temperature can be measured and it
is changed when the power to the radiators is changed. The system is a de-
scription of how the changes in one signal correspond to changes in the other.
Usually, there are phenomena that cannot be related to changes in the inputs.
These changes in the outputs are said to come from disturbances. In the dam
example, the disturbances are rain and other weather phenomena and for the
thermostat, the outdoor temperature is a disturbance. To describe the con-
nection between inputs, outputs and disturbances block diagram descriptions
are used in system theory. The system is described using mathematical tools.
Figure 1.3 shows a generic block diagram for a system P , with inputs u and
disturbances w. These signals a�ects P and the system produces the output
y.

u

w

y
P

Figure 1.3 Block diagram of a generic system, P , with inputs u, outputs
y and disturbances w.

To be able to describe the system in a mathematical way, system identi�-
cation is used to �nd a description that best describes the connection between
measurements of inputs, u, and outputs, y. The connection can be formulated
as a function y = f(u, θ), where θ contains the parameters that will be used to
make a good �t to observed measurements.

The best parameters are usually found by minimizing the di�erence be-
tween the model and the actual data. If we have a number of measurements
pairs, yi, ui, it is logical that the di�erence between yi and f(ui, θ) is made as
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small as possible for all i, i.e.,

min
θ

∑
i

|yi − f(ui, θ)|2 (1.1)

is used to decide what values of the parameters θ should be used. The system
description in f is not normally static, but also dependent of derivatives or
previous values of the signals.

Example 1.2 (Trend in input rate) Consider a queue where the incoming rate
is changes as a trend over time. A model can then be stated for the rate r
based on t:

rs = at+ b

An example of measurements of the rate is shown in Figure 1.4. The rate
measurements of rs are a�ected by noise w, since they deviate from the line,

rm = rs + w.

The task of system identi�cation is to �nd the best values of the constants
a and b based on this data, as was shown in Eq. (1.1). The best line in this
case is shown as the thick line. It corresponds pretty good with the true one
in the area of the measurements, but it is clear that the deviations will get
larger if we move away from this region.
Based on this model the length of the queue, q, can be calculated using the
send rate from the queue, rs:

q(t) =
∫ t

0

(rr(τ)− rs(τ))dτ.

�

The system is a�ected by the inputs and produces a certain output. This
can be used to control the output by chosing good inputs. The task is called
automatic control and the aim is to produce a wanted behavior of the output
signals by controlling the inputs based on measurements of the outputs. The
controller is a set of rules on how to calculate the input, u, based on the
output and the wanted behavior, the reference signal, r. The aim is to keep
|r − y| small. A generic block diagram for a system controlled by automatic
control is shown in Figure 1.5.

Example 1.3 (Proportional control) A simple, but often good enough, con-
troller is the proportional controller. P-control means that the output u is
made proportional to the error in the output, y, i.e.,

u = KP (r − y).
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−1 0 1 2 3 4 5 6
0

1

2

3

4

5

6

7

t

r m

Figure 1.4 Measurements, rm ('x') of the queue input rate, rs = at + b
(thin), a�ected by noise, w, varying according to a linear
trend.

u

w

y
P

r

C

Figure 1.5 A generic block diagram when automatic control is used to
control the behavior of y. The input, u, to the system, P ,
is chosen by the controller, C, based on measurements of y
and the reference signal, r.

The logic is that often larger power or bigger movements or something like
this is needed to correct for a large error than for a small one. The choice
of the constant KP is very much dependent on the application and on the
demands on the system.
Studying the queue system in Example 1.2 and using the send rate as the
control signal, we can control the queue length as

rs = KP (qref − q),

which will keep the true queue length close to qref by following the input
rate. �

Example 1.4 (Derivative action) In cases of unwanted high variations in
the output signal derivative action can be used, together with proportional
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control, to suppress oscillations. The controller becomes

u = KP (r − y) +KDẏ.

This means that when y is changing fast the control signal is large even if the
error, r − y, is not large. �

System identi�cation and automatic control will be used in Chapter 3 to
perform better queue management.The calculations are on models of the
queue length dynamics and on simple controllers, with derivative action to
damp oscillations in the queue length.

1.3 Contributions

The main contributions of this thesis are the following:

• An overview of the network system, where descriptions and connections
of the existing control problems are presented based on a system theo-
retic framework.

• The problem of queue management is thoroughly analyzed and con-
trollers are designed based on simple, but accurate, models of the queue
length dynamics.

• Nonuniform signal processing is discussed, with emphasize on frequency
analysis for identi�cation.

Part of the work in this thesis has been or will be published elsewhere.
Discussions about performance issues have been presented at two Nordic
conferences:

• Frida Gunnarsson, Fredrik Gunnarsson, and Fredrik Gustafsson. TCP
Performance based on Queue Occupation. In Towards 4G and Future
Mobile Internet, Proceedings for Nordic Radio Symposium 2001, March
2001.

• Frida Gunnarsson, Fredrik Gunnarsson, and Fredrik Gustafsson. Issues
on Performance Measurements of TCP. In Radiovetenskap och Kommu-
nikation '02, RVK'02, June 2002.

Results for AR-modeling of queue dynamics and improved performance is to
be presented at the 42nd IEEE Conference on Decision and Control:

• Frida Gunnarsson, Fredrik Gunnarsson, and Fredrik Gustafsson. Con-
trolling Internet Queue Dynamics using Recursively Identi�ed Models.
To appear in 42nd IEEE Conference on Decision and Control, December
2003c.
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E�orts on modeling of radio network components and performance analysis
is published as a technical report at Link �opings universitet and presented at
the First Swedish National Computer Networking Workshop:

• Frida Gunnarsson, Anders Bj �orsson, Bj �orn Knutsson, Fredrik Gunnars-
son and Fredrik Gustafsson. Radio Access Network (UTRAN) Modeling
for Heterogeneous Network Simulations. Technical Report LiTH-ISY-
R-2533, Dept. of Electrical Engineering, Link �opings universitet, August
2003a.

• Frida Gunnarsson, Anders Bj �orsson, Bj �orn Knutsson, Fredrik Gunnars-
son and Fredrik Gustafsson. Radio Access Network (UTRAN) Modeling
for Heterogeneous Network Simulations, a brief description. In First
Swedish National Computer Networking Workshop, September 2003b

A contribution about nonuniform frequency analysis is submitted to the 2004
IEEE International Conference on Acoustics, Speech, and Signal Processing:

• Frida Gunnarsson, Fredrik Gustafsson and Fredrik Gunnarsson. Fre-
quency Analysis unsing Non-Uniform Sampling with Application to Adap-
tive QueueManagement. Submitted to 2004 IEEE International Confer-
ence on Acoustics, Speech, and Signal Processing, May 2004.

The publications can be found at www.control.isy.liu.se/publications.

1.4 Thesis Outline

The structural connection between the di�erent parts of the thesis is shown
in Figure 1.6. An overview of the network system is presented in Chapter 2.
Standards and common practice throughout the protocols are explained and
the di�erent control systems are identi�ed and modeled. The connections
between di�erent control systems are also discussed. In Chapter 3, the fo-
cus is on queue management. The control system is further developed and
several controllers are presented with theory and results. A discussion about
nonuniform sampling for identi�cation is done in Chapter 4, where the focus
is on frequency analysis, but preliminary results on identi�cation and �ltering
are also presented. Concluding remarks are presented in Chapter 5 together
with a discussion about future work.

The thesis is written using LATEX2ε and the layout partly inspired by Jane
Austen and other girly writers.
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Figure 1.6 Structural picture of thesis content.



System Overview

2

Usually when studying Internet issues, the focus is on a certain level in the
system or on a particular problem. To understand the complexity of control-
ling the traÆc, an understanding of the whole picture is needed. Di�erent
levels interact and counteract in their demands on the communication.

Design of new algorithms require evaluation of the performance over the
full network. Simulations can be done with di�erent open source simula-
tor such as ns-2 (NS) and REAL (Keshav, 1997), or using proprietary envi-
ronments. To make a good design, on the other hand, models are needed
of di�erent components and how they a�ect the performance of the speci�c
task.

Due to the complexity of the network, simpli�cations of di�erent levels
are made to facilitate easier analysis. When designing for a certain layer, it
is common to model lower layers as a delay, possibly varying, and a queue.
This is in most cases true, but the behavior of the variation can be diÆcult
to model and is strongly a�ected by the speci�c underlying protocols. The
design parameter for the queue is the maximum length and the service rate
which mostly is a�ected by the underlying topology.

This chapter describes the Internet standards for each layer, see Section 1.1.2,
and the main functionalities they incorporate. The application layer is de-
scribed in Section 2.1, where streaming and �le transfers are emphasized.
The main transport layer protocol is described in Section 2.2 together with
existing and new link layer functionality. A short view of the functionality in
a radio link is given in Section 2.3. The control view that was introduced in
Section 1.2 is further expanded, using the control mechanisms described in
the standards, in Section 2.4. The interaction between di�erent parts of the
network is also highlighted.

Standards and proposals in the network architecture are described in so
called Requests For Comments, RFCs. Anyone can write an RFC and they
have di�erent categories such as standards track, informational, draft and ex-

11
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perimental. As the name suggests, anyone can have opinions on the content,
and the aim originally was to make Internet a product of consensus. The
beginning of an RFC is always something like:

This document speci�es an Internet standards track protocol for
the Internet community, and requests discussion and suggestions
for improvements. Distribution of this memo is unlimited.

For the radio part, speci�cations are produced by the organization 3GPP
(ThirdGeneration Partnership Project), and consequently they are called 3GPP
Technical Speci�cations, 3GPP TS. These are formed through \agreements"
between the leading producers in the area.

2.1 Streaming Data and Transferring Files

The application layer, Figure 1.1, has one task, delivering a �le from one
user to another. The �les can have di�erent content and, therefore, put
di�erent demands on the transfer. Two extremes can be recognized, real-
time/streaming and best e�ort. Best e�ort transfers can be email or �le
downloads, where the most important thing is to deliver the whole �le with-
out errors and there are no restrictions on the delay. Real-time transfers, on
the other hand, can be video and radio transmissions, where the most impor-
tant thing is to deliver a sequence at the same speed as it is intended to be
viewed, e.g., for a TV transmission sound and video must be synchronized.
Usually such an application includes some kind of error correction to be able
to deliver even though some data is lost or corrupt. In between real time and
best e�ort, we have interactive web sur�ng and conversations with varying
delay restrictions and error tolerance.

The File Transfer Protocol, FTP, as described in RFC 0959, is used to copy
data �les between users, usually from FTP-servers which requires login. Ac-
tually, two connections are used for an FTP transmission, one for control
commands and one for the data transfer. The Hypertext Transfer protocol,
HTTP, is used to communicate web pages. It is speci�ed in RFC 2616. To de-
liver all electronic mail, the Simple Mail Transfer Protocol, SMTP (RFC 2821),
is used. All these and many more are di�erent application protocols used for
transferring information between client and server or from user to user.

2.2 Transportation and Routing

Transportation and routing were originally included in one protocol, NCP,
see Section 1.1.1. This protocol was supposed to take care of ow control,
retransmissions, routing and error control among other things. When the
complexity of the network increased it was divided into two: The Internet
Protocol, IP, and the Transmission Control Protocol, TCP.
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The Internet Protocol, IP, concerns routing and is the only protocol used at
the network layer. Routing is per-hop and per-packet based although routes
through the network tend to be static over, e.g., one �le transfer. IP has no
control mechanism on the ow level, this is all left to TCP, the Transmission
Control Protocol, at the transport layer. In each router the �nal destination
is checked, the best way is found and IP adds the address of the next router
to the packet and then also a checksum. The checksum is of course tested
before the packet is further processed | if something is wrong the packet is
thrown away. The speci�cation for IP can be found in RFC 0791.

The Transmission Control Protocol, TCP, is the most common protocol at
the transport layer and the basic speci�cation can be found in RFC 0793. It
performs ow control, by adding sequence numbers and using receipts for
received data. The ow control mechanisms are described further in Sec-
tion 2.2.1. TCP also adds port numbers and a checksum to each packet, and
a note on how much free capacity it has to receive data, called the adver-
tised window.1 The data receipts are called acknowledgment numbers, ACKs,
and they inform the sender of the packets what data the receiver is expect-
ing. The ACKs are sent based on arriving packets, after every or every two
packets.

Example 2.1 (ACKs) A sequence of packets arrive at the receiver and we
study the corresponding ACK numbers that will be used

packet numbers 1 2 3 5 6 4
ACK numbers 2 3 4 4 4 7

The receiver is continuing to expect packet number 4 and then, as 5 and 6
have arrived previously, packet number 7 is expected next. �

There are many di�erent version of TCP, and the focus here is on the structure
rather than speci�c details. The details are taken from the TCP Reno version,
other versions are described in Appendix 2.A.

A simpler transport protocol is the User Datagram Protocol, UDP (RFC
0768), where the control functions are left for the application. UDP adds
the checksum and the port numbers but is not concerned with ordering or
retransmissions. Other specialized protocols also exist, e.g., the Real-Time
Transport Protocol, RTP, that is design especially for streaming transfers.
The speci�cations can be found in RFC 1889. RTP adds sequence numbers
for ordering, time stamps and also allows delivery monitoring. It does not
retransmit packets. Usually UDP is used below RTP to get the checksum
functionality as well.

1This window is a data window (the unit is bytes or packets) and has no connection to windows
used in signal processing, apart from the name.
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Many applications tend to use TCP anyway since it poses no limitations
for the receiver. TCP is standard in all operating systems today.

On the network between the sender and the receiver the packets traverses
links and router. In the routers queues are formed, since the incoming rate
of packets might vary while the processing rate or sending rate of the routers
are �xed.

Active Queue Management, AQM, is a set of techniques to control the
queue length in the network routers by dropping or marking packets. The
functionality is in the network layer but the design is made based on as-
sumptions on the transport layer. The �rst proposal, and also most common,
is Random Early Detection, RED which is described in Section 2.2.2.

2.2.1 Flow Control

TCP includes mechanisms for control of the send rate in order to interact with
all traÆc and prevent overloading or congestion of the network. As shown
previously in Figure 1.2, the ow control performed by TCP resides in the
end nodes, senders and receivers. The sender transmits data in packets and
the receiver transmits ACKs in returning packets. Both the sender and the
receiver use TCP mechanisms. At the packet arrival times, tk, control vari-
ables are calculated. TCP keeps an internal window, the congestion window
ck, which is adapted as a measure of the capacity of the network, in bytes or
packets. TCP also keeps track of the amount of data that is sent but not yet
acknowledged, the outstanding data or ight size, f(t). The received adver-
tised window, ak, which is delivered with the arriving packet, is the capacity
of the receiver. These three, ck, f(t) and ak, are used to limit the outgoing
send rate, rTCP (t),

rTCP (t) = min(ck − f(t), ak), for t ≥ tk (2.1)

The congestion control algorithm speci�ed in RFC 2581, states the updat-
ing mechanism for ck based on acknowledged data. A threshold, s, should
be used to separate di�erent parts of the update, slow start and congestion
avoidance. During slow start, ck < s, c is increased with the size of one packet
at the arrival of new ACKs. When ck ≥ s, the congestion avoidance phase is
entered and the update is done with approximately one packet for each round
trip time period, TRT , RTT. The round trip time is a measure of the time it
takes from a packet is sent until it is acknowledged. The ight size, f , was
de�ned as the sent but not yet acknowledged data and can therefore be cal-
culated as the sent packets during the last round trip time

f(t) =
∫ t

t−TRT
rTCP (τ)dτ. (2.2)
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Representing c and s in packets, rather than bytes, we get

ck =
{
ck−1 + 1 ck−1 ≤ s
ck−1 + 1

ck−1
ck−1 > s

. (2.3)

There are two ways of noticing a failure of delivery for TCP, timeout and
dupacks.

Time out Time out occurs when one packets individual RTT is higher than a
constant times the mean RTT. This indicates a traÆc jam and several lost
packets and therefore c is reinitialized. How to calculate and measure
the RTT is described in Appendix 2.A.

Dupacks Since the ACKs inform about expected deliveries, subsequent ACKs
with the same number indicate a loss. TCP interprets three duplicate
ACKs, dupacks, as a single packet loss and c is decreased, but more
gently than after a timeout. In Example 2.1, one original ACK arrives
for packet 4 and then two dupacks. Congestion is not detected based on
dupacks in that case.

The threshold, s, is also updated when a data loss is detected form one of the
ways described above. The updates, of c and s, after a congestion is detected
are given by

ck =
{

1 time out
s 3 dupacks

s = max(f(t)/2, 2)
. (2.4)

In summary, the TCP algorithm can be seen as in Algorithm 2.1.

Algorithm 2.1 (TCP ow control)

At each arrival time, tk, the current congestion window, ck is calculated as

ck =


1 time out
s 3 dupacks
ck−1 + 1 ck−1 ≤ s
ck−1 + 1

ck−1
ck−1 > s

.

The slow-start threshold, s, is updated on congestion according to

s = max(f(tk)/2, 2).

The ight size, f(t), changes continuously as

f(t) =
∫ t

t−TRT
rTCP (τ)dτ.
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The send rate, rTCP , is given by

rTCP (t) = min(ck − f(t), ak), for t ≥ tk,

where ak denotes the received advertised window.

The speci�cation of TCP has evolved over time and the most used ver-
sion is the one called TCP Reno. Later version have more re�ned the mecha-
nisms that trigger loss recoveries and also the updating of ck during congestion
avoidance. A short overview of these updates are given in Appendix 2.A.

2.2.2 Active Queue Management

The network layer protocols are present in all nodes in the network, e.g.,
Figure 1.2. Active Queue Management, AQM, is a set of suggested additions
to the network layer. The protocols use dropping and marking to inform TCP
(explicitly or implicitly) about congestion dangers. Since TCP lowers its send
rate, rTCP , when packets are lost, early dropping could be used to gently
lower the send rate instead of causing a time out. This is supposed to damp
oscillations in the queue length, prevent overow and minimize empty queue
time.

Random Early Detection, RED, is one suggestion of AQM, which uses a
simple dropping pro�le based on the current queue length to decide which
packets should be dropped. The longer the queue, the higher the probability
of dropping an arriving packet. This technique was introduced in Floyd and
Jacobson (1993) and has been widely adopted for further research. More
speci�cally, when a packet arrives at the router at time, tk, a �ltered value,
yk, of the queue length, qk, is calculated

yk = (1− λ)myk−1 + λqk. (2.5)

Here m = 1 if qk > 0 and otherwise is used to account for the time the queue
was zero. If r is the service rate of the queue,

m =
{

1, qk > 0,
(tk − te)r, qk = 0.

The time te is used to denote the time when the queue became empty, i.e.,
the smallest te such that q(t) = 0, te ≤ t ≤ tk. The probability, p, of dropping
the new packet is then calculated as

pk =


0, yk ≤ qm,
pM−0
qM−qm (yk − qm), qm < yk ≤ qM ,
1, yk > qM ,

(2.6)

i.e., according to a linear function between the constants qm and qM . The con-
stant 0 < pM < 1 is suggested to be in the order of 0.1 for good performance.
An example of p as a function of q is given in Figure 2.1 and Algorithm 2.2
summarizes the actions.
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00
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Figure 2.1 The probability of drop as a function of the �ltered queue
length. The parameters qm, qM and pM are design variables.

Algorithm 2.2 (RED)

At each arrival time, tk, the queue length qk is measured. A �ltered estimate,
yk, is calculated as

yk = (1− λ)myk−1 + λqk,

with the scaling factor, m, being

m =
{

1 qk > 0,
(tk − te)r qk = 0,

where r is the service rate of the queue and

te = min
τ
{τ : q(t) = 0, τ ≤ t ≤ tk}.

The probability of drop, p, is then

pk =


0, yk ≤ qm,
pM

qM−qm (yk − qm), qm < yk ≤ qM ,
1, yk > qM .

Explicit Congestion Noti�cation, ECN, is described in RFC 3168. It is a
technique which enables marking of packets instead of dropping, by using the
TCP header. This requires changes in the TCP implementation as opposed to
only dropping the packets, and the issue becomes how TCP should respond
to these marks.

Several proposals for improvements on the dropping/marking decision
mechanisms have been made. Most of them are based on the same struc-
ture as was proposed for RED and a few of them are described below.
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BLUE The dropping probability is calculated based on packet losses and idle
queue time, in a protocol called BLUE (Feng et al., 1999).

pk =

 pk−1 tk − ts ≤ tF
pk−1 + d1 qk > qM
pk−1 − d2 qk = 0

where ts is the time of the last change in p and tF is the minimum time
between changes. The constants d1 and d2 are the increments to be used.

AVQ, SVB Here a virtual queue is used to decide the drops in both the Adap-
tive Virtual Queue, AVQ (Kunniyur and Srikant, 2001), and the Stabilized
Virtual bu�er, SVB (Deng et al., 2002). In AVQ a virtual queue length q̃k
is calculated, the virtual queue is served with a service rate r̃ ≤ r and

q̃k = max(q̃k−1 − r̃k−1(tk − tk−1), 0)

pk =
{

1 q̃k + 1 > qM
0 otherwise

q̃k = q̃k + pk

r̃k = max(min[r̃k−1 + αγr(tk − tk−1), r]− α, 0)

For SVB the limit of the virtual bu�er, cf. qM , is adapted instead of the
service rate, i.e., r̃ = r and q̃M ≤ qM . The probability of drop is chosen
as

pk = max(
q̃k − q̃M
q̃k

, 0).

PI A proportional and integrating, PI, controller is tuned for the dropping
probability based on a simpli�ed physical model in Hollot et al. (2001b).
The queue length is measured at times kT and the probability is updated
as

p(nT ) = a(q(nT )− qref )− b(q((n− 1)T )− qref ) + p((n− 1)T )

qref is a value of the queue length that is desired and a, b and T are
some constants. The drop probability for a packet arriving at time tk is
pk = p(nT ), nT < tk < (n+ 1)T .

A nice comparison of a few algorithms can be found in Zhu et al. (2002). Basi-
cally, Eq. (2.6) is replaced in the di�erent proposals, for some of them Eq. (2.5)
as well.

There are also techniques that use RED functionality to achieve service
di�erentiation. RFC 2474 describes di�erentiated services for IP traÆc, Di�-
Serv, where the RED parameters in Eq. (2.6) are tuned di�erently for each
traÆc class. Di�Serv is also described in Kilkki (1999).
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2.3 Radio Links

In the �xed Internet, the protocols below IP in the layer structure use no
control mechanisms. Their task is solely to get an IP packet from one given
point to another. When the radio medium is used for transmissions several
new problems occur. One major problem is that packets can get damaged
because of poor link quality, which has nothing to do with congestion. This
dilemma is solved by introducing sub-layers in the radio link layer, each one
with di�erent new control tasks.

This description is based on the standard for UTRAN described in 3GPP TS
25.401. A schematic view of the UMTS architecture is shown in Figure 2.2. A
Radio Network Controller, RNC, supervises several radio base stations, BS,
and performs radio resource management for all the transmissions between
these base stations and the User Equipments, UE. The transmissions over
the wireless links use the Radio Link Control, RLC, protocol and the Medium
Access Control, MAC, protocol to coordinate the transmissions.

INTERNET

IP backbone
or

RLC
MAC

RLC
MAC

RNC

BS

BS

UE

UE

UE

UE

Figure 2.2 A schematic view of the 3G architecture. The Radio Net-
work Controller manages several base station and the trans-
missions over the wireless link uses the Radio Link Control
and the Medium Access Control.

The RNC is responsible for admission and congestion control and user mo-
bility, which concerns adding, removing and moving connections to and from
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the base station. In this section we focus on an existing connection going to
the same base station during the whole transmission. Moving users can be
modeled as one connection going down and another being established at a
neighboring base station, which is why this assumption is no restriction here.
The RNC functionality is speci�ed in 3GPP TS 25.401, pp. 23|26. Apart from
the services mentioned, the RNC handles transfer of user data and radio re-
source management, RRM. Each ow is assigned to a traÆc class and each
class is assigned a number of Quality of Service, QoS, attributes. These at-
tributes are, e.g., maximum bit rate, guaranteed bit rate and transfer delay.
The RNC controls these number to ful�ll the class attributes for each ow.
The QoS attributes are described in 3GPP TS 23.107, pp. 18|25.

The RLC protocol provides three modes for transmission: transparent, un-
acknowledged and acknowledged. Since the latter is the most interesting and
the only one imposing control functionality, focus will be on the acknowl-
edged mode. Between the base station and the UE, the RLC provides seg-
mentation of IP data into smaller packets. Sequence numbering is used to
enable retransmission of lost packets and in-sequence delivery to higher lay-
ers. Retransmissions are performed based on status reports from the receiver
containing lists of received and missing packets. The status reports are sent
upon a polling request from the sender (BS or UE). The 3GPP TS 25.322 con-
tains the RLC speci�cation.

MAC provides a few services listed in 3GPP TS 25.301, Sec. 5.3.1. It is re-
sponsible for unacknowledged transfer of the RLC packets and for reallocation
of resources when requested from the RNC.

Below these new layers is the physical channel, the transmission of data
using radio. Even this level includes control functions, the most important
one being power control. Power control is used by the receiver (BS or UE) to
control the transmission power of the transmitter (UE or BS) to make the per-
ceived quality equal over time despite varying radio conditions. The power
control is speci�ed in 3GPP TS 25.214, pp. 13|30. The scope of this the-
sis does not include the power control mechanisms and the assumption is
that they perform well enough to provide the allocated bit rate. This is an
assumption the manufacturers probably won't argue with. A thorough de-
scription of the physical layer with the power control, and the other parts of
the 3G system, can be found in Holma and Toskala (2000).

2.4 Control Structures and Interactions

The standards described previously imply some control structure for each
layer. These descriptions are here translated into block diagrams and cross
e�ects will be identi�ed. As shown in Figure 1.2, packets on a network tra-
verse queues and links. The queues add a queuing delay depending on their
length and service rate and the links add a transmission delay. Therefore it
is common to model the e�ects of a network on sent packets as a queue and
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a delay.
Using block diagram representation (see Section 1.2), a pure delay,

y(t) = x(t− T ),

is written using the Fourier transform e−sT . The queue is fed with a certain
arrival rate, ra, and sends packets with a service rate, rs. The di�erence be-
tween these two will be the increase in queue length. The total queue length
at time t will be the accumulated di�erence from the initial time, i.e., the
integral ( 1

s ) of ra − rs,

q(t) =
∫ t

0

(ra(τ) − rs(τ))dτ.

The block diagram representations of the delay and of the queue are shown
in Figure 2.3.

+
−

1
s

x(t) ra(t)
e−sT

y(t) = x(t− T )

rs(t)
q(t) =

∫ t
0
ra(τ )− rs(τ )dτ

Figure 2.3 A delay (left) and a queue (right) shown in block diagram
representation. For the delay, x is the input and y is the
output. For the queue, ra is the arrival rate and rs is the
service rate.

2.4.1 Application Layer without Flow Control

As stated previously, Section 2.1, the application layer can include ow con-
trol functionality but they are, in most cases, left for the transport layer. A
simple mechanism observes the interface queue down to the TCP agent and
performs some control based on the occupancy of it, see Figure 2.4. The dif-
ference in the rate of the application, rapp, and the rate of TCP, rTCP , gives
rise to the interface queue. The control of the application rate, Capp, is done
based on the queue length and a reference value, qref . This type of control
is performed during a simple �le transfer, when FTP delivers data as fast as
possible to the layer below. To deliver as fast as possible means that Capp in
Figure 2.4 delivers rapp according to

rapp =
{
rmax qref − q > 0
0 otherwise

(2.7)

and here qref = qmax is the maximum bu�er length between the layers. When-
ever there is room, data is delivered downwards as fast as possible.
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++
−

−

Capp

qref

rTCP (t)

rapp(t) q(t)
1
s

Figure 2.4 The block diagram for an application, the control can be
based on the interface queue down to TCP (or UDP). Notice
that in this case the network is not visible to the application.

2.4.2 A Streaming application

For a streaming application there are two scenarios: coding-decoding problem
and following the critical link. For a video sequence, we can view the video
stream as the reference signal that we want the receiver to follow (or play),
perhaps with a certain �xed delay. The sender performs some controls, Csend,
the data stream traverses the network or plant, P , and the receiver performs
some controls, Crec. This is shown in Figure 2.5 to result in open loop control.
The structure is similar to the coding problem in radio transmission, where

r(t) y(t)
Csend CrecP

Figure 2.5 When the video stream is the reference signal, r(t), the sit-
uation is open loop control.

a string of symbols is sent and should be decoded correctly at the receiver.
However, the problems occurring in this system is di�erent. In the network
setup, data is delayed, reordered or lost. In the coding setup, data is not only
delayed but every symbol can be corrupted without being lost. The problem
can be solved by, e.g., training sequences. Perhaps a similar solution could
be used for the streaming case.

At a more speci�c level the desired behavior might be to follow an un-
known capacity, rref (t) of the network, e.g., a varying radio link. The ap-
plication sends with the same capacity as the network. To provide the same
amount of information per time unit, di�erent compression or coding have to
be used. While following the capacity of the network, the transmission delay
will remain constant. This scenario is shown in Figure 2.6. The send rate of
the streamer is rstr. Decisions about the send rate, in the controller, Cstr,
are done based on when the queue length q di�ers from the wanted qref . A
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rref (t)

rstr
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1
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Figure 2.6 The desired control situation for a streaming application.
The send rate rstr should follow the rate on a critical link,
rref . The plant, P , models the network e�ect on the output
rate, such as delays and other e�ects, before it reaches the
critical link. Decisions about the rate, Cstr, are based on
the queue length, q.

simple situation would be qref = qmax and the control acted when q > qref ,
i.e., on packet drops. If TCP is used below the application, the capacity of
the network will be hidden behind TCP's send rate and the control will be
diÆcult to perform.

2.4.3 Transmission Control Protocol

The control strategy in the transport layer is provided by TCP and was de-
scribed in Section 2.2. The controller, CTCP , acts based on noti�cations of
deliveries and drops (q > qmax = qref ) and it controls the send rate, rTCP , into
the network. Figure 2.7 shows the network as delays and a queue, which is
how TCP sees it. The queue increases with the delivery rate, rTCP (t−T1) and
decreases with the service rate rq(t), i.e., q̇(t) = rTCP (t−T1)− rq(t). The total
round trip time of the network, TRT , will depend on both the transmission
delays, T1 and T2, and the queuing time, Tq. The queuing time can be found
from solving the equation ∫ t+Tq

t

rq(τ)dτ = q(t),

i.e., the time it would take to empty a queue of length q(t) with the speci�ed
send rate, rq.

Since TCP Reno only acts based on explicit drops, the block diagram could
be extended with a switch. The control signal back to CTCP is 1 if q > qref
and 0 otherwise.

2.4.4 Active Queue Management

The additional functionality provided by the AQM mechanisms adds to the
control loops. In Figure 2.8 a block diagram for an AQM scheme is shown.
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Figure 2.7 The block diagram for a TCP connection. d(t) is the available
capacity for that ow in the queue and can be considered
as a disturbance. T1 and T2 are transport delays for the
connection and Tq is the queuing time, i.e., TRT = T1 +T2 +
Tq.

The queue length, q, is �ltered through H. A control decision, u, is calculated
in CAQM based on qref and limited to produce the dropping probability, p.
The dropping probability was before either 0 or 1, either there was room in
the queue or there was not. Incorporating the AQM control with the TCP
representation shows that AQM wants to change the reference for TCP, qref ,
frombeing the maximum queue length to something lower. The blocks should
be included between the queue, q, and the return delay, T2, in Figure 2.7.

The AQM block diagram shows that only drops are used for the control
in TCP. This part is hidden in CTCP in Figure 2.7. Several TCP connections
will add to the queue length in the AQM queue and each drop a�ects one of
them. If Di�Serv, Section 2.2.2, is deployed, parallel AQM links with di�erent
controllers and di�erent reference values will divide the TCP ows among
them according to traÆc class.

2.4.5 Radio Link Layer

In the link layer on the radio network a vast amount of control actions are
performed. These are done by splitting an IP packet into smaller parts and
using retransmission to successfully deliver the separate parts. This will cause
a variable delay from the IP packet perspective. Radio ResourceManagement
is performed over the radio link, which implies that the capacity can change.
The IP packets are queued up at the RNC waiting to be delivered to the lower
layers, RLC/MAC. A changing capacity will be seen as a varying service rate
from the RNC queue. Therefore transmissions over a radio link can be mod-
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qref

u(t)q(t) p(t)
H

Figure 2.8 The block diagram for a AQM queue. The blocks can be
added to TCP's block diagram, Figure 2.7, between the
queue, q, and the return delay, T2.

eled as a varying delay and a queue with varying service rate.

2.5 Summary

The block diagram representation is a way of compactly describing the main
control functionality in a network. Together with the protocol speci�cations
and standards, the speci�c controllers can be described for each case.

Some conclusions can be drawn from this block diagram interpretation of
the network control components.

• For a streaming application that wants to follow the network capac-
ity, TCP will hide the network variations behind its own control mech-
anisms.

• Adding AQM is a way of rede�ning the reference value for the controller
in TCP.

• The layered approach when designing control algorithms is often ade-
quate, but careful considerations have to be taken on the assumptions
about the behavior of the underlying structure.
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Appendices

2.A Di�erent Versions of TCP

TCP has undergone some development since the �rst invention. The most
commonly used version is TCP Reno, which was the foundation for the de-
scription in Section 2.2. There are a lot of extensions, special cases and even
new versions present. This appendix contains a description of some of the
existing standards and algorithms concerning the transmission control proto-
col.

TCP Tahoe was the �rst version of TCP and included only timeouts as
detection of lost data. TCP Reno was improved with retransmission after
three dupacks and later also with other improvements which was left out in
the previous presentation. Retransmission after three dupacks is called fast
recovery. Fast retransmit is often used together with fast recovery and it
makes sure that the lost data is sent without waiting for permission by the
congestion window.

Round trip time measurements It was obvious from the description in Sec-
tion 2.2 that a measure of the round trip time is needed. Packet k is sent at
time τk and the corresponding acknowledgment arrives at time tk. A timer
Tk(t) = t − τk is used for every packet. Upon each acknowledgment arrival a
measurement

M(tk) = Tk(tk) = tk − τk
of the round trip time, RTT, for that packet is done. An average estimate,
R(tk), of the RTT is calculated recursively based on the measurement M(tk),

R(tk) = αR(tk−1) + (1− α)M(tk).

A timeout is de�ned as

Tk+1(t) > TTO(tk) = βR(tk).

Recommended values for α and β is 0.9 and 2, respectively. An improved way
of using the round trip time estimate is to also include the variations in R
when deciding on the timeout timer, TTO. This is done as follows:

R(tk) = αR(tk−1) + (1− α)M(tk)
D(tk) = γD(tk−1) + (1− γ)|M(tk)−R(tk)|

TTO(tk) = R(tk) + βD(tk)

where α = 3/4, β = 4 and γ = 7/8 are recommended values. D is the average
absolute deviation for the round trip time estimate. An extension to this
is to distinguish between acknowledgments for single or retransmitted data.
When the latter arrives R is not updated since it is impossible to know if the
acknowledgment arrives from the �rst or the retransmitted packet.
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Keeping overheads down Each packet produces an extra header and many
small packets occupymore capacity than one large. Features have been added
to TCP to prevent sending small amounts of data instead of waiting for more
capacity or more data. E.g., acknowledgments should be collected in pairs if
possible or used returning data packets to piggyback the acknowledgments.
If there exists data, TCP should wait for increases in TCP send rate, rTCP ,
instead of chunking the data into small pieces. This prevents the so called
Silly Window Syndrome, which is observed when a small amount of data is
sent as soon as the congestion window allows it.

TCP Vegas TCP Vegas (Brakmo and Peterson, 1995) tries to reduce the vari-
ations of the congestion window of the original TCP algorithm by using a
new updating mechanism during congestion avoidance. First Vegas saves the
shortest measured round trip time during the connection,Mm = mink(M(tk)).
It then calculates the expected throughput as

re =
1
Mm

∫ t

t−Mm

rTCP (τ)dτ

and for each packet k also the actual throughput as

ra =
1

M(tk)

∫ t

t−M(tk)

rTCP (τ)dτ,

i.e., the total amount of sent data during the last round trip time divided by
the round trip time. For each packet the di�erence in throughput is calculated,
rd = re − ra. Then rTCP is update based on this

rTCP (t) =


rTCP (t−Mm)− d1, rd > b,
rTCP (t−Mm) + d2, rd < a,
rTCP (t−Mm), a ≤ rd ≤ b,

where d1 and d2 are updating parameters and a and b are the accepted limits for
the throughput di�erence, rd. When rd4 is too low the send rate is increased
and when it is too high the send rate is decreased. This means that RTCP is
used to try and keep the actual throughput, ra, close to the expected one ,re.
The update of rTCP is done once every RTT, instead of for every new packet
arrival.
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Queue Management

3

Queue management is used to improve performance attributes, such as in-
creasing throughput and damping oscillations. This is done by controlling
network ows. Controlling ows means controlling queues. In this case it
is queues on the Internet, typically core network routers or bridges between
networks. It is routers that have a heavy load and are important for the
overall performance of the network.

There aremany areas and levels where queuemanagement is on the agenda.
This work focuses on the transmission, or ow, level, and it is based on current
solutions, but the ideas easily carry over to independent settings. The ap-
proach is system theoretic, which is fairly new for network research. Several
contributions have emerged recently that study network problems including
queue management from a system theoretic viewpoint, e.g., Altman et al.
(2000), Park et al. (2003), Hollot et al. (2001a), Low et al. (2002), Kunniyur
and Srikant (2001).

This chapter starts by de�ning performance for a network and discuss per-
formance measuring based on network queue lengths, in Section 3.1. In
that section performance measures used by other researcher are described.
Then modeling, identi�cation and control of the queue length dynamics is dis-
cussed. In Section 3.2, models based on �ltered measurements of the queue
length is developed. The models are recursively identi�ed to adopt to varying
network settings. In Section 3.3, various controller are described and tested.
The discussions are accompanied with explicit examples on a dataset from the
Network Simulator (NS, 2.1b8a).

3.1 Performance Issues in Queue Management

Good network performancemeans di�erent things depending onwho is asked.
The network provider might have a di�erent measure than the user. To �nd

29
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a good performance measure, the di�erent issues that can be identi�ed will
be discussed.

For each user, transmission time and reliability are important. When TCP
is used the reliability is assured and the only consideration is the transmission
time. Thus, one issue in network performance is the time to transmit a certain
number of bytes, measured on a per ow, per user, basis.

The network provider wants to fully utilize the available capacity and di-
vide it among the users. This gives the requirement that there should always
be packets processed by the slowest node. The issue of dividing the resources
in an eÆcient way is not easy to resolve. EÆciency can bemeasured fromboth
the overall network and from the single user, and optimizing the eÆciency
of the network might not be fair among the users and might cause users to
change network provider. The two extreme cases are \total fairness", which
means that every user gets exactly the same share of the resources, and \best
e�ort", where no guarantees are given about delay or bandwidth share, and
the matter has been discussed in various scheduling contexts (see, e.g., Kelly,
2003). We will not discuss the matter of resource sharing more here.

The two actors: the user and the network provider, here demand that
can very well counteract each other. E.g., if one user gets access to a certain
amount of the bandwidth all the time he will be very happy because he does
not have to compete with anyone. On the other hand, the network will not
be used very eÆciently, since it is unlikely that the user is going to send at full
speed day and night. The network provider would like keep the cost for the
network low. If the network capacity is chosen to handle the average load,
this could mean that users would experience large delays. Most traÆc occurs
at daytime and averaging the traÆc would cause delays, even until the night.

Flow control is the main cause of varying the network load. As was de-
scribed in the history review of Internet development in Section 1.1.1, the
original ow control was performed at the end nodes, using a protocol now
called TCP. After an immense increase in both size and number of available
applications the Internet traÆc does not behave as it did initially. In this
section, the previously identi�ed problems caused by TCP are described, to-
gether with the research e�ort that have been made based on these problems.
Performance measurements in current research and based on the network
queues are also discussed.

3.1.1 Problems with TCP

The transport protocol TCP has long been seen as the main trouble maker,
when performance is concerned. A number of problems have been identi�ed
and corresponding solutions have been proposed. The research e�orts have
been grouped according to the problems they address. A more thorough de-
scription of each problem can be found in the corresponding references, where
the e�ort is to solve them. The problems are also described in correspondence
with the previous block diagram representation, see Figure 2.7.
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1. TCP provokes packet losses to get an idea about the state of the network.
We get implicit feedback only when something goes wrong.

• This problem has been addressed with the inclusion of explicit feed-
back by Mascolo (1999).

• This problem arises because of the signal that is measured by the
controller, CTCP . The controller only bases its decisions on packet
drops.

2. The use of the available bandwidth oscillates. Thus the load of the net-
work varies and the network becomes slower than it has to be.

• This problem has been addressed using adaptive queue manage-
ment, AQM, starting with RED and extensions such as ECN (Floyd
and Jacobson, 1993, Floyd, 1994).

• Many research e�orts aim to improve performance of the initial
AQM algorithms, e.g., Kunniyur and Srikant (2001), Deng et al.
(2002)

• In the block diagram, Figure 2.7, this is an e�ect of the design of the
controller dynamics, i.e., the algorithm for calculating rTCP based
on measurements (drops).

3. There has been a shift in the Internet traÆc mix. (Measurements come
from Balakrishnan et al. (1998).)

(a) Due to short transmissions, TCP is \always" (85%) in slow start.

(b) Originally less than 1% of the packets were lost, now it is as much
as 5− 7%, which means a lot of retransmissions, (13% of the trans-
missions), most of which are due to timeouts.

• The newer versions of TCP, such as Vegas, address this problem
(Brakmo and Peterson, 1995)

• The original design of CTCP was done based on other assump-
tions about the rest of the system. A simple way is to say that
the characteristics of the noise, or available capacity, rs, have
changed.

4. No di�erence is made between di�erent traÆc classes, such as FTP �les,
video streams or e-mail.

• This falls under the area of quality of service, QoS, and Di�Serv has
been developed to solve this problem (Kilkki, 1999).

• This is the responsibility of the network, and the problem lies in
the construction of the controller CAQM , Figure 2.8, and that the
same settings are used for di�erent ows or types of ows.
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5. TCP always assumes that packet losses are due to congestion.

• This is most important in wireless networks were packet losses can
be caused by bad links or complete link failures. Some solutions
have been proposed for so called Ad Hoc networks, where all nodes
are both routers and potential receivers (Chandran et al., 2001, Liu
and Singh, 2001).

• Some of the proposed changes use this feature to improve perfor-
mance, especially in adaptive queue management (Floyd and Ja-
cobson, 1993, Kunniyur and Srikant, 2001).

• This is due to the design of the controller, CTCP , and how it inter-
prets drops, once again.

Many solutions solve these problems by treating some of the other prob-
lems as features of TCP and include them in the knowledge of the system. In
this way queue management is moved from the end nodes into the queues,
routers. This family of techniques is called, as mentioned before, adaptive
queue management, AQM. The idea is that it is easier to include changes
in some of the routers and improve performance locally instead of having to
include changes in most of the TCP implementations to improve anywhere.
Since any TCP implementation can be used over any router it seems logical to
place the improvements at the router of interest.

3.1.2 Measurements Used in Current Research

With all the research e�orts put into the area of improving TCP, performance
evaluations become more and more important. Some of the measures that
are used in di�erent contexts are briey described below.

Sachs and Meyer (2001), Meyer (1999), Peisa and Meyer (2001)
use the time to transmit a certain number of bytes or the packet bit rate
to evaluate mobile Internet access, to analyze TCP when used in GPRS
and to analyze �le transfers over UMTS, respectively.

Misra et al. (1999)
develop a model of the distribution of the queue length and the conges-
tion window and use these to investigate TCP's performance.

Brakmo and Peterson (1995), Mascolo et al. (2001)
consider throughput (bytes/sec) and Jain's fairness index, Jain (1991),
as performance measures to analyze the improvements of TCP when us-
ing TCP Vegas instead of TCP Reno and to evaluate the improvements
achieved by a new version of TCP, respectively.

Hollot et al. (2001a)
models RED queue behavior using a probabilistic view and uses the
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model to calculate RED parameters that ful�ll stability and other control
criteria.

Park et al. (2003)
studies the oscillations of the queue length and tries to damp them.

Altman et al. (2000)
uses the number of packet losses and the overall throughput as perfor-
mance measures.

After the discussion above and previously in the section a personal view
is presented for network performance measuring. The emphasize is put on
the network queue since the earlier discussions showed that throughput, os-
cillations in the queue and other queue mechanisms are important in the
performance discussion.

3.1.3 Using the Bottleneck Queue

We will now take the perspective of a network provider who wants satis�ed
customers. The focus will be on a speci�c part of the network, namely the
bottleneck queue.

De�nition 3.1 (The bottleneck queue)
The bottleneck queue of a ow is the queue that is the slowest one for that
ow and, consequently, the only queue where that ow has more than one
packet at a time.

There can of course be many bottlenecks in one network, but only one per
ow and time instant. When investigating the network performance from the
bottleneck queue perspective, we can observe, e.g.,

The time the queue is unused.
This indicates how eÆciently the network is used. An idle bottleneck
queue is a waste of capacity.

The uctuations of the queue length.
This illustrates the ability to �nd a steady state of the network. The
more stable the queue length is, the more stable is also the round trip
time experienced by each connection. A stable queue will also make it
easier for new connections if the total network is experienced as being
in steady state, and thus scalability is improved.

The fraction of dropped packets.
This fraction represents how fast changes of the network are noticed. A
larger number of dropped packets indicates a longer response time to
overows.
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The throughput.
The throughout, also, signals if the queue is often empty. A higher
throughput is of course better. It is also interesting for, e.g., the owner
of this bottleneck queue if he is getting payed per delivered byte or
packet.

The average queue length
A long average queue implies large round trip delays and a high probabil-
ity to drop packets, while a short average queue means high probability
for an unused queue.

Control objective: The conclusion is that we want to control the tails of the
queue distribution to keep them small. If this is done drops and empty queues
are avoided. We also want to make the distribution narrow around a not too
high and not too low mean value. This assures small variations in the queue.

This, once again, points at the importance of having information about the
actual queue.

3.2 Modeling and Identi�cation of the Queue Dynam-

ics

In order to achieve the control objective, the block diagram description, in-
troduced inSection 2.4, will be used. Figure 3.1 is essentially the same as
Figure 2.8 with P describing the dynamical relationship between the drop
decision and the arrival rate to the queue, rnw. This is the considered system
and it is a connection of TCP links, seen in Figure 2.7. From the queue per-
spective this system is unknown: the number of ows, their respective round
trip times and the type of TCP controller they obey. It is only known that,
after some delay, the queue length decreases when packets are dropped and
it decreases more rapidly if a larger number of packets are dropped at the
same time. The queue send rate, rs, is given and the AQM controller, CAQM ,
bases the dropping decision on the �ltered queue length, y.

The focus will be on a simple model of the queue length dynamics without
any knowledge of the rest of the system P . The qualitative knowledge about P
will be used in simple controllers in later sections. To exemplify and motivate
the modeling choices throughout this section a typical data set is used.

Example 3.1 (Dataset) Using the Network Simulator (NS, 2.1b8a) realis-
tic network data can be produced. We measure the queue length, q, at the
bottleneck node in a network. The network has between 0 and 100 sources
sending TCP traÆc over the bottleneck queue at the same time. The sending
periods for the sources are randomly selected. Figure 3.2 shows the mea-
sured queue length over time. Inspection of the plots shows that the basic
variation, for this network setup, is in the order of 0.6 Hz. �
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Figure 3.1 Block diagram of the queue system. The AQM part is the
same as in Figure 2.8. The �ltered queue length is denoted
y. The system P describes the network e�ects on the queue
length after a certain drop is done.
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Figure 3.2 The motivation data example from a bottleneck queue with
the number of active transmissions varying from 0 to 100.
Both the full time span and shorter segments are shown.
The data is taken form the Network Simulator (NS).
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3.2.1 Frequency Analysis and Filtering

To describe the frequency content of a signal, x(t), the Fourier transform,
X(f), is used,

X(f) =
∫ ∞
−∞

x(t)e−i2πftdt. (3.1)

This demands that
∫
|x|2 <∞. If the signal is sampled, x(kT ) k = 1, . . . , N , an

unbiased estimate, Xs, is used

Xs(f) =
1√
NT

N∑
k=1

x(kT )e−i2πfkT . (3.2)

Xs(f) is what will be used in this work.

Example 3.2 (Frequency content) Visual inspection of primarily the right
part of Figure 3.2 shows that the signal is oscillating rapidly around the basic
variation. Frequency analysis of the queue length shows, Figure 3.3, that a
majority of the frequency content is around 0.6 Hz. The faster variations that
were visible in the time plot are spread and not shown signi�cantly here. �
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Figure 3.3 The frequency content of the dataset described in Exam-
ple 3.1. |Xs(f)|2 is shown for the shortest time interval. Fo-
cusing on di�erent frequency ranges shows the peak around
0.6. The high frequency variations are spread over several
frequencies.
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Filtering of the signal is performed to reduce the fast oscillations and the
noise.The control, both existing and new, can then be based on the long term
variations (0.6 Hz). The noise will be reduced by a simple �rst order low pass
�lter,

H(s) =
a

s+ a
, (3.3)

which damps frequencies higher than a
2π Hz more than 3 dB.

Example 3.3 (Filtering) The main frequency content in the shorter time seg-
ment is below f = 1 Hz. With a = 6.5 the low pass �lter e�ectively attenuates
frequencies above 1.03 Hz more than 3 dB. The result is clearly visible in a
comparison of the two signals, see Figure 3.4 �
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Figure 3.4 Comparing the �ltered signal (thick line) and the original
one (thin line) for a short time.

3.2.2 AR Modeling of Nonzero-Mean Signals

Auto Regressive, AR, models are models of a signal based only on the signal
itself. The basic model equation contains the signal and its derivatives (or
time shifts in the sampled case),

y(n) + an−1y
(n−1) + . . . a1ẏ + a0y = 0.
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Example 3.4 (AR model) Variations with a certain frequency can be captured
using AR modeling. A second order model

z̈(t) + a1ż(t) + a2z(t) = 0

can capture one frequency. If z(t) = A sin(ωt) it is easy to verify that the
parameters have to be a1 = 0 and a2 = ω2. Studying a sampled model

z(t) + ã1z(t− T ) + ã2z(t− 2T ) = 0

calculations show that ã1 = −2 cos(ωT ) and ã2 = 1 for the same signal. This
examples motivates why AR models are good at describing signal variations
with correspondence to the frequency content. It also shows that there is a
high correspondence between the structure of continuous and sampled mod-
els. �

Because of the correspondence between continuous and discrete time in-
dicated in Example 3.4, only time discrete models will be considered. For an
AR model of order n = 2m, m frequencies can be captured. To include uncer-
tainties the equation is not believed to hold exactly, a noise v(t) is included,

z(t) + a1z(t− T ) + . . .+ anz(t− nT ) = v(t).

In order to model variations around a non-zero level y(t) = z(t) + c can be
used. This gives

(y(t)− c) + a1(y(t− T )− c) + . . .+ an(y(t− nT )− c) = v(t)
y(t) + a1y(t− T ) + . . .+ any(t− nT ) = b+ v(t)

with b = (1 + a1 + . . .+ an)c. Gathering the unknown parameters in θ and the
known signals in ϕ(t) gives us

y(t) = ϕT (t)θ + v(t)

ϕ(t) =
(
−y(t− T ) . . . −y(t− nT ) 1

)T
θ =

(
a1 . . . an b

)T (3.4)

and we can consider recursive estimation of the parameters.

Frequency estimation

As was indicated in Example 3.4, an AR model will attempt to describe the
dominating frequencies of the signal. The frequencies can be found by study-
ing the angles for the complex roots, x0 of the characteristic polynomial,

xn + a1x
n−1 + . . .+ an = 0.

The frequencies are then

f =
angle(x0)

π

1
2T

, (3.5)

where T is the sampling interval as before.
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3.2.3 Recursive Identi�cation

In on-line applications with changing characteristics adaptivemodels are needed.
Recursive identi�cation is then the only reasonable way to estimate the dy-
namics. Two possible algorithms for recursive identi�cation of the model
parameters are described, the recursive least squares, RLS, and the Kalman
Filter, KF (see, e.g., Ljung and S�oderstr �om, 1983). Both algorithms use the
model

y(t) = ϕT (t)θ(t) + v(t),

with ϕ capturing all data, θ being the unknown parameters and v(t) being
additive i.i.d. noise. The assumption also includes a time varying system,
which means that the parameters can change over time. This can be described
as

θ(t+ T ) = θ(t) + w(t),

with w(t) being i.i.d. noise describing the parameter changes. This model is
called a random walk.

Let θ̂(t − T ) be the estimate of θ(t − T ). The estimate of the signal value
y(t) is calculated

ŷ(t) = ϕT (t)θ̂(t− T )

and also the error of the estimate is used

ε(t) = y(t)− ŷ(t).

The updating algorithms for RLS and KF are similar but still signi�cantly dif-
ferent. In RLS a forgetting factor, λ, is used to decide the importance of old
measurements. For each updating time nT , RLS minimizes the cost function

Vn(θ) =
n∑
k=1

λn−k(y(kT )− ϕT (kT )θ(nT ))2

to �nd θ(nT ).

Algorithm 3.1 (RLS)

Calculate a new estimate of θ at time t according to

ε(t) = y(t)− ϕT (t)θ̂(t− T )

P (t) =
1
λ

(
P (t− T )− P (t− T )ϕ(t)ϕT (t)P (t− T )

λ+ ϕT (t)P (t− T )ϕ(t)

)
K(t) = P (t)ϕ(t)

θ̂(t) = θ̂(t− T ) +K(t)ε(t)

Here λ is the forgetting factor chosen as λ < 1.
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In KF the model of the noises, w and v, inuences the adaptation rate to
new measurements.

Algorithm 3.2 (KF)

Calculate a new estimate of θ at time t according to

ε(t) = y(t)− ϕT (t)θ̂(t− T )

P (t) = P (t− T ) +Q(t)− P (t− T )ϕ(t)ϕT (t)P (t− T )
ϕT (t)P (t− T )ϕ(t) +R(t)

K(t) =
P (t)ϕ(t)

ϕT (t)P (t)ϕ(t) +R(t)

θ̂(t) = θ̂(t− T ) +K(t)ε(t)

Q(t) = E[w(t)wT (t)] models the covariance of the noise w, i.e., it expresses
the variations of the parameters. Similarly, R(t) models the noise variance
in the measurements, i.e., R(t) = E[v(t)2].

After an estimate of the current model parameters is obtained, future val-
ues of the signal, y, can be predicted. For a model with sample time T , one
step ahead predictions are calculated as

ŷ(t+ T ) = ϕT (t+ T )θ̂(t).

Studying Eq. (3.4) we see that ϕ(t + T ), in the expression above, contains

values of y from time t and older. The estimated parameters θ̂(t) are the
most recent estimate. Predictions further away into the future can also be
calculated, but of course with larger uncertainty, both because of noise and
of model changes. Looking k steps ahead can be done with

ŷ(t+ kT ) = ϕT (t+ kT )θ̂(t).

In the case of an AR model, when future values of y are needed in ϕ the
predicted values are used in stead. The accuracy of the prediction is thus
e�ected by the accuracy of earlier predictions as well as of the accuracy of the
model estimation.

Example 3.5 (AR modeling) Modeling is done using the data set described
in Example 3.1. Adapting a �fth order AR model to data yields a good �t. A
segment of the �ltered queue length, y, and the estimated model output, ŷ,
is shown in Figure 3.5. For this example RLS with λ = 0.999 was used. We
compare with estimating using the current measurement, i.e., ŷ(t+T ) = y(t).
To measure the goodness the relative distance between the measurements
and the estimates is calculated,

R = 1−
√∑

|y − ŷ|2∑
|y|2 .
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A value close to 1 indicates a good �t. For the AR model, R = 0.83 and for
the shifted model, R = 0.75. From this we see that the knowledge about the
data is signi�cantly increased by the identi�ed AR model, compared to the
shifted model. �
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Figure 3.5 Comparison of �ltered queue length (thin) and model out-
put (thick).

3.3 Control of the Queue Length

In Section 3.1.1, a number of problems with TCP were discussed. The con-
trol of the queue dynamics that will be discussed here addresses problems 2
(bandwidth oscillation) and 3b (more packet losses). The control technique
utilizes the identi�cation procedure discussed earlier and considers problem
3b (packet losses always lowers the send rate) as system knowledge that can
be used in the control design.

As discussed previously, the goals in queue management is to attenuate
oscillations and to keep the queue from emptying and overowing. The pre-
vious section indicated that the queue dynamics is well described by an AR
model. To reduce the oscillations derivative action is needed and a few simple
versions will be described here. The control is primarily based on the ideas
in the existing RED algorithm.

In standard RED, the packet dropping probability �rst is calculated and
then the packet is dropped or accepted based on this probability. A natural
extension is to only drop packets when the queue is increasing, which a very
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simple inclusion of derivative action into the controller. Derivative action
changes the control decision based on the derivative, and a large derivative
typically yields a higher control signal.

The idea with the adaptively estimated AR model is to predict the evo-
lution of the near future queue length and use this prediction as a base for
control decisions. This can work because of the round trip time. The TCP
controller will not react immediately on a drop decision.

Combining prediction and this type of derivative action with the basic RED
algorithm produces four alternatives, which are described below. For refer-
ence the saturation operator is �rst de�ned:

sat(x) =


0, x ≤ 0
x, 0 < x < 1
1, x ≥ 1

. (3.6)

The saturation can also be seen in the block diagram Figure 3.1, when the
control signal, u, is transformed into the dropping probability, p.

1. Proportional control
Ordinary RED essentially calculates the drop probability, p, as an aÆne
transformation of the �ltered queue length, y,

u(t) = k(y(t)− r)
p(t) = sat(u(t)).

2. Proportional control with prediction
The RED-functionality is applied to the predicted value, ŷ,

u(t) = k(ŷ(t+ T )− r)
p(t) = sat(u(t)).

3. Proportional and derivative control, PD
A positive value of the dropping probability is used only if the derivative
is positive, i.e., the queue length increases,

u(t) =
{
k(y(t)− r), ẏ(t) > 0
0 ẏ(t) ≤ 0

p(t) = sat(u(t)).

4. PD with prediction
As above but with based on the predicted value instead of the measured,

u(t) =
{
k(ŷ(t+ T )− r), ˙̂y(t+ T ) > 0
0 ˙̂y(t+ T ) ≤ 0

p(t) = sat(u(t))
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For all cases, the constant r can be seen as the reference value towards which
the queue length is controlled. The di�erence between the �rst two ap-
proaches can be seen as the di�erence between using the shifted model or
the identi�ed AR model in Example 3.5. To implement the derivative action
an estimate of the derivative is needed. The problems with this is discussed
in Section 3.3.1.

The derivative action can be included in other ways, the more typical setup
gives a �fth alternative.

5. Explicit D action
An extension is to use D action more explicitly

u(t) = kp(y(t)− r) + kdẏ(t)
p(t) = sat(u(t))

in which case it becomes important to have reliable derivative estimates,
once again. This alternative can of course also be used with predictions.

3.3.1 Estimation of the Derivative

To be able to use the derivative control presented above, an estimate of
the derivative ẏ must be calculated. There are a few commonly used non-
parametric estimates. We assume regular measurements of the signal y(t),
separated by T . The estimate of the derivative ẏ(t) is denoted ∆y(t). When
only sampled data is available some kind of di�erence approximation is needed.
Three types are presented here:

Backward

Forward

Central

∆y(t) = (y(t)− y(t− T ))/T
∆y(t) = (y(t+ T )− y(t))/T
∆y(t) = (y(t+ T )− y(t− T ))/2T

(3.7)

For recursively measured data only backward approximation is possible.
The more complex Tustin approximation of ∆y(t) is found by solving

∆y(t) + ∆y(t− T ) =
2
T

(y(t)− y(t− T )) (3.8)

iteratively. Tustins approximation demands that ∆y(t) is stored to enable
further estimates. The Tustin operator, ∆, is an unstable �lter,

∆y =
2(1− q−T )
T (1 + q−T )

y(t),

of the measurements, y. A stabilized version is

∆y(t) =
2(1− q−T )
T (1 + aq−T )

y(t) (3.9)
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with a < 1.
Since we have a model of the signal, y(t) = ϕT (t)θ, we can produce a

parametric estimate of the derivative. De�ning the operator ∆ as any dif-
ference operator of the kind discussed above and using the model structure
from Eq. (3.4) we get

∆y(t) = ∆ϕT (t)θ =
(
−∆y(t− T ) −∆y(t− 2T ) . . . 0

)
θ. (3.10)

It is possible to use the previous measurements and produce a model based
estimate of the derivative.

Example 3.6 (Derivative approximation) Using the signal and model param-
eters from Example 3.5, the result from the estimation methods can be il-
lustrated. For the Tustin calculation, a = 0.5 was used and, in Eq. (3.10), a
central approximation,

∆y(t) =
1

2T
(y(t+ T )− y(t− T )),

was used for ∆. Figure 3.6 shows the sign of the estimates together with the
original signal. To the right is the derivative approximation. The paramet-
ric estimate is smoother than both the other but the Backward di�erence is
very close. The sign is almost always correct for all the methods, but the
result is improved with backward di�erence and even more with the para-
metric method. Since the central approximation is better than the backward
di�erence, the parametric method gives two advantages, both a smoothed
estimate because more measurements are used and it is possible to use the
central approximation. �

The conclusion is that Backward di�erence seems to be fairly good but
with a good parametric model the estimate can be even better.

To improve a derivative approximation the following can be noted. As-
suming a function F (y, T ) is used to calculate the derivative of y(t) using a
di�erence approximation. The error is then proportional to T p,

F (y, T ) = F (y, 0) + cT p +O(T r),

where F (y, 0) is the true value of the derivative. If F (y, 2T ) = F (y, 0)+2pcT p+
O(T r) is calculated as well,

F2(y, T ) = F (y, T ) +
1

2p − 1
(F (y, T )− F (y, 2T )) = F (y, 0) +O(T r)

can be used to approximate the derivative. F2(y, T ) gives an error propor-
tional to T r with r > p. For the central approximation the error is propor-
tional to T 2 and for backward di�erence to T . In basic numerical analysis this
is called Richardson extrapolation (Dahlquist and Bj �orck, 1974).
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Figure 3.6 The derivative estimation methods are compared. In the
right plot the derivative estimates are shown, backward
(thin) and the parametric method (thick). The estimate us-
ing Tustin is not shown since it is very noisy compared to
the others. In the left plot the sign of the derivative is
shown together with the original signal (top). The values
are shifted vertically for separation.

3.3.2 Simulation Results

The performance of the described control strategies are analyzed using sim-
ulations in the Network simulator, NS, 2.1b8a. A special version of the RED
queue module has been implemented, which allows testing of both identi�-
cation and control performance.

The setup is a network with varying number of ows and only one queue
is studied. For comparative studies, identical realizations of the network are
used, i.e., the start and stop times for the ows are �xed in each simulation
to get comparable and reproducible conditions for all controllers.

Since it is not likely that one of the update times timatches t−kT , k = 1, 2, . . . , n,
simple linear interpolation between the two surrounding measurement points
is used whenever an old value of y is needed.

Algorithm 3.3 (Linear Interpolation)

1. From the sequence of measurements, yi, at times ti, �nd the values tlo
and thi surrounding the time t− kT , i.e.,

thi = arg min
i

(ti > t− kT ) and tlo = arg max
i

(ti < t− kT ).
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2. Let ylo and yhi be the values yi corresponding to the time points chosen.

3. Calculate the linear interpolation, yme, for time t− kT

yme =
(thi − (t− kT )) ylo + ((t− kT )− tlo) yhi

thi − tlo
.

4. Use yme as an estimate of y(t− kT ).

Improvements can be realized using, e.g., the techniques described in 4.2.2,
but they have not been implemented.

Because of the uncertainty in the derivative calculation, controller num-
ber 5 has not been implemented. All the other control versions can be easily
implemented using the generic Algorithm 3.4, where a simple Backward dif-
ference estimate is used for the derivative.

Algorithm 3.4 (Generic AQM implementation)

yd =
y1 − y2

Td
,

u =

{
Mp

y1−mq
Mq−mq , yd > 0,

0, otherwise,

and
p = sat(u).

The parameters y1, y2 and Td are used to get the di�erent versions from p. 42,
e.g., y1 = y(t), y2 = 0 and Td = y1 − y2 gives proportional control, (Type 1)
but y1 = ŷ(t+ T ), y2 = y(t) and Td = T gives PD with prediction (Type 4).

During the simulationsMp = 0.2,Mq is the total queue length andmq = Mq/2.
The question arises what the suitable sampling time, T , is. Using the

estimated model, the oscillating frequency, f , can be found and T should
then, as a rule of thumb, be chosen as a tenth of the period, i.e., T ≈ 1

f
1
10 .

Spectral analysis can also be used to �nd the main frequency, this is discussed
in Section 4.2. Simulations indicate that it is the send rate of the queue that
is the main cause of changing frequency, see Figure 3.7. Here, the scenarios
have been adapted to work for T = 0.2s ≈ 1

10
1

0.6 , the results are valid no
matter what value we choose but the choice is still a design question. To
improve performance automatic detection of an accurate time constant should
be considered.

A few performance measures are summarized in Table 3.1. These num-
bers are calculated for one single run with the exact same setup for all four
controllers. In Figure 3.8 the resulting queue length is shown for the four
controllers. The following observations can be made from Table 3.1 and
Figure 3.8:
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Figure 3.7 Comparing di�erent send rates (top thick line) with the cor-
responding queue length (lower thin line). A lower send
rate in the queue seems to slow down the oscillations of
the queue length.

Type Drops Sent
early+hard= tot unique packets

1 55 + 250 = 305 3260
2 66 + 247 = 313 3569
3 82 + 207 = 289 3126
4 62 + 235 = 297 3342

Table 3.1 Comparison of the di�erent control schemes, see p. 42 for a
description. The number of drops and the total throughput
is studied.

• Performance (number of sent packets, throughput) is improved by in-
creasing the total number of drops.

• Prediction can improve the throughput considerably, both in basic RED
(cf. 1 to 2) and in RED with D action (cf. 3 to 4).

• The simple derivative action used does not improve the performance
regarding throughput.

• In both cases the derivative action reduces the number of hard drops,
cf. 1 to 3 and 2 to 4, which also was part of the stated control objective.
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Figure 3.8 A segment of the queue length, q, when using the four dif-
ferent controllers. Both di�erences in the height and the
freqeuncy of the variations can be seen.

• The derivative action lowers the span of the main variations in the queue
length, which explains the reduced number of hard drops.

• Using predictions reduces the number of highest peaks in the variations
and increases the frequency. Reducing the highest peaks should also in-
dicate a lower number of hard drops, while an increased basic frequency
indicates that using the predictions removes the frequcies captured in
the model.

Closed-loop Identi�cation

The system performs in closed loop and the output a�ects later inputs. This
is cumbersome when system identi�cation is used. The model identi�cation
is based on �nding variations and basic frequencies and the control goal is to
damp the oscillations. This means that a perfect controller will make it hard
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to estimate the model and a bad model will make the controller worse. These
properties will make it impossible to �nd a perfect controller for this system.
However, the delay between a packet loss and a reaction in the queue length
is so large, that it becomes impossible to control the system perfectly because
of this. Therefore, it is worth the e�ort to use model based control for the
network system.

3.4 Summary

Network performance can be studied from a queue perspective. The control
objectives for the queue is to damp oscillations, prevent overow and avoid
an empty queue.

Queue management can improve network performance by intelligently
dropping packets. The standard algorithm, RED, for AQM can be improved
by using prediction. To damp queue length oscillations derivative action has
been tried. The throughput was not improved using the simple derivative
action, but ascillations were damped. Explicit derivative action was not in-
cluded in the evaluation runs.

It was indicated that model based estimation of the derivative can improve
the estimate. In the simulation run, only a di�erence approximation was used
to �nd the derivative.

The improved controller was based on accurate modelling of the queue
length dynamics. It was indicated that a biased AR model was well suited for
this purpose.
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Nonuniform Signal Processing

4

The application of interest, ow control in network queues, is based on events,
namely the arrival of data packets. Upon such an arrival all calculations are
triggered. This causes problems when design is done in the continuous time
domain and the connections between the two frameworks need to be estab-
lished. As discussed in Chapter 3, a number of calculations can be of interest
based on the sequence of event based measurements. This chapter will dis-
cuss various approaches to identi�cation based on nonuniform samples.

When sampling a signal a transition is made from the continuous time
to the discrete time domain. A lot of calculations on sampled signals are
based on assumptions about the original continuous signal and could not
be performed without it. The modeling in the previous chapter, was based
on the assumption of sinusoidal variations in the measured signal. This re-
sulted in a dynamic model of the queue length variations. The calculations
were performed using measurements collected at the packet arrivals, i.e.,
nonuniform sampling of the queue length. The results were presented as if
the queue length was uniformly sampled. Everything regarding the transi-
tion from nonuniform to uniform sampling was suppressed. This chapter will
highlight these hidden steps.

4.1 Sampling

For nonuniformly sampled signals many things di�er from uniform sampling.
There are a few strong connections though. Both the di�erences and the sim-
ilarities will be discussed here. First we de�ne the two terms:

De�nition 4.1 (Sampling)
When a continuous signal y(t) is measured at times tk, the signal is sampled.
This gives corresponding signal samples yk = y(tk). Di�erent types of sam-
pling can be identi�ed

51
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Uniform sampling when the sample points are equally spaced, tk = kT .

Nonuniform sampling when the sampling points are unequally spaced.

Jittered sampling when tk = kT + νk and νk are random variables. Pe-
riodic jitter is when the values of νk are unknown but are repeated
periodically.

Additive random sampling when tk = tk−1 + Tk and Tk are random vari-
ables.

Figure 4.1 shows additive random sampling of a signal y. Uniform sampling
can be seen as a special case of nonuniform sampling. In nonuniform sam-
pling, the time points, tk, can be chosen freely or, as in the network queue
application, associated to events. Sometimes the term event sampling is used
to denote the special case when events control the sampling times.

Periodic jittered sampling occur, e.g., in AD converters (Elbornsson, 2003)
and in cars (Persson, 2002).
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Figure 4.1 A continuous signal, which is nonuniformly sampled.

Earlier work on network queue modeling has de�ned the arrival process
to the queue to be an additive random Poisson process. This means that the
inter arrival times, Tk, are exponentially distributed. There also exist many
studies where this is shown not to be true. (See, e.g. Paxson and Floyd,
1994, and the references therein.) The characteristics of network traÆc is
self-similar (same behavior on di�erent time scales) and includes a long-range
dependence (the autocorrelation decays hyperbolically). This is why assump-
tions about independent inter arrival times are not perfectly adequate for a
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longer time scale. Several models have been proposed to describe the depen-
dence over time for the inter arrival times, and superpositioned Poisson pro-
cesses have been used successfully (Andersson, 2002, Andersen and Nielsen,
1998). Andersson (2002) also showed that network traÆc can be locally mod-
elled as a Poisson process.

Adopting the viewwith a probability distribution de�ning the arrival times,
probability calculations can be performed for the measured signal. In this
work, inter arrival times are assumed to be independent on a short time scale.
This work will not focus on chosing the correct probability distribution, but
the examples will be made using simple densities, such as rectangular or ex-
ponential distribution. It is possible to extend the results to any probability
distribution.

Nonuniform sampling is described in Papoulis (1977), Bilinskis and Mikel-
sons (1992), Marvasti (1987). Research is focused on how to maximize alias
frequency suppression by choice of sampling instants. In Bland and Tarczynski
(1997), an empirical motivation to sample nonuniformly is given with some
user guidelines. In Papenfuss et al. (2003), an algorithm for hardware im-
plementation of jittered sampling (tk = kT + nk and nk is a random process)
promises 40 times the bandwidth of the corresponding uniform sampling pro-
cess. Other work is focused on optimal signal recovery from nonuniform sam-
ples. Algorithms for recovery of bandlimited signals, when tk = kT + ν(tk),
with ν(t) being limited, are given in Marvasti (1996), Marvasti et al. (1991).

In Section 4.2, frequency analysis for nonuniformly sampled signals is dis-
cussed. Approximations of the Fourier transform are proposed based on dif-
ferent calculations on the nonuniform samples. Results based on stochastic
sampling are discussed in Section 4.3. In Section 4.4, the di�erent transform
approximations are evaluated using the representation of a single frequency.
If the frequency spectrum is found, a continuous time model can be adopted
to data. A continuous time model can be preferred over a uniform discrete
model, which requires a selection of the sampling interval. The ordinary iden-
ti�cation techniques are discussed for nonuniform sampling in Sections 4.5
and 4.6. First a continuous system is nonuniformly sampled and the im-
pact on the noise representation is shown. Then identi�cation is discussed.
The underlying goal of the chapter is to produce accurate dynamic models of
nonuniformly sampled signals, e.g., the network queue length, that can be
used to base control decisions on. The di�erent routes are shown schemati-
cally in Figure 4.2.

An addition of simple dynamics between the input and the output can then
be made, e.g., a constant with a time delay G(p) = g0e

−pTRT can be appro-
priate in the network case. The extended model, y(t) = G(p)u(t) + H(p)e(t)
can be used for control design. Two control goals can be seen: the servo
goal, y = yref and the noise supression goal, damp He. The control signal
u becomes a function of measuremenst and refernece signal, u = f(y, yref).
Simple strategies such as PD can be used to desifn the controller f , but also
more advanced techniques, e.g., pole placement, LQG, descriptive functions,
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yi = y(ti) Ŷ (f)

y(t) = H(p)e(t)

u = f(y, yref)

Figure 4.2 The di�erent routes of the chapter, towards the goal of
model based control. The nonuniform samples, yi can be
used to adopt a continuous time model, H, via transform
approximations, Ŷ , or via direct methods. The model are
used for control u = f(y, ŷ).

etc (Glad and Ljung, 2000).

4.2 Fourier Transform Approximation

To be able to analyze the frequency content of a measured signal, Fourier
transforms are used in signal processing. An accurate Fourier transform can
also be used for adapting continuous time models to data (see Ljung, 1999,
Ch. 6). For a continuous signal, y(t), the Fourier transform is de�ned as

F(y) = Y (f) =
∫ ∞
−∞

y(t)e−i2πftdt. (4.1)

The signal y(t) should ful�ll ∫
R

|y(t)|2dt <∞,

which, in this work, is ful�lled by studying only a �nite interval of the signal
and assuming it equal to zero outside the interval. If the signal y(t) is sampled
at time instants ti, i = 1, . . . , N , to get yi, the corresponding discrete time
Fourier transform depends on the assumptions about the continuous signal
y.

For uniformly sampled signals, yk = y(tk) = y(kT ), the underlying signal,
y(t), is often assumed to be band limited, i.e., not containing in�nite frequen-
cies. This assumption implies that the signal can be represented as

y(t) =
N∑
k=1

y(kT ) sinc(
t− kT
T

). (4.2)
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The sinc is de�ned as

sinc(t) =
sin(πt)
πt

.

Figure 4.3 shows the time plot of the sinc. It is 0 at all non-zero integer points
and 1 at time 0. The frequency content of the sinc is found from the Fourier
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Figure 4.3 The time plot of a sinc-function.

transform

F(sinc(t)) =
∫

R

sinc(t)e−i2πftdt =
{

1 |f | ≤ 1
2

0 |f | > 1
2 .

(4.3)

This implies that the the frequency content of the signal, represented as
Eq. (4.2), is limited by fN = 1

2T .
For a uniformly sampled signal, yk = y(kT ), inserting Eq. (4.2) into Eq. (4.1)

gives the resulting transform

Ŷus(f) =
∫ ∞
−∞

y(t)e−i2πftdt =
∫

R

N∑
k=1

yk sinc(
t− kT
T

)e−i2πftdt (4.4)

and the properties of the sinc-function, Eq. (4.3), give the �nal result

Ŷus(f) =
{
T
∑N

k=1 yke
−i2πfkT , |f | < 1

2T
0, otherwise

. (4.5)

When the underlying signal y is band limited, the representation in Eq. (4.2)
is the true one and, consequently, Ŷus is the correct transform. For other sig-
nals, it is an approximation. The commonly used Discrete Fourier Transform,
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DFT, is the periodic continuation of the continuous approximation, Ŷus(f),
sampled also in the frequency domain, at f = n

NT ,

ŶDFT [n] =
N∑
k=1

yke
−i2πnk/N . (4.6)

The sampling theorem, see e.g. Papoulis (1977), states that Ŷus(f) is exactly
equal to Y (f) for all signals with y(kT ) = yk that are band limited to f < 1

2T ,
i.e., can be formulated as in Eq. (4.2).

When nonuniform sampling is used some considerations have to be made
to generalize de�nitions and transforms for uniform sampling to be valid for
nonuniform sampling as well. Nonuniform frequency analysis is not common
in earlier work. Van Steenis and Tulen (1991) study the heart rate spectrum
using the Riemann approximation of Eq. (4.1), based on event samples, as
the transform

Ŷra(f) =
N∑
k=1

ykTke
−i2πftk . (4.7)

Persson (2002) adopts the same transform and uses it for indirect tire pres-
sure monitoring. No extensive evaluation of the correctness of the transform
choice is done. For uniform sampling Ŷra = Ŷus, which is the motivation for
this choice.

The following sections will present di�erent ways of approximating the
Fourier transform, Eq. (4.1), for nonuniformly sampled signals. Three basic
ideas will be discussed:

• Approximating the integrand in Eq. (4.1),

• resample the signal uniformly and use Eq. (4.5), and

• reconstructing the continuous signal to calculate Eq. (4.1).

In Section 4.2.1, the integrand is approximated using polynomials. Resam-
pling with local polynomial modeling is discussed in Section 4.2.2. Recon-
struction using basis functions, in particular the sinc, is studied in Section 4.2.3
and, in Section 4.2.4, polynomial splines is used for the reconstruction.

4.2.1 Extensions of the Riemann Approximation

Previous calculation of the Fourier transform for a nonuniformly sampled sig-
nal, Eq. (4.7), used a Riemann approximation of the integral, Eq. (4.1). This
means that the integrand,

I(t) = y(t)e−i2πft,

is assumed constant between the measurement points, tk. Extending this with
higher order splines is also possible.
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Algorithm 4.1 (Spline interpolation)

Spline interpolation is done by connecting the sample points with polynomi-
als, pni (t), of order n. For uniform sampling, splines are thoroughly discussed
in Unser (1999). The theory is not straightforward to translate when nonuni-
form sampling is used. The building blocks are presented here from a di�er-
ent viewpoint. A function estimate f̂(t) is produced using measurements of
f(t) at the measurement points tk. The continuous function is de�ned as

f̂(t) = pnk (t), tk−1 < t ≤ tk.

Introducing

pn(t, θ) = ant
n + · · ·+ a0 =

(
tn . . . 1

)
θ,

the spline polynomials are conveniently de�ned as pnk (t) = pn(t− tk, θk). The
constants θk =

(
an,k . . . a0,k

)T
are de�ned by continuity demands at the

sample points:

pni (tk) = f(tk)

dl

dtl
pnk (tk−1) =

dl

dtl
pnk−1(tk−1), l = 0, . . . , n− 1

(4.8)

which gives n + 1 equations for each spline. De�ning, e.g., pn0 (t) = 0 gives a
unique solution for all θk. The choice of pn0 (t) has to be made to match the
measurements reasonably.

Let În(t) be the continuous estimate of I(t), based on measurements I(tk)
and an nth order spline. From Algorithm 4.1, the �rst two splines become

Î0(t) = I(tk), tk−1 < t ≤ tk,

Î1(t) =
I(tk)− I(tk−1)

Tk
(t− tk) + I(tk), tk−1 < t ≤ tk.

(4.9)

For higher orders Eq. (4.8) needs to be solved, with f(tk) being replaced with
I(tk) to �nd În(t).

The Fourier transform estimate becomes

Ŷ nra(f) =
N∑
k=1

∫ tk

tk−1

În(t)dt. (4.10)
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For the �rst orders of n, the explicit expressions become

Ŷ 0
ra(f) =

N∑
k=1

I(tk)Tk =
N∑
k=1

y(tk)Tke−i2πftk

Ŷ 1
ra(f) =

N∑
k=1

Tk
2

(I(tk) + I(tk−1))

=
1
2

N∑
k=1

(Tk + Tk+1)I(tk).

The last equality demands that T1I(t0) = 0 and TN+1I(tN ) = 0, but the relation
shows that the increased polynomial order merely changed the scaling of the
integrand I(tk). The mean value of two subsequent inter sample times are
used instead of only Tk.

These two approximations are clearly linear in the measurements which
will be used later.

4.2.2 Resampling through Local Polynomial Models

Because of the connection described by the sampling theorem between the
continuous and discrete Fourier transform, the continuous transform can be
approximated by �nding estimates of the function values at uniform sample
points, ŷ(kT ), and then calculate Yus for these new samples. An example of
uniform resampling is shown in Figure 4.4.

In this work, the estimation of the function samples, ŷ(kT ), are done using
local polynomial modeling. There are, of course, a variety of techniques that
can be used for this purpose, such as nearest neighbor and linear interpo-
lation between surrounding measurements. This section focuses on a more
advanced method were several measurements are used for each new sample.
This methods also assures that the approximation of the transform is linear
in the measurements yi.

The underlying assumption is that y can be locally modeled as a polyno-
mial,

p(t) = θ(1)tn + · · ·+ θ(n) = ( tn · · · 1 )θ = ϕT (t)θ.

For each new sample point kT , a weighted mean square error is minimized to
�nd the best value for θ at this point.

Example 4.1 (A sinusoid) Figure 4.5 shows how y(t) = sin(t) is well described
by p(t) = t− t3

6 around t = 0, i.e., n = 3 and θ =
(
−1/6 0 1 0

)T
. In this

case the polynomial comes from the Taylor expansion of a sinusoid around
t = 0, but in general the nonuniform samples of y should be used to �nd the
best polynomial. The example shows that it is critical to choose the span in
time where the model is valid. The third order polynomial is not at all valid



4.2 Fourier Transform Approximation 59

−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

time [s]

y(
t)

Figure 4.4 A nonuniformly sampled signal is uniformly resampled ('x'),
using local polynomial models of order 3, cf. Figure 4.1. The
worst �t is achieved for the sample point, kT , during the
largest Ti.

for |t| > 2 in this case. In this case it seems that samples between −1 and 1
could be used to estimate a third order local polynomial. �

The value of ŷ(kT ) is found by minimizing the di�erence between the mea-
surements, yi, and the local polynomial p(ti − kT ), giving the best choice of
parameters, θk, around kT . Weighting is done based on the distance between
the measurement point, ti, and the time point of interest, kT , using wi. The
parameters are found from

θ̂k = arg min
θ

N∑
i=1

wi(yi − p(ti − kT ))2

= arg min
θ

(Y − Φ(kT )θ)TW (Y − Φ(kT )θ)

= (ΦTWΦ)−1ΦTWY

(4.11)

and ŷ(kT ) = p(0) = θ̂k(n). Since θ̂k is linear in the measurements, so is ŷ(kT ).
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Figure 4.5 y(t) = sin(t) (thick line) �ts well to p(t) = t− t3/6 (thin line)
for |t| < 1.

The matrices in Eq. (4.11) are formed as

Y =
(
y1 y2 . . . yN

)T
Φ(kT ) =

(
ϕ(t1 − kT ) ϕ(t2 − kT ) . . . ϕ(tN − kT )

)T
W =


w1 0 . . . 0
0 w2 . . . 0
..
.

...

0 0 . . . wN


The weights should be chosen to reect the local modeling, measurements
further away from kT should be less important.

A thorough analysis of local polynomial modeling and di�erent choices of
weights can be found in Roll (2003). One example on how to chose weights is
based on the Epanechnikov function

K(u) = max(1− u2, 0). (4.12)

It can be scaled using a bandwidth parameter Kh(u) = 1
hK(u/h) and the

weights can be chosen as

wi =
Kh(ti − kT )∑
j Kh(tj − kT )

. (4.13)

Figure 4.6 shows the scaled Epanechnikov function, Kh(u). The bandwidth
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h

Figure 4.6 The scaled Epanechnikov function, Kh(t) = 1
hK((t− kT )/h).

parameter should be chosen to include enough measurement points in the
interval [kT − h, kT + h], and it can be varied with k.

Returning to the introductory example, Figure 4.4, the used resampling
technique can be described. 3rd order polynomials and a changing bandwidth,
including approximately 5 nonuniform samples, were used for the calculation
of each uniform sample. For this case, the samples match the original function
very good in all cases except one.

If the local polynomials are accurate, the resampling procedure is, in prin-
cipal, the same as direct uniform sampling of the signal. An important issue
is how to choose the new sampling time, T . Both T = mink Tk and T = E[Tk]
are possible and interesting choices. This work does not investigate the issue
further.

In this work, the resampling of yi with the Epanechnikov function with
bandwidth h and an nth order polynomial yields new samples ŷh,n(kT ) and
the transform

Ŷ h,np (f) = T

N∑
k=1

ŷh,n(kT )e−i2πfkT , |f | < 1
2T

. (4.14)

The bandwidth can be varied to include more measurements or to make the
model more local. Choosing h can be done either to keep the time span �xed
or to include the same number of measurement points for each calculation.
Typically at least one measurement on each side of the new sample should be
included and at least as many as the dimension of θ. The relation between T
and the Tk's must also be considered when h is chosen. If E[Tk] << T , a �xed
value of h is feasible, but, if E[Tk] is close to or larger than T , the bandwidth
should be varied to avoid empty sets of nonuniform samples.
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4.2.3 Basis Expansion

Basis expansion can be used to reconstruct the continuous time signal, ŷ(t),
frommeasurements. The reconstruction, ŷ, is a scaled sum of basis functions,
H,

ŷ(t) =
∑
k

ckH(ak(t− bk)) (4.15)

and the basis function H is shifted and scaled. The parameters are calculated
tomatch the measurements as well as possible. The optimal set of parameters
is the solution to the equation system in Eq. (4.16):

M∑
k=1

ckH(ak(ti − bk)) = yi, i = 1, . . . , N (4.16)

For uniformly sampled signals, the signal is often assumed band limited.
The sinc function is then used because of its nice properties in the frequency
domain, i.e.,

H(t) = sinc(t).

The sinc was de�ned and discussed on p. 54, and, with this choice, ŷ(t) in
Eq. (4.15) is band limited.

Let us now study the assumption about the signal being a sum of sinc-
functions. For uniform sampling, perfect �tting at the measurement points
is obtained with bk = kT , ak = 1/T , ck = yk and M = N , because of the
properties of the sinc. This model for the signal,

y(t) =
N∑
k=1

yk sinc(
t− kT
T

) (4.17)

is also what is used for most calculations when considering uniform sampling,
yielding the optimal value 0 in Eq. (4.16).

After choosing ak and bk andM , the amplitudes, ck, can be found by solving
a linear equation system. The following system of equations is obtained from
Eq. (4.16), when optimum 0 is wanted:

AX = B (4.18)

where

A =


sinc(a1(t1 − b1)) · · · sinc(aM (t1 − bM ))

.

..
.
..

sinc(a1(tN − b1)) · · · sinc(aM (tN − bM ))

 (4.19a)

X =
(
c1 · · · cM

)T
(4.19b)

B =
(
y1 · · · yN

)T
(4.19c)
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Fixing ak and bk assures that the ck's are linear in the measurements. Note
that A equals the identity matrix, IN , for uniformly sampled signals, i.e.,
ti = iT , bk = kT and ak = 1/T , M = N . For nonuniformly sampled signals a
higherM will give give a better �t to the original signal, but it is not possible
to use M > N to solve Eq. (4.18). Therefore, there are two possible choices
of ak and bk related to the choices made for uniform sampling. Place the basis
functions at the sample points tk or at uniformly spaced points kT and scale
with the inter sample time; these two placement choices coincide for uniform
sampling.

Case 4.1 (Nonequidistant grid of basis functions, Ŷ neqsinc(f))
For measurements at times tk with Tk = tk − tk−1: One sinc is placed at each

measurement point, i.e., bk = tk and ak = 1
Tk
. This gives M = N . The

transform for this choice is Ŷ neqsinc(f).

Case 4.2 (Equidistant grid of basis functions, Ŷ eqsinc(f))
One sinc is placed at equidistant predetermined points, i.e., bk = kT and ak =
1
T . Since sinc(n) = 0 when 0 6= n ∈ Z this implies that ck = y(kT ) for a perfect
�t at times kT . T becomes the new design variable and ck has to be calculated
as estimates of the function values y(kT ) based on the measurements, yi. A
uniquely determined equations system and a span over the whole time gives
M = N and T = tN/N . Larger values of T and a smaller M is also possible.
The approximation of the transform is called Ŷ eqsinc(f).

Figure 4.7 show the reconstructed signal when the nonequidistant grid is used
and Figure 4.8 shows the correspsonding result when the equidistant grid is
used.

Applying the assumption of an underlying sum of sinc's

ŷ(t) =
∑
k

ck sinc(ak(t− bk))

gives a straightforward calculation of the Fourier transform.

Ŷsinc(f) =
∑
k

ck

∫ ∞
−∞

sinc(ak(t− bk))e−i2πftdt

=
∑
k

cke
−i2πfbkHf (

1
ak

)

=
∑

k:f<
ak
2

1
ak
cke
−i2πfbk (4.20)

with

Hf (T ) =
{
T, |f | < 1

2T
0, otherwise

. (4.21)
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Figure 4.7 The reconstruction ŷ (thick) when a nonequidistant grid of
basis functions is used to reconstruct the signal.
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Figure 4.8 The reconstructed signal, ŷ, (thick) when an equidistant grid
('x') is used for the basis functions.
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The �rst equality in Eq. (4.20) is given by Eq. (4.3) with a change of parame-
ters. Note that with a non equidistant grid of basis functions, Case 4.1, and
when f < 1

2Tk
∀k, Ŷsinc(f) is simply the Riemann approximation of the integral

∫
g(t)e−i2πftdt

for any function g with g(tk) = ck. For uniformly sampled signals, g(tk) =
g(kT ) = yk yields the discrete time Fourier transform in Eq. (4.5). The con-
nection between the Riemann approximation and the transform using sinc
basis functions is clear for uniformly sampled signals.

Continuing with the matrix notation introduced in Eq. (4.18), the trans-
form, Eq. (4.20), becomes

Ŷsinc(f) =
(

· · · e−i2πfbkHf ( 1
ak

) · · ·
)
X. (4.22)

The di�erence between this approximation, hY neqsinc, and the transform when

assuming X = B, which corresponds to the Riemann approximation, Ŷ 0
ra, is

related to the distance between A and the identity matrix, since AX = B.

It is interesting to note a di�erence between the result using uniform or
nonuniform sampling. For uniform sampling, Ŷ 0

ra(f) corresponds exactly to
Ŷsinc(f) for f < 1

2T , which is not true for nonuniform sampling.

4.2.4 Spline Interpolation

Spline interpolation can be done by connecting the sample points with poly-
nomials, pnk (t), of order n. Spline interpolation was introduced in Algorithm 4.1.

The continuous function is de�ned as

ŷn(t) = pnk (t), tk−1 < t < tk, (4.23)

where the connecting polynomials pk are found from Algorithm 4.1 using
f(tk) = yk. Figure 4.9 shows the reconstruction using n = 0 and Figure 4.10
shows the reconstruction for n = 1.

The approximation of the Fourier transform becomes

Ŷ nsp(f) =
∑
k

∫ tk

tk−1

pnk (t)e−i2πftdt =
N∑
k=1

n∑
m=0

am,k

∫ tk

tk−1

(t− tk)me−i2πftdt (4.24)
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Figure 4.9 The reconstruction ŷ when splines of order n = 0 is used.
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Figure 4.10 The reconstruction ŷ when splines of order n = 1 is used.

and expanding the integrals gives

Imk =
∫ tk

tk−1

(t− tk)me−i2πftdt

=
i

2πf
(
−(−Tk)me−i2πftk−1

)
+

m

i2πf
Im−1
k

= Jmk +
m

i2πf
Im−1
k

=
m∑
l=0

m!
(m− l)!

1
(i2πf)l

Jm−lk ,

Jmk =
i

2πf
(
−(−Tk)me−i2πftk−1

)
, m = 1, . . . , n,

J0
k =

i

2πf
(
e−i2πftk − e−i2πftk−1

)
.
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Note that I0
k = J0

k . This gives the Fourier transform estimate when the signal
is piece-wise polynomial of order n.

When n = 0, ŷn(t) is piece-wise constant. The explicit transform in this
case becomes

Ŷ 0
sp(f) =

∑
k

yk

∫ tk

tk−1

e−i2πftdt =
i

2πf

N∑
k=1

yke
−i2πftk

(
1− ei2πfTk

)
. (4.25)

Comparing with using Riemann approximation of the integral, Ŷ 0
ra, Eq. (4.10),

shows that the di�erence lies in scaling every term in the sum with

i

2πfTk
(1− e−i2πfTk) =

1
i2πfTk

(eiπfTk − eiπfTk)eiπfTk = eiπfTk sinc(fTk).

Using a Taylor expansion for ei2πfTk shows that Y 0
sp scales with

i

2πf
(1 − e−i2πfTk) = Tk +O(T 2

k ),

while Ŷ 0
ra scales with Tk. The connection, between the Riemann approxima-

tion and reconstruction using piecewise constant splines, is multiplication of
the transform with a sinc. This corresponds to convolution of the time sig-
nal with a square window. Straightforward calculations for uniform signals
are probably not as straightforward for nonuniform signals. The other view
shows a connection with the Taylor expansion, where the Riemann approxi-
mation uses an approximation of the scaling term used for piecewise constant
signal, i.e.,

Ŷ 0
sp ≈ Ŷ 0

ra, Tk << 1 ∀k.
These connections are worth investigating further in future work.

For n = 1, ŷ1(t) is piece-wise linear between the measurement points. The
spline polynomials become

p1
k(t) =

yk − yk−1

Tk
(t− tk) + yk = αk(t− tk) + yk, k = 1, . . . , N.

which gives the transform approximation

Ŷ 1
sp(f) =

N∑
k=1

∫ tk

tk−1

[αk(t− tk) + yk] e−i2πftdt

=
N∑
k=1

ykI
0
k +

∑
k

αkI
1
k

=
N∑
k=1

ykI
0
k +

∑
k

αk

(
J1
k +

1
i2πf

I0
k

)

= Ŷ 0
sp(f) +

1
i2πf

N∑
k=1

αkI
0
k +

i

2πf

N∑
k=1

αkTke
−i2πftkei2πfTk

(4.26)
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The transform of yk for n = 1 contains the transform of yk for n = 0, the
transform of αk for n = 0 and a third term based on αk. The structure of the
third term is very similar to the structure of a Riemann approximation. The
smoothing when introducing a higher order spline representation is shown in
the last two terms.

For higher order splines the expressions become messier.

4.2.5 Nyquist Criteria

For time sampled signals the Nyquist criteria is used to determined the fre-
quency content that is possible to represent. If the sample time is T , only
frequencies below fN = 1

2T can be identi�ed and if the signal contains higher
frequencies these will distort the true spectrum, i.e, frequency aliasing will
occur.

For nonuniformly sampled signals there is no unique Nyquist frequency.
Assuming that Tk comes from a known distribution with known maximum
and minimum values, τh and τl respectively, a few notes can be made. The
minimum Nyquist frequency is

fmN =
1

2τh

and if the signal has all its frequency content below fmN it should be possible to
reconstruct it properly, as is the case in Section 4.2.3 when the sinc is used.
The frequencies that lie between the maximum and minimum is de�ned as
the Nyquist band.

De�nition 4.2 (Nyquist band)
For a signal measured with inter sample times, Ti, between τl and τh the
Nyquist band, FN , is de�ned as the set

FN ,
{
f : fmN =

1
2τh
≤ f ≤ 1

2τl
= fMN

}
.

When splines are used to reconstruct the signal, there is no assumption
about frequency limitations. The similarities between the Riemann approx-
imation and the 0-order spline reconstruction indicated that the resulting
transform, when splines are used, is an extension of the Riemann approxi-
mation with di�erent higher order scaling of frequencies.

The assumption about sinc-functions says that the signal has only frequen-
cies up to max(ak/2). With a non equidistant grid of basis functions, Case 4.1,
this gives the same Nyquist band as from the sampling itself. For an equidis-
tant grid of basis functions, Case 4.2, the Nyquist frequency is chosen with T ,
fN = 1/2T .

Using resampling with local polynomial models, it might be possible to
investigate frequencies above the Nyquist band by up-sampling the signal.
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The correctness of the transform will in this case depend on the calculation of
ŷh,np (kT ) and, intuitively, changing bandwidth h and n = 3, at least, is neces-
sary. It is easy to come up with cases where it will not work, and the demand
on the sampling is probably crucial and worth to examine more closely.

4.2.6 Zero-Mean Signals

In many cases a signal with zero mean is wanted for processing. To be able
to remove the mean value, implications of the di�erent reconstruction tech-
niques are here evaluated to produce the corresponding mean value.

If the signal is measured from time 0 to tN =
∑N
k=1 Tk, the mean is

µ =
1
tN

∫ tN

0

y(t)dt. (4.27)

For polynomial splines between the measurements this gives

µ0
sp =

∑
k ykTk∑
k Tk

, (4.28)

µ1
sp =

∑
k Tk(yk + yk−1)/2∑

k Tk
. (4.29)

When Ŷus or a sumof sinc's are used, themean is calculated based on
∫

sinc(x)dx,

µneqsinc =
1
tN

N∑
k=1

ck

∞∑
n=0

(−π2)n
(
(tN − tk)2n+1 + t2n+1

k

)
T 2n
k (2n+ 1)(2n+ 1)!

, (4.30)

µeqsinc =
1
N

N∑
k=1

ck

∞∑
n=0

(−π2)n
(
(N − k)2n+1 + k2n+1

)
(2n+ 1)(2n+ 1)!

, (4.31)

µh,np =
1
M

M∑
k=1

ŷh,n(kT )
∞∑
n=0

(−π2)n
(
(M − k)2n+1 + k2n+1

)
(2n+ 1)(2n+ 1)!

, (4.32)

whereM is the new number of uniform samples after the resampling has been
done.

The calculation of
∫

sinc(x)dxwas done using Taylor expansion of a sinusoid
and is shown in Appendix 4.A. The sum can be hard to calculate numerically,
why a table with numerical values is given as well.

4.2.7 Collection of Transform Approximation Expressions

The di�erent expressions for the Fourier transform approximation are reca-
pitulated here. The measurements, yi, are used to approximate the inte-
grand I(t), for resampling, or to approximate original continuous signal, y(t).
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These calculations are then used together with the de�nition of the continuous
Fourier transform, Eq. (4.1), to produce an estimate, Ŷ (f), of the transform
for the measured signal.

Extension of Riemann approximations The integrand

I(t) = y(t)e−i2πft

is approximated with a polynomial spline of order n, În(t), between the mea-
surement points. For n = 0, the transform is the ordinary Riemann approxi-
mation,

Ŷ 0
ra(f) =

N∑
k=1

y(tk)Tke−i2πftk .

When n = 1, giving a piecewise linear approximation of the integrand, the
transform becomes

Ŷ 1
ra(f) =

N∑
k=1

Tk
2

(I(tk) + I(tk−1)).

Resampling through local polynomial models New samples of y are produced
at predetermined points using local polynomial modeling. A polynomial of
order n is adapted to the measurements with weights that are nonzero a band-
width, h, away from the point. The producing of new samples are described
from Eq. (4.11) and forward. The new samples, ŷh,n(kT ) are used to produce
the transform approximation

Ŷ h,np (f) = T
M∑
k=1

ŷh,n(kT )e−i2πfkT , f <
1

2T

Basis expansion The estimate of y is

ŷ(t) =
∑
k

ck sinc(ak(t− bk))

where the choice of constants a, b and c are discussed in the cases on page
63. When a non equidistant grid for the basis functions, Case 4.1, is used, the
transform approximation becomes

Ŷ neqsinc(f) =
∑

k:f< 1
sTk

Tkcke
−i2πftk

and with an equidistant grid, Case 4.2, the result is

Ŷ eqsinc(f) = T

M∑
k=1

cke
−i2πfkT , f <

1
2T

.
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Spline interpolation The estimate of y is produced using polynomial splines
of order n between the measurements points, Eq. (4.24). For n = 0, the
transform estimate is

Ŷ 0
sp(f) =

i

2πf

N∑
k=1

yke
−i2πftk

(
1− ei2πfTk

)
and for n = 1 the approximation is

Ŷ 1
sp(f) = Ŷ 0

sp(f) +
1

(2πf)2

N∑
k=1

αke
−i2πftk

(
1− ei2πfTk

)
+

i

2πf

N∑
k=1

αkTke
−i2πftkei2πfTk

with αk = yk−yk−1
Tk

.

4.3 Additive Random Sampling

For a network queue the signal is piecewise constant and a fewmore thorough
calculations will be done for the case when a 0-order spline is used to recon-
struct the signal. In Chapter 3 the dynamics of the queue were successfully
modeled using an AR-model. The AR-model captures a number of frequencies
and the result is that the queue length is seen as a sum of sinusoids. There-
fore, this work studies the e�ects of the transform of a single sinusoid. The
transform approximation when a spline of order 0 is used to reconstruct the
signal, Ŷ 0

sp Eq. (4.25), is linear in the measurements, and further frequencies
in the signal will only add transforms.

Let y(t) = sin(2πf0t) and assume that the signal is sampled at times tk
where Tk = tk − tk−1 are independent identically distributed, i.i.d., stochas-
tic variables with the probability density function fT (τ). Then Ŷ 0

sp(f) is a

stochastic variable. Since tk =
∑k

j=1 Tj,

Ŷ 0
sp(f) = g(T1, . . . , TN)

with g(·) given from Eq. (4.25). The expected value is

E[Ŷ 0
sp(f)] =

∫
· · ·
∫

RN

g(τ1, ..., τN )
N∏
k=1

fT (τk)dτ1 . . . dτN . (4.33)

To show how single frequencies show up in the transform, we will calculate
the expected value of Ŷ 0

sp(f) when

y(t) = sin(2πf0t) =
1
2i

(ei2πf0t − e−i2πf0t)
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is sampled nonuniformly and the inter event times, Tk, have the probability
density function fT (τ). The samples, yk = y(tk) = y(

∑k
n=1 Tn)1, become

yk =
1
2i

(
ei2πf0

∑k
n=1 Tn − e−i2πf0

∑k
n=1 Tn

)
=

1
2i

(
k∏

n=1

η(f0, Tn)−
k∏

n=1

η(−f0, Tn)

)
. (4.34)

η(f, t) = ei2πft (4.35)

Combining Eq. (4.34) with Eq. (4.25) and Eq. (4.33) gives

E[Ŷ 0
sp(f)] =

i

2πf

∫
RN

N∑
k=1

[
yk
(
1− ei2πfτk

) k∏
n=1

e−i2πfτn

]
N∏
k=1

fT (τk)dτk

=
1

4πf
(χ(f, f0)− χ(f,−f0)) (4.36)

where χ(f, f0) evaluates according to

χ(f, f0) =
∫

RN

N∑
k=1

[(
1− ei2πfτk

) k∏
n=1

η(f0, τn)e−i2πfτn
]

N∏
k=1

fT (τk)dτk

=
N∑
k=1

[(∫
R

(
1− ei2πfτk

)
e−i2π(f−f0)τkfT (τk)dτk

)
×(

k−1∏
n=1

∫
R

e−i2π(f−f0)τnfT (τn)dτn

)]

=
N∑
k=1

γ(f, f0)k − γ(0, f0)
N∑
k=1

γ(f, f0)k−1

=

{
(γ(f, f0)− γ(0, f0))1−γ(f,f0)N

1−γ(f,f0) γ(f, f0) 6= 1
(1 − γ(0, f0))N otherwise

(4.37a)

γ(f, f0) =
∫

R

e−i2π(f−f0)τfT (τ)dτ (4.37b)

Figures 4.11, 4.12 and 4.13 show the expected value of Ŷ 0
sp(f) when the

Ti's come from a rectangular distribution between τl and τh, i.e., Eq. (4.36)
together with Eq. (4.37) and

fT (τ) =
{

1
τh−τl τl ≤ τ ≤ τh

0 otherwise

1When jitter sampling is used tk = kT + νk. The expression will become di�erent and simpler
since each measurement only depend on one random variable.
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The input signal y is a single sinusoid with frequency f0. The width of the
inter sample distribution is shown with dashed vertical lines at 1/(2τl) and
1/(2τl). The frequency, f0 and the support and position fT clearly a�ect the
height and the tails of the transform approximation, Ŷ 0

sp.
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Figure 4.11 The expected value, E[Ŷ 0
sp(f)], Eq. (4.25), when y(t) =

sin(2πf0t) and f0 is varied f0 = {0.5, 1.5, 2.5, 3.5}. The im-
pact on the height of the response for di�erent frequen-
cies, f0, is evident. The two vertical lines show the limits
for the distribution of 1

2T .

The conclusions from the studies above are valid even if fT (τ) is an expo-
nential function as has been suggested for network queues, see Section 4.1.

fT (τ) =
{
g0e
−λ(τ−τl) τl ≤ τ ≤ τh

0 otherwise

gives an exponential distribution between τl and τh and g0 is chosen to make∫
fT (τ)dτ = 1. See Appendix 4.B for further discussions about limited distri-

butions. Calculating γ(f, f0) for the two choices of fT shows that the di�erence
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Figure 4.12 The expected value, E[Ŷ 0
sp(f)], Eq. (4.25), when y(t) =

sin(2πf0t) (f0 = 0.5 Hz) and the support for fT (τ) (dashed
lines show the distribution limits for 1

2T ) is varied. Due
to the piecewise constant assumption, new peaks arise,
whose width, height and position depend on the Ti-
distribution. The left plot corresponds to uniform sam-
pling.
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Figure 4.13 The expected value, E[Ŷ 0
sp(f)], Eq. (4.25), when y(t) =

sin(2πf0t) (f0 = 1 Hz) when the limits for fT (τ) (dashed
lines show the limits for 1

2T -distribution) is moved. The
tails of the transform are also a�ected by the position of
the Ti-distribution.
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is mainly in constants. For f 6= f0 Eq. (4.37b) becomes

γrect(f, f0) =
1

(τh − τl)(i2π(f − f0))

(
e−i2π(f−f0)τl − e−i2π(f−f0)τh

)
γexp(f, f0) =

g0

i2π(f − f0) + λ

(
e−i2π(f−f0)τl − e−λ(τh−τl)e−i2π(f−f0)τh

)
.
(4.38)

The principal form, e.g., the number of side lobes, of E[Ŷ 0
sp(f)] will only be

a�ected by the support for the distribution fT , i.e., τh and τl. The choice
of distribution a�ects the heights of the center and side lobes, via g0 and λ.
Figure 4.14 shows E[Ŷ 0

sp(f)] when γexp is used with λ = 2 and τl = 1, τh = 5 to
the left and τl = 0, τh =∞ to the right. In Figure 4.15, the same limits for the
distribution of T is used, but di�erent distributions.
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Figure 4.14 A comparison of E[Ŷ 0
sp(f)] when an exponential distribu-

tion is chosen for fT , Eq. (4.38) and the limits for fT (τ)
are varied. To the left λ = 2 and τl = 1/3, τh = 1 (The lim-
its for the distribution of 1/2T are shown as vertical lines)
and τl = 0, τh =∞ to the right.

4.4 Evaluation

After presenting a number of methods to produce an estimate of the Fourier
transform, a discussion about performance for the di�erent approaches is
needed. The di�erent transforms have been implemented usingMatlab. First
the di�erent methods to approximate the continuous function is discussed and
then a large example is used to compare the di�erent transform approxima-
tions.
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Figure 4.15 A comparison of E[Ŷ 0

sp(f)] when di�erent distributions are
used. To the left an exponential distribution and to the
right a rectangular distribution is used.

4.4.1 Signal Model Evaluation

Based on what we know about the model of the continuous signal, a few
conclusions about the positive and negative aspects of them can be drawn.

• For reconstruction of y(t) with a piecewise constant ŷ, Ŷ 0
sp, the calcula-

tions are quite straightforward, which is not the case for any of the other
assumptions. Studying the expected value, Section 4.3, showed that a
wider Nyquist band will average out the mirror frequencies.

• Real signals are seldom piecewise constant or linear, but when that is
the case these two models of course are highly relevant, e.g., for net-
work queues. In other cases it is a trade o� between exactness and
amount of calculations. A higher order spline polynomial will require
more calculations but probably be closer to the real signal.

• Spline interpolation introduces no assumption about frequency band
limitation on the reconstructed signal.

• Using a sinc as basis function is a commonly used signal model for uni-
formly sampled signals, and it introduces band limitation in the fre-
quency domain also for the nonuniform case. The calculations can be
more easily compared to known results for uniform sampling.

• The Riemann approximation and its extensions provide low complexity.
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Name τl τh Ts N MC
Value 0.23 0.28 0.25 29 20

Table 4.1 The parameter settings for the evaluation run, notation as in
Section 4.2.5.

• Resampling with local polynomial models requires more design choices
than the other setups.

4.4.2 A Large Example

To evaluate the di�erent transform approximations we will study a particular
example. The di�erent transform approximation techniques will be used on a
signal with a single frequency. Some of the techniques are clearly linear, but
no investigation about this fact is done. The example will be used to draw
conclusions about the performance of the approximations. The setup of the
example was chosen because of the modeling of the queue length dynamics
in the previous chapter, with a few basic frequencies.

Example 4.2 (Transform comparison) Let us study the case when

y(t) = sin(2πf0t) (4.39)

is measured at points ti =
∑i

j=1 Tj and Ti comes from an exponential distri-
bution with mean Ts truncated to [τl, τh]. Limited distributions as they are
used here are described in Appendix 4.B. Figure 4.16 provides a normalized
histogram of the inter sample intervals, Tk. Table 4.1 shows the parameter
settings for this run. The Nyquist band becomes

FN = {f : 1.79 ≤ f ≤ 2.17}

and, if nothing else is stated, this is what is used for the di�erent approxima-
tions. Each run is performed MC times to avoid e�ects from the realization
of the Ti's.

Four di�erent frequencies, f0, are used, 0.1, 0.55, 1.9 and 2.6 Hz. 12 di�er-
ent transform approximation for nonuniform sampling are compared to the
transform when the signal is uniformly sampled. The di�erent setups are de-
scribed and named. A summary of the de�nitions were given in Section 4.2.7.

Uniform sampling, Eq. (4.5) Ŷus(f) is calculated for reference, using the �xed
sampling interval T = 1

5
1

2f0
, which gives fN = 5f0.

Riemann approximation, Section 4.2.1 Only the piecewise constant approxi-
mation of the integrand is tested, Ŷ 0

ra(f).
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Figure 4.16 The realization of the probability density function is shown
as the histogram of the Ti's for the simulation example.
The exact form of the distribution can be found from the
exponential function.

Resampling through local polynomial models, Section 4.2.2 Polynomials of or-
der n = 3, two strategies for choosing the bandwidth, h:

Fixed bandwidth, hf :The bandwidth is �xed to hf = T/2,

Ŷ
hf ,3
p,1 (f) T = 1.1Ts giving fN = 1.82,

Ŷ
hf ,3
p,2 (f) T = 3Ts and fN = 0.67.

Varying bandwidth, hv:The bandwidth is varied to include approximately
10 points, i.e., kT − hv < ti < kT + hv, i ≈ k − 5, . . . , k + 5:
Ŷ hv ,3p,1 (f) T = Ts/3 and fN = 6,

Ŷ hv ,3p,2 (f) T = Ts and fN = 2,

Ŷ hv ,3p,3 (f) T = 3Ts and fN = 0.67.

Basis expansion, Section 4.2.3 The sinc is used as basis function:

Ŷ neqsinc(f) Non equidistant grid, Case 4.1.

Ŷ eqsinc(f) Equidistant grid, Case 4.2 with T = Ts giving fN = 2.

Ŷ eqsinc,d(f) Downsampling with an equidistant grid, using T = 3Ts and
M = N/3, giving fN = 0.67.

Spline interpolation, Section 4.2.4 Two cases of spline interpolation are eval-
uated,

Ŷ 0
sp(f) piecewise constant, and,

Ŷ 1
sp(f) piecewise linear.
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Each transform is calculated over 256 frequency points spaced with 0.02 Hz,
i.e., the comparison ranges from 0 to 5.1 Hz. The relative position of the
di�erent f0, fN and FN is shown in Figure 4.17.

0 1 2 3 4 5 6

frequency, [Hz]

FNf

f0

fN

Figure 4.17 The relative position of the di�erent values of the signal
frequency, f0 Eq. (4.39), the nyquist frequencies of the
resmapled signals, fN , and the Nyquist band, FN , during
the simulation runs.

The absolute and relative di�erence between the tested transform approxi-
mation, Ŷ∗(f), and the uniform one, Ŷus(f), is used as performance measures.
Figure 4.18 shows di�erences between Ŷus and six of the tested transform ap-
proximations; Ŷ 0

ra, Ŷ
neq
sinc and four Ŷ h,3p , when f0 = 0.55 Hz. Table 4.2 shows a

comparison of all the instances calculated. To measure the correctness of the
approximations the absolute error,

dPa = ‖|Ŷ∗(f)|2/tN − |Ŷ (f)|2/(NT )‖, (4.40)

and the relative error

dPr =

∥∥∥∥∥ |Ŷ∗(f)|2/tN − |Ŷ (f)|2/(NT )
|Ŷ (f)|2/(NT )

∥∥∥∥∥ , (4.41)

are used, where Ŷ∗ is the tested transform approximation. A small value of
dPa shows a good �t overall and a small value of dPr shows a good �t for
small |Ŷ |2/(NT ), i.e., on the tails of the transform. Rank numbering is used
to show the best and some of the runner ups for each column. �

The numeric results in Example 4.2 show that nothing is obvious when the
Fourier transform of an nonuniformly sampled signal is sought. Some notes
can be made:

1. It is easier to get good results for frequencies signi�cantly below the
Nyquist band. The lower f0 the better the �t of the tails (cf. columns
from left to right).
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Figure 4.18 The transform of a nonuniformly sampled sinusoid with f0 = 0.55

Hz, is compared to the transform when uniform sampling is

used. The di�erence between the power spectras, |Ŷ∗(f)|2/tN −
|Ŷus(f)|2/tN , for di�erent frequencies, f , are shown. Notice the

varying y-scales.
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f0 = 0.10 Hz f0 = 0.55 Hz f0 = 1.9 Hz f0 = 2.6 Hz
FT dPa dPr dPa dPr dPa dPr dPa dPr time

Ŷus 0 0 0 0 2.3 s

Ŷ 0
ra 4 0.27 4 0.91 4 0.08 111.9 1 13.0 2 63 > FN 0.7 s

Ŷ
hf ,3
p,1 0.78 1.04 2 0.06 28.1 > fN > fN 19.3 s

Ŷ
hf ,3
p,2 0.39 1.44 0.14 2 8.2 > fN > fN 7.4 s

Ŷ hv,3p,1 0.46 1.87 0.62 17.6 31.7 1 61 31.8 2 12 64.1 s

Ŷ hv,3p,2 3 0.20 1 0.60 0.55 27.9 31.7 5e3 > fN 20.9 s

Ŷ hv,3p,3 2 0.08 1.63 4.14 31.2 > fN > fN 7.5 s

Ŷ neqsinc 0.29 1.09 3 0.07 53.8 2 13.2 3 100 > FN 1.9 s

Ŷ eqsinc 4 0.27 3 0.90 5 0.09 21.8 51.3 2e6 > fN 4.2 s

Ŷ eqsinc,d 1 0.06 1.72 0.35 1 8.1 > fN > fN 1.4 s

Ŷ 0
sp 0.28 2 0.85 1 0.05 4 13.3 3 17.9 273 1 26.0 40 0.9 s

Ŷ 1
sp 0.56 1.45 0.14 3 12.7 4 25.7 121 30.7 1 9 2.5 s

Table 4.2 Performance evaluation for di�erent signal assumptions and
di�erent setups. The absolute and relative di�erence to Ŷus
and the evaluation time is shown. The smaller numbers indi-
cate a ranking of the top values for each column. The Fourier
transforms, FT, were described on p. 77. The evaluation
times show the di�erence for these particular implementa-
tions performed on a SunBlade 100 using Matlab 6.1. The
notation 2e6 = 2 · 106 is used.

2. It is extremely hard to get good results for frequencies inside the Nyquist
band, and the tails seem to cause themost trouble. Moving the sampling
points seems to make it worse (cf. Ŷ 0

ra and Ŷ
neq
sinc with Ŷ

eq
sinc and Ŷ

hv ,3
p ).

3. Ŷ neqsinc and Ŷ
0
ra perform relatively similar, which indicates thatA in Eq. (4.19)

is not too far from the identity matrix in this case. This can be due to
the fact that the Nyquist band is fairly small. The di�erence in evalu-
ation time shows the di�erence the solving of AX = B makes for this
implementation.
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4. It is interesting to note that estimation of the frequency, f0, using

f̂0 = arg max
f
|Ŷ∗(f)|,

gives the correct frequency for all the calculations, except Ŷ neqsinc when

f0 = 1.9 Hz when f̂0 = 0.02 Hz.

5. Who is the winner for each frequency, f0?

• When f0 = 0.1 Hz, Ŷ eqsinc and Ŷ
hv ,3
p,2 is best.

• When f0 = 0.55 Hz, Ŷ
hf ,3
p,2 and Ŷ 0

sp come out on top.

• Furthermore, when f0 = 2.6 Hz, either Ŷ 1
sp or Ŷ

hv ,3
p,1 performs better

and

• f0 = 1.9 Hz is favourable to Ŷ 0
ra. Ŷ

hv,3
p,1 or Ŷ neqsinc could also be used.

It seems favourable, for most cases, to use equidistant placement of
new samples or of the basis grid. Simple spline interpolation is also a
reasonable option. For f0 > FN , nothing is really a good choice and the
three examined methods are equally bad. Previous investigations of the
resulting continuous approximation, when a nonequidistnat grid is used,
indicated that there might be troubles with this choice (Figure 4.7).

6. If frequencies above the Nyquist band is sought, there is a risk of high
distortion, especially in the tails. Single peaks can be found if the tails
are ignored, e.g., Ŷ 0

sp seems to be most accurate around f0 = 2.6 Hz since
dPa is relatively low and dPr is quite high.

7. For f0 = 0.1 Hz, Ŷ eqsinc,d and Ŷ
hf ,3
p,3 seem to have problems with the tails

but overall a good �t. In this case Ŷ
hf ,3
p,2 is relatively bad overall. This

means that the di�erent techniques for downsampling does not help in
approximating the transform.

8. The Nyquist band in the example was chosen to make it possible to test
for frequencies both below, inside and above it. The calculations in 4.2.4
indicate that a wider Nyquist band might be favourable.

4.5 System Sampling

After producing the transform, the continous model can be adapted to the
spectrum. The other route is to use direct methods for identi�cation. This
section concerns sampling of continous systems, mainly to show the e�ect on
the noise. The results are straighforward from simple equation solving.
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Let us assume that we start with a continuous time model and want to
investigate the e�ects of sampling nonuniformly,

ẋ = Ax+Bu+Dv
y = Cx+ e

(4.42)

v and e are independent white Gaussian noise sources with E[vvT ] = Rv and
E[eeT ] = Re. We leave the second equation and assume that we have mea-
surements at times ti with i = 1, 2, . . . , N . The solution to Eq. (4.42) then
becomes

x(ti) = eA(ti−ti−1)x(ti−1) +
∫ ti

ti−1

eA(τ−ti−1) (Bu(τ) +Dv(τ)) dτ

= eATix(ti−1) +A−1(eATi − I)Bu(ti−1) +

+
∫ Ti

0

eAτDv(ti−1 + τ)dτ (4.43)

The second equality demands that the input, u, is constant between the mea-
surements to be exactly true. It would also be possible to assume other struc-
tures of u based on the measurements, e.g., piecewise constant or an expan-
sion of basis functions. The assumption about u being constant between the
sample points is used to simplify calculations. It can also be argued for, when
the control signal u is calculated by a digital controller. Other representations
of u will not be investigated here.

We will now study the noise term further. Simple calculations lead to

w(ti) ,
∫ Ti

0

eAτDv(ti−1 + τ)dτ (4.44a)

E[w] = 0 (4.44b)

E[wwT ] =
∫ Ti

0

∫ Ti

0

eAτDE[v(ti−1 + τ)v(ti−1 + s)T ]DT eA
T sdτds

=
∫ Ti

0

eAτDRvD
T eA

T τdτ , Rw (4.44c)

The only constraint for this to hold is that Rw < ∞, which is assumed to be
true for all systems of interest in this work. Since v(t) is uncorrelated with
x(s) and y(s) for s ≤ t, we see that w(ti) is uncorrelated with x(s) and y(s) for
s ≤ ti−1.

We �nally get the model equations{
x(ti) = Ãix(ti−1) + B̃iu(ti−1) + w(ti)
y(ti) = Cx(ti) + e(ti)

(4.45)

with

Ãi = eATi ≈ (I +ATi) (4.46a)

B̃i = A−1(eATi − I)B ≈ BTi (4.46b)
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and the approximations come from a �rst order Taylor expansion of the expo-
nential, which means that ATi needs to be small in some sense. The Taylor
expansion can be important, when calculation time is crucial. One important
fact is that Rw changes with Ti, which can be crucial in algorithms.

Example 4.3 (Randomwalk) A randomwalk was used in Chapter 3 to describe
variations of parameters. In continuous time this can be written{

θ̇(t) = v(t)
y(t) = ϕT (t)θ(t)

,

i.e., A = B = 0, C = ϕT (t) and D = I in Eq. (4.42). This means that w(ti) =∫ Ti
0
v(ti−1 + τ)dτ and

Rw = RvTi

�

4.5.1 Filtering

Sampling a continuous �lter, described on state-space form, nonuniformly, is
straight-forward from the above discussion, using y(ti) = Cx(yi) + e(ti). For
a simple �rst order �lter with scalar signals ẋ = ax+ bu, we get

x(ti) = eaTix(ti−1) +
b

a
(eaTi − 1)u(ti−1), (4.47)

which is of course still valid when Ti = T , ∀i, i.e., uniform sampling. If aTi is
small

x(ti) = (1 + aTi)x(ti−1) + bTiu(ti−1) (4.48)

is a good approximation.

Example 4.4 (Filtering of the queue length) In Example 3.3 the queue length
was �ltered with

H(s) =
6.5

s+ 6.5
,

which can be written as

ẋ(t) = −6.5x(t) + 6.5q(t)
y(t) = x(t).

The �lter actually used was the nonuniform �lter calculated as Eq. (4.47):

x(ti) = e−6.5Tix(ti−1)− (e−6.5Ti − 1)q(ti−1)
y(ti) = x(ti).

�



4.6 Model Estimation 85

Example 4.5 (RED's �lter) For a busy queue the �lter in RED can be described
as

y(ti) = (1− λ)y(ti−1) + λq(ti),

see Section 2.2.2. A busy queue is assumed never empty, examples are core
nodes in the network or the connection between a �xed and a wireless net-
work. Since the time di�erence Ti = ti− ti−1 is not taken into account for the
nonuniformly sampled �lter, the resulting continuous �lter is time-varying,
cf. Eq. (4.48). RED's �lter can be seen as a low pass �lter with a time-varying
cut o� frequency.
When the queue is idle, the situation is somewhat better since the time e�ect
is considered in some sense via the parameterm, the exact impact is not clear
however. Though, it is clear that it is not the correct time invariant �lter for
this case either. �

That is, it would be natural to replace the low-pass �lter in RED with a
time-invariant �lter implemented for nonuniform sampling. This is an open
�eld for further improvement.

4.6 Model Estimation

When dealing with nonuniformly sampled data there are several issues to con-
sider. Modeling the dynamics of a system based on measurements at times
ti, can be approached in a few di�erent ways. One objective of the model
is to predict future outputs well. We will discuss three di�erent approaches,
argue for and against each of them and �nally perform some of the necessary
calculations for a full identi�cation experiment.

Model 1: Use a continuous time model as a base and estimate the continuous
parameters based on the measurements and then sample the model at
a useful rate to predict the behavior of the system.

ẋ(t) = A1x(t) +B1u(t)
y(t) = C1x(t) +D1u(t)

For this we need x̂(t|t1, . . . , tN , θ), where θ contains the parameters in
the model and we have done N measurements until time t.

Model 2: A discrete time sampled model requires the knowledge of a suit-
able sample interval, T , for the model.

x(t + T ) = A2x(t) +B2u(t)
y(t) = C2x(t) +D2u(t)

The time constant can be
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• chosen beforehand as a design parameter,

• chosen during calculations by comparing performance of several
parallel model estimations using di�erent time constants, or

• chosen from frequency analysis of the signal.

The preferred way is to use frequency analysis, which gives the best
accuracy in theory. The parameters will depend on the choice of T .

Model 3: A nonuniformly sampled model requires an unknown number of pa-
rameters to be able to capture the basic dynamics.

x(ti+1) = A3(ti)x(ti) +B3(ti)u(ti)
y(ti) = C3(ti)x(ti) +D3(ti)u(ti)

The size of the model is dependent on the basic frequency and the inter
arrival times, Ti. The value of the parameters will also depend on Ti.

Every approach has some advantages over the others but they all cause prob-
lems as well. Some of the considerations that have been done are listed here.
The primary aim is to �nd a continous model based on the data:

1. There exists no theory for estimation of a continuous time model using
nonuniformly sampled data. Previous work has been done on model
structures like

ẏ + ay + b = u,

where clever integration of the equation above is used to eliminate the
derivative, see the toolbox Contsid described in Garnier and Mensler
(1999). During the integration, the signals y and u are considered piece-
wise constant, and the authors argue that the sampling is done fast
enough for this to be a reasonably good approximation. In Larsson and
S�oderstr �om (2002), continuous time AR processes are identi�ed by nu-
merical approximation of the derivative.

2. A continuous time model will describe the basic frequency without hav-
ing to consider a good choice of the sampling time, T .

3. A nonuniformly sampled model does not need a sample time but still
needs the same information about the basic frequency as the discrete
time model. For small inter sample times this can produce an extremely
large number of parameters to make sure that the main variations are
captured.

4. A discrete time model necessitates interpolation between nonuniform
samples to �nd, y(t± kT ). The techniques for local polynomial model-
ing discussed in Section 4.2.2 can be used, but they still require non-
causality and is not useful for recursive actions.
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5. Perhaps di�erent parts could be modeled in di�erent ways, e.g., param-
eter variation and signal variation can have di�erent model types.

In summary, the nonuniformly sampled model is of large complexity and
the required information does not di�er much from that of the discrete time
model. The continuous time model is more suitable for recursive calculations
while the discrete time model is simpler to handle. The following discussions
will include both these options in parallel.

4.6.1 Cost Function

When a model is to be �tted to measured data a cost function, V (θ), is cho-
sen and then minimized with respect to the parameterization of the model,
here denoted θ. For Model 1 the natural way is to minimize the distance
between the model output, ŷ, in the measurement points, ti, and the actual
measurements, yi, i.e.,

V (θ) =
∑
|y(ti)− ŷ(ti|θ)|2 . (4.49)

If Model 2 is used it is more natural to look at the correspondence of the
model with the signal at the model discretization times, kT , i.e.,

V (θ) =
∑
|y(kT )− ŷ(kT |θ)|2 . (4.50)

The �rst di�erence is the weighting of measurements. Using Eq. (4.49) it will
be more important with a close �t when the measurements lie close (small
Ti). This can be solved by using weights in Eq. (4.49) in a clever way. De-
pending on the method used for resampling, Eq. (4.50) can even miss samples
if the sampling interval, T , is much larger than the measurement intervals,
Ti. Secondly, in the second approach the model is compared to values calcu-
lated from measurement data, not to real measurements. Depending on the
calculation of y(kT ), Eq. (4.50) can yield di�erent results.

4.6.2 Output Estimation

In Chapter 3, the queue length dynamics was modeled with a biased AR-
model. Such a model is described in state space form withD = 0 and u(t) = 1.
The rest of the description focuses on calculations for this model type. Most
parts are straightforward to extend for other choices of u(t).

For the two cases, the states, x, have to be estimated in order to �nd the
output estimates, ŷ. The state estimates x̂, are found by using the model and
correcting with the error between the measurement and the model output.
Starting again with Model 1, somewhere along the way it becomes neces-
sary to sample the model to �nd the estimates at times ti. Two versions are
possible:
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• Start by designing the state estimate update equation and then sample
it to get

˙̂x(t) = A1x̂(t) +B1 +K(y(t)− C1x̂(t))

x̂(ti) = e(A1−KC1)Ti x̂(ti−1) + SiB1 + SiKyi−1

Si = (A1 −KC1)−1(e(A1−KC1)Ti − I)

. (4.51)

The sampling phase means that y is assumed to be piecewise constant
between the measurements, the same holds for u but since we only con-
sider the case when u(t) = 1 this is of less importance.

• Sample the model equation �rst and then design the state update equa-
tion to get

x(ti) = eA1Tix(ti−1) +A−1
1 (eA1Ti − I)B1

x̂(ti) = eA1Ti x̂(ti−1) +A−1
1 (eA1Ti − I)B1 +Ki(yi − C1x̂(ti−1))

. (4.52)

The scaling of the estimation error,K, depends on time since the system
description changes over time, Ãi = EA1Ti.

ForModel 2 it is straightforward to design the state estimate update equa-
tion.

x̂((k + 1)T ) = A2x̂(kT ) +B2 +K(kT )(y(kT )− C2x̂(kT )) (4.53)

For all cases
ŷ = Cx̂

is used to �nd the output estimate at the wanted time.

4.6.3 Calculation of Optimal K

Algorithm 3.2 describes the Kalman Filter for parameter estimation but the
same algorithm can be used as a state estimator.

Algorithm 4.2 (KF for nonuniformly sampled data)

Given the state space model

x(ti) = Aix(ti−1) +Bi + w(ti)
y(ti) = Cix(ti) + e(ti)

the state estimation is done as follows

x̂(ti) = Aix̂(ti−1) +Bi +Ki(yi − Cix̂(ti−1))

Si = CiPi−1C
T
i +Ri

Ki = AiPi−1C
T
i S
−1
i

Pi = AiPi−1Ai +Qi −AiPi−1C
T
i S
−1
i CiPi−1A

T
i
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Ri = E[e(ti)Te(ti)] and Qi = E[w(ti)Tw(ti)] describe the properties of the
measurement and process noises. The estimation of the output is then

ŷ(ti) = Cix̂(ti).

The Kalman Filter is insensitive to the chosen time scale, as long as the noise
representations reect it, i.e., ti can be the nonuniform sample points or the
uniform resampling points depending on the chosen model structure. How
to deal with the noise representation was discussed in Section 4.5.

Example 4.6 (AR modeling of queue length dynamics) In Example 3.5 a �fth
order AR model is adapted to the queue length data. The random walk de-
scribed in Example 4.3 was used for parameter changes, where the changing
noise description was plugged into the Kalman Filter in Algorithm 4.2 with
Ai = I, B1 = 0,

Ci = ϕT (ti) =
(
y(ti − T ) . . . y(ti − 5T ) 1

)
,

Ri = 0 and Qi = RvTi. The calculation on θ was done at the measurement
points but uniform sampling was used for the model description. This means
that the cost function Eq. (4.49) was used together with Model 2. �

4.7 Summary

Modeling and identi�cation based on nonuniform sampling can be done in
a variety of ways. This chapter investigated two alternatives: adopt a con-
tinuous model to the Fourier transform, or use the samples directly. Sev-
eral approximations of the Fourier transform based on nonuniform sampling
were presented and evaluated. These transform approximations can be used
to adapt to a continuous time model. The approximations were done us-
ing approximations of the integrand, resampling and reconstruction of the
continuous signal. The chapter also discussed identi�cation directly in the
continuous domain.

In the previous chapter, the queue length dynamics wer modeled as a
sum of sinusoids. Therefore, the evaluation of the transform approximations
was based on a single frequency. The transform approximations are linear in
the measurements and therefore superposition of di�erent frequencies apply.
The performance evaluation of the approximations showed no single answer
on how to approximate the transform based on nonuniform sampling. Re-
sampling or simple spline interpolation seemed to be favorable. Calculations
of expected value for the approximation when splines of order 0 were used to
reconstruct the signal showed that the width of the support for the distribu-
tion had great impact on the appearance of the transform. This was done for
the case when the inter sample times were rectangularly distributed.



90 Chapter 4 Nonuniform Signal Processing

It was shown that for state-space models, standard identi�cation meth-
ods can be used after sampling the system, if only consideration is taken to
varying noise characteristics. System identi�cation using state-space models
is described in Ljung (1999).
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Appendices

4.A Calculation of theMean for a Sum of sinc-Functions

Eq. (4.27) should be calculated using Eq. (4.15) with H(t) = sinc(t).

µsinc =
1
tN

∫ tN

0

∑
k

ck sinc(ak(t− bk))dt =
1
tN

∑
k

ck
ak

(g(ak(tn − bk)) + g(akbk))

Here

g(x) =
∫ x

0

sinc(t)dt (4.54)

is calculated using the Taylor expansion for a sinusoid and then dividing by
πx.

sin(x) = x− x3

3!
+
x5

5!
− x7

7!
+ . . .

=
∞∑
n=1

(−1)n
x2n+1

(2n+ 1)!

sinc(x) =
sin(πx)
πx

=

∑
n(−1)n (πx)2n+1

(2n+1)!

πx

=
∞∑
n=0

(−1)n
(πx)2n

(2n+ 1)!∫
sinc(x)dx =

∞∑
n=0

(−1)n
π2nx2n+1

(2n+ 1)(2n+ 1)!
(4.55)

From this expression, it is easy to see that

g(−x) = −g(x). (4.56)

Finally, ∫ x1

x0

sinc(a(x− b))dx =
1
a

(g(a(x1 − b))− g(a(x0 − b))) (4.57)

gives the resulting mean value:

µsinc =
1
tN

∑
k

∞∑
n=0

(−π2)nck
a2n
k

(
(tN − bk)2n+1 − b2n+1

k

)
(2n+ 1)(2n+ 1)!
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A large amount of memory is needed to calculate g(x) from Eq. (4.55) for
high values of x and n. In Matlab the sum is possible to calculate for n up to
200 and the mean value is then correct for x up to approximately 10. A tabular
of values of g(x), Eq. (4.54), is given in Table 4.3. Together with Eqs. (4.56)
and (4.57) the values in the tabular can be used to �nd all mean values. For

x g(x) x g(x) x g(x) x g(x)

0.01 0.0100 0.31 0.2941 0.61 0.4984 0.91 0.5852
0.02 0.0200 0.32 0.3026 0.62 0.5033 0.92 0.5861
0.03 0.0300 0.33 0.3109 0.63 0.5080 0.93 0.5869
0.04 0.0400 0.34 0.3192 0.64 0.5125 0.94 0.5876
0.05 0.0499 0.35 0.3273 0.65 0.5170 0.95 0.5882
0.06 0.0599 0.36 0.3354 0.66 0.5213 0.96 0.5887
0.07 0.0698 0.37 0.3433 0.67 0.5254 0.97 0.5890
0.08 0.0797 0.38 0.3512 0.68 0.5295 0.98 0.5893
0.09 0.0896 0.39 0.3589 0.69 0.5333 0.99 0.5894
0.10 0.0995 0.40 0.3665 0.70 0.5371 1.0 0.5895
0.11 0.1093 0.41 0.3740 0.71 0.5407 1.1 0.5848
0.12 0.1191 0.42 0.3814 0.72 0.5442 1.2 0.5724
0.13 0.1288 0.43 0.3887 0.73 0.5475 1.3 0.5545
0.14 0.1385 0.44 0.3959 0.74 0.5507 1.4 0.5336
0.15 0.1482 0.45 0.4029 0.75 0.5538 1.5 0.5120
0.16 0.1578 0.46 0.4099 0.76 0.5567 1.6 0.4917
0.17 0.1673 0.47 0.4167 0.77 0.5595 1.7 0.4746
0.18 0.1768 0.48 0.4233 0.78 0.5622 1.8 0.4618
0.19 0.1863 0.49 0.4299 0.79 0.5647 1.9 0.4540
0.20 0.1957 0.50 0.4363 0.80 0.5671 2.0 0.4514
0.21 0.2050 0.51 0.4426 0.81 0.5694 2.1 0.4538
0.22 0.2142 0.52 0.4488 0.82 0.5715 2.2 0.4605
0.23 0.2234 0.53 0.4548 0.83 0.5736 2.3 0.4704
0.24 0.2325 0.54 0.4608 0.84 0.5754 2.4 0.4825
0.25 0.2416 0.55 0.4665 0.85 0.5772 2.5 0.4952
0.26 0.2506 0.56 0.4722 0.86 0.5788 2.6 0.5075
0.27 0.2594 0.57 0.4777 0.87 0.5804 2.7 0.5182
0.28 0.2682 0.58 0.4831 0.88 0.5818 2.8 0.5263
0.29 0.2770 0.59 0.4883 0.89 0.5830 2.9 0.5314
0.30 0.2856 0.60 0.4935 0.90 0.5842 3.0 0.5331

Table 4.3 Values of g(x) for di�erent x. Eqs. (4.56) and (4.57) can be
used to get values of the integral.

higher values

ĝ(x) = 0.5
(

1− 0.199
x0.99

cos(πx)
)

gives very good accuracy (|g(x)− ĝ(x)| < 3 · 10−3). The approximation of g was
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found by comparing a step response of a �rst order system to the function
plot of g(x). Then parameter �tting was done for a few measurement points.
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4.B Limited Distributions

Let f(t) be a probability density function with in�nite support, i.e., f(t) > 0,
∀t. To construct a limited distribution, g(t), between t0 and t1, let

g(t) =
{ 1

g0
f(t) t0 ≤ t ≤ t1

0 otherwise
.

The scaling factor g0 makes sure that
∫
g(t)dt = 1, i.e., g0 =

∫ t1
t0
f(t)dt.

If f(t) is the exponential distribution g(t) becomes:

∆T = t1 − t0
f(t) = λe−λt∫ t1

t0

f(t)dt = e−λt0(1− e−λ∆T )

g(t) = λ
e−λ(t−t0)

1− e−λ∆T
, t0 ≤ t ≤ t1.

To �nd the mean for the distribution note that

∫ t1

t0

λ(t− t0)e−λtdt =
[
−(t− t0)e−λt +

e−λt

−λ

]t1
t=t0

=

= e−λt0/λ− e−λt1(∆T + 1/λ) =
e−λt0

λ
(1 − (1 + λ∆T )e−λ∆T )

then let m =
∫
tg(t)dt and the resulting equation

λ(1 − e−λ∆T )(m− t0) = e−λt0(1− (1 + λ∆T )e−λ∆T )

gives the mean, m. Inspection shows that m = 1/λ when t0 = 0 and t1 = ∞
as expected.



Conclusions

5

This thesis presents three parts of the network control problem: An overview,
a design case and background theory. It is a part of the e�orts that are needed
to manage future networks. The work shows promising results in using adap-
tive queue management to improve transmission performance over wired or
wireless links. It also adds to the knowledge about interacting control struc-
tures on the network.

The di�erent parts can be completely separated. It is not necessary to have
any understanding of the underlying application to be able to understand the
improvements made in queue management or the usefulness of the theory
for nonuniform signal processing.

By using systems theory several control structures at di�erent levels on the
Internet are highlighted. Important connections between these controllers
are also discovered as well as cases where simpli�cations are appropriate.

This work concerns the task of improving performance over a network sys-
tem by intelligent dropping of packets at the nodes. This is done by model-
ing of the queue length dynamics and controlling packet drops. It is shown
that biased autoregressive models of the queue length dynamics capture the
main dynamics. The control technique is built on the existing structure and
showed promising results. It is shown that predictions of the queue length
can be used successfully to increase the throughput and that control based on
the derivative damps queue length oscillations.

A major part of the network control is triggered by packet arrivals and
departures. The control decisions in Adaptive Queue Management, e.g., are
calculated for each new packet arrival. A discussion about nonuniform sig-
nal processing presents two routes toward continuous modeling of a nonuni-
formly sampled signal; using transform approximations or direct methods.
Several methods to approximate the Fourier transform from nonuniform sam-
ples are presented and evaluated. Resampling uniformly or spline interpola-
tion of nonuniform samples produce the most accurate transform.

95
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Filtering and ordinary system identi�cation based on nonuniform samples
are presented and also illustrated with examples. The commonly used �lter
in todays adaptive queue management algorithms are interpreted based on
this discussion. It is also shown how the noise representation should be done
in identi�cation of continuous time models at nonuniform samples.

This work leaves room for several improvements and further investiga-
tions. The overall view of network control can be further developed and used
for analysis. Control algorithms for other layers can be designed and eval-
uated. When studying network queue management, modeling and control
were kept simple as well as basic calculations. It is believed that the major
improvements can be done by improved implementations; using more sophis-
ticated control structures; and automatic tuning of the sampling time for the
models. There are a lot of connections between di�erent approximations of
the Fourier transform that need to be further investigated. Evaluations of
control based on models from transform approximations should be done, and
investigations of implementation aspects for the di�erent methods.

Further work that would be very interesting, is implementation and test-
ing of the proposed methods against other simulators and also real systems,
especially for radio applications.
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