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Abstract

This technical report presents a cardinalized probability hypothesis density
(CPHD) filter for extended targets that can result in multiple measure-
ments at each scan. The probability hypothesis density (PHD) filter for
such targets has already been derived by Mahler and a Gaussian mixture
implementation has been proposed recently. This work relaxes the Poisson
assumptions of the extended target PHD filter in target and measurement
numbers to achieve better estimation performance. A Gaussian mixture
implementation is described. The early results using real data from a laser
sensor confirm that the sensitivity of the number of targets in the extended
target PHD filter can be avoided with the added flexibility of the extended
target CPHD filter.

Keywords: Multiple target tracking, extended targets, random sets, prob-
ability hypothesis density, cardinalized, PHD, CPHD, Gaussian mixture,
laser.
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I. INTRODUCTION

The purpose of multi target tracking is to detect, track and
identify targets from sequences of noisy, possibly cluttered,
measurements. The problem is further complicated by the fact
that a target may not give rise to a measurement at each
time step. In most applications, it is assumed that each target
produces at most one measurement per time step. This is true
for some cases, e.g. in radar applications when the distance
between the target and the sensor is large. In other cases
however, the distance between target and sensor, or the size
of the target, may be such that multiple resolution cells of the
sensor are occupied by the target. This is the case with e.g.
image sensors. Targets that potentially give rise to more than
one measurement are denoted as extended.

Gilholm and Salmond [1] presented an approach for track-
ing extended targets under the assumption that the number
of recieved target measurements in each time step is Poisson
distributed. They show an example where they track point
targets which may generate more than one measurement, and
an example where they track objects that have a 1-D extension
(infinitely thin stick of length 7). In [2] a measurement model
was suggested which is an inhomogeneous Poisson point
process. At each time step, a Poisson distributed random
number of measurements are generated, distributed around the
target. This measurement model can be understood to imply
that the extended target is sufficiently far away from the sensor
for its measurements to resemble a cluster of points, rather
than a geometrically structured ensemble. A similar approach

is taken in [3], where the so-called track-before-detect theory
is used to track a point target with a 1-D extent.

Random finite set statistics (FISST) proposed by Mahler has
become a rigorous framework for target tracking adding the
Bayesian filters named as the probability hypothesis density
(PHD) filter [4] into the toolbox of tracking engineers. In a
PHD filter the targets and measurements are modeled as finite
random sets, which allows the problem of estimating multiple
targets in clutter and uncertain associations to be cast in a
Bayesian filtering framework [4]. A convenient implementa-
tion of a linear Gaussian PHD-filter was presented in [5] where
a PHD is approximated with a mixture of Gaussian density
functions. In the recent work [6], Mahler gave an extension
of the PHD filter to also handle extended targets of the type
presented in [2]. A Gaussian mixture implementation for this
extended target PHD filter was presented in [7].

In this report, we extend the works in [6] and [7] by
presenting a cardinalized PHD (CPHD) filter [8] for extended
target tracking. To the best of the authors’ knowledge and
based on a personal correspondence [9], no generalization of
Mahler’s work [6] has been made to derive a CPHD filter
for the extended targets of [2]. In addition to the derivation,
we also present a Gaussian mixture implementation for the
derived CPHD filter which we call extended target (tracking)
CPHD (ETT-CPHD) filter. Further, early results on laser data
are shown which illustrates robust characteristics of the ETT-
CPHD filter compared to its PHD version (called naturally as
ETT-PHD).

This work is a continuation of the first author’s initial
derivation given in [10] which was also implemented by the
authors of this study using Gaussian mixtures and discovered
to be extremely inefficient. Even though the formulas in [10]
are correct (though highly inefficient), the resulting Gaussian
mixture implementation also causes problems with PHD coef-
ficients that can turn out to be negative. The resulting PHD was
surprisingly still valid due to the identical PHD components
whose weights were always summing up to their true positive
values. The derivation presented in this work gives much more
efficient formulas than [10] and the resulting Gaussian mixture
implementation works without any problems.

The outline for the remaining parts of the report is as fol-
lows. We give a brief description of the problem in Section II
where we define the related quantities for the derivation of



the ETT-CPHD filter in Section III. Note here that we are
unable to supply an introduction in this work to all the details
of the random finite set statistics for space considerations.
Therefore, Section II and especially Section III require some
familiarity with the basics of the random finite set statistics.
The unfamiliar reader can consult Chapters 11 (multitarget
calculus), 14 (multitarget Bayesian filter) and 16 (PHD and
CPHD filters) of [11] for an excellent introduction. Section IV
describes the Gaussian mixture implementation of the derived
CPHD filter. Experimental results based on laser data are
presented in Section V with comparisons to the PHD filter for
extended targets. Section VI contains conclusions and thoughts
on future work.

II. PROBLEM FORMULATION

PHD filter for extended targets has the standard PHD filter up-
date in the prediction step. Similarly, ETT-CPHD filter would
have the standard CPHD update formulas in the prediction
step. For this reason, in the subsequent parts of this report, we
restrict ourselves to the (measurement) update of the ETT-
CPHD filter. We consider the following multiple extended
target tracking update step formulation for the ETT-CPHD
filter.

o« We model the multltar%et state X, as a random ﬁmte set

X = {z},22,... 2, Vi } where both the states xk € R"
and the number of targets N} are unknown and random.
e The set of extended target measurements, Z, =
{zt,... zk’“} where z; € R™ for i = 1,...,N{,
is distributed according to an independent identically
distributed (i.i.d.) cluster process. The corresponding set
likelihood is given as
f(Zylz) = NpWP.(NE|2) TT peCale)

2KLE€ZK

where P,(-|z) and p,(-|z) denote the probability mass
function for the cardinality Nj of the measurement set Zj,
given the state x € R of the target and the likelihood
of a single measurement. Note here our convention of
showing the dimensionless probabilities with “P”” and the
likelihoods with “p”

o The target detectlon is modeled with probability of de-
tection Pp(-) which is a function of the target state

r € R"=,
o The set of false alarms Jsg,l}]&ected at time k£ are shown with
ZFA = {zpF ,...7zk’° }Wheresz € R"= are

distributed according to an i.i.d. cluster process with the
set likelihood
f(Zpa) = NFAIP II praz) @

ZkEZ}fA

where Pra(-) and pra(-) denote the probability mass
function for the cardinality N} A of the false alarm set
ZFA and the likelihood of a single false alarm.

« Finally, the multitarget prior f(Xy|Zo.x—1) at each esti-
mation step is assumed to be an i.i.d. cluster process.

F(XklZo—1) =Npjr—1' Pry1jr(Nsa)x)
< ] prsan(an) 3)
rr€Xp
where
Prjr—1(zr) £ N;;“i_le\kfl(xk) 4)

with Ngjp—1 2 [ Dyj—1(zx) dag and Dy () is the
predicted PHD of Xj,.

Given the above, the aim of the update step of the ETT-

CPHD filter is to find the posterior PHD Dy ;. (-) and the

posterior cardinality distribution Py, (-) of target finite set
X

III. CPHD FILTER FOR EXTENDED TARGETS

The probability generating functional (p.g.fl.) corresponding
to the updated multitarget density f(Xy|Zo.x) is given as

2_F[0, h]
Grplh] = 22— — )
LR SR
where
Flg,h] £ / WX Glg|X]f(X| Z51)6X, ©)
Glgla] £ / o7 £(21X)52 )

with the notation h* showing [], .y h(x). The updated
PHD Dy, ;;( - ) and the updated probability generating function
Gji( ) for the number of targets are then provided with the
identities

5 5
1) EWF[(L 1]
Dy () Grrl1] - ; (®)
5 52-F[0,1]
Guge(z) =Ggele] = T ©
klR\T) =GggT] = —5 S
57 F'10,1]
In the equations above, the notations g—)'( and f -0X denote

the functional (set) derivative and the set integral respectively.

o Calculation of G[g|X]: The p.g.fl. for the set of mea-
surements belonging to a single target with state x is as

follows.
Galglz] =1 — Pp(x) + Pp(z)G:[glz]  (10)
where G [g|z] is
Gulgia) = [ 47210162 (an

Suppose that, given the target states X, the measurement
sets corresponding to different targets are independent.
Then, we can see that the p.g.fl. for the measurements
belonging to all targets becomes

Gxlg|X] = (1 - Pp(z) + Pp(x)

G:lglz)*. (12



With the addition of false alarms, we have

Glg|X] = Gralg)(1 = Pp(z) + Pp(x)G:glz])*

(13)

o Calculation of F[g, h|: Substituting G[g|X] above into
the definition of F[g, h] we get

Flg.) = [ WXGralgl(1 = Po(s) + Po(a)G-[ols) ™
X frpr—1(X[Zk-1)0X (14)
~Gralg] [ (h(1 = Po(o) + Po(a)C.[gls]))*

X frlk—1(X[Zp-1)6 X (15)
=G ralg)Grjk—1[h(1 — Pp(x) + Pp(x)G.[g|z]]
(16)

=GpalglGrpe—1[h(1 = Pp + PpG:[g]]  (17)

where we omitted the arguments = of the functions
Pp( ) for simplicity. For a general i.i.d. cluster process,
we know that

Glg] =G(plg])

where G( - ) is the probability generating function for the
cardinality of the cluster process; p(-) is the density of
the elements of the process and the notation p[g| denotes

(18)

the integral [ p(z)g(x) dx. Hence,
Flg,h] =Gra (pFA[gD
X Glk—1 (pk\k—l [n(1— Pp + PDGZ(pZ[g]))])
19)
We first present the following result.
Theorem 3.1 (Derivative of the Prior p.g.fl.): The  prior

p.gfl. Gri_1[h(l1 — Pp + PpG.[g]] has the following
derivatives.

5(SZGk|k 1 (pk|k 1[h(1 = Pp + PDGz(pz[g]))])

= Grp—1 (plc\kfl [h(1 = Pp + PpG.(p. [g]))])52=¢
+ 3 G (prge-a [ Pp + P0G (p:[a))] )

PLZ
a) I] »-(z } (20)

< 11 priw- 1{hPDG

wePpP z'eWw
where
1, ifZ=¢
Sg—p =3’ . 21
7=0 {O, otherwise @D

o The notation PZZ denotes that P partitions the mea-
surement set Z and when used under a summation sign
it means that the summation is over all such partitions P.
o The value |P| denotes the number of sets in the partition

P.

e The sets in a partition P are denoted by the W € P.
When used under a summation sign, it means that the
summation is over all the sets in the partition P.

o The value |[WW| denotes the number of measurements (i.e.,
the cardinality) in the set W.

Proof: Proof is given in Appendix A for the sake of clarity.[]

We can now write the derivative of F[g, h| as

=~ s

SCZ

X %Gk\kq (pk\kq [h(1— Pp + PDGz(pz[g]))])' (22)

Substituting the result of Theorem 3.1 into (22), we get the
following result.

*F l9,h GFA(PFA [9])

Theorem 3.2 (Derivative of F|g, h| with respect to Z):
The derivative of F'[g, h| is given as

2 Flg.n] = (H pFA<z’>> S

z'eZ PLZWEP
x G, (prgia [0 = Po 4+ PoGa(p:[0])] )

<GFA (pralg])

1
X pprwle i+ G (pralg))
G;(an‘ 1 (pk|k—1 [h(1 — Pp + PDGz(Pz[Q]))D)
S | Tt ara) (23)
wrepP-WwW
where
nw g, b] Eppj— 1[hPDG('W') P (2 ), } (24)
Jew pra(z
O

Proof: Proof is given in Appendix B for the sake of clarity.[]

Substituting g = 0 in the result of Theorem 3.2, we get

2 Fl0,h] = (H prals ) 3D (GFA<0>
z'eZ PLZ WeP

% G, (s [~ Po + PoGL(0)] )

L owlon] + 6 o)

1P

X Gk“kl ) (pk\k_1 [h(1 - Pp + PDGZ(()))D>

< [T owio.n. (25)
W’ eP-W

In order to simplify the expressions, we here define the
quantity p[h] as

p[h] £ prjg—1 [h(1 = Pp + PpG.(0))] (26)



which leads to

5 pioi - (HW ) D3 (aFA«n
z'ezZ PLZ WeP

< 11

wWeP-Ww

nw[0, h]. (27)

Taking the derivative with respect to x, we obtain the
following result.

Theorem 3.3 (Derivative of %

5 5F [Oh}

with respect to x):

The derivative is given as

d 0F[0,h)
St 87 ( H pra(z ) Prjk—1(2)

DIDI ZH v (0.1)

PLZWEP ~W'eP-W

9 ((GFA<0>G,E'Z'_*1”<M>”W|7[S|’ i

G OGE 6l ) (1~ Po(e) + o) 0)

(PN h(z)Pp(2)GY0) 1 pa(2]2)
FGrall )lek i(elh]) P 2 EW pra(?’)
h
+ (GraGRY, (i) ™
+ G )G <p[h]>)
h(z)Pp(x) p2(z
: W’»;—W nw [0, h e pra(z ) (28)

O

Proof: Proof is given in Appendix C for the sake of clarity.[]

If we substitute h = 1 into the result of Theorem 3.3, we

get
)pkkl(m)

)

EﬁFO 1 <z1;[ZpFA

« 3 z( 11 nW/[o,u)
PLZ WeP wWrep—-w

. ((Gm D ) ™

+ G OG, (6l1) ) (1= Po(e) + Po(e)G.(0)

Pp(z)GY(0) p=(#'|z)
P pra(z’)

+GraOGEY (1)
z'eWw

nw [0, 1]
P

; (GFA< )G, (pl1)

+ G0 )G;'Z'_R(pun)

Pp(z) p=(#'|z) )
x Yy H : (29)
W/eP-W | 0 1 2EW! pra(z
In order to simplify the result, we define the constants
P)) nw 0,1
Bp.w £Gra(0 )GI(J\/C‘ (P [1])7[3|]
+ G OG0, (30)
nw 0,1
e £GraOGI (pl1) 5
P
+ GO, (ol1]), (31)
apw 2 H nw[0,1]. (32)
WeP-Ww

‘We can now write the above results in terms of these constants

as follows.
) pk|k—1($)

Y
%QFO 1] (H pralz
X Z Z apw (’}/p,w(l — Pp(z) + PD(.T)GZ(O))

2z
PLZ WeP
)Gl 2z
+GraO)GHR, (o) 24 )ncjf ° 52(,4'23

> e Oy

W eP—Ww [0, 1] 2 eWr

1)
57ZF01 (HPFA )

z'eZ

z'eWw

P2 (2'|z) )
PFA
(33)

Z Z ap wBpw-

PLZWEP
(34)

+ Bp.w

Dividing the two quantities above, we obtain the updated PHD
Dyi( ) as given below.

_ dprz 2wep OPWIPW
D) = dpsz 2wep OPwWOPW
x (1= Pp(x) + Pp(x)G(0))pkjx—1(x)

Spss Swer an (Cra@GH (1)

Pp ()G W (0)
i e U %

Pp (2)GW'1(0) - (2'])
+Brw Xwrep-w W [Lew zFAw)

p=(2|z)
z'eW pFA(Z/)

X

_|_
dpsz 2wep OPWhBPW

X Prjk—1(x) (35)
_ szz EWGP ap wyYp,w
Z’PAZ EWGP CVP,WBP,W

x (1= Pp(x) + Pp(z)G+(0))pk|x—1(z)




Y psz Swep GE(0)

(25 Gra G, (11

+ Xwiep—w Op,w!Bp wr
nw [0,1]

+
Yopsz 2owep OP.WBPW

x Pp(x) H pz(zégipmk—l(ff)

SeW Pra

(36)

If we define the additional coefficients < and op  as

8 2ups7 2owep YPWIYPW
R = )
doprz 2wep @PwhPwW
ap,.w P
om 2610) (222 G016, o)
Ywrep—w oP,w Bpw )
nmw [07 1] ’
we can obtain the final PHD update equation as in (39) on the
next page. We give a proof that (39) reduces to the ETT-PHD
update formula of [6] in the case of Poisson prior, false alarms
and target generated measurements in Appendix D.
Substituting ~A(z) = x in the result of Theorem 3.2, we get

2 Fl0,2] = (H pFA<z'>> S arw (GFA«))

z'eZ PLZWeP

(37)

+ (38)

x nw [07 1] x\P\

+ G%KY><0>G,E'7Z'P(pu]x)x”-l) e

(IP1)
X Gip1

Now dividing by %F [0, 1] which is given in (34), we get the
posterior p.g.f. G, (- ) of the target number given in (41) on
the next page. Taking the nth derivatives with respect to z,
evaluating at x = 0 and dividing by n!, would give posterior
probability mass function Py, (n) of the target number given
in (42) on the next page.

IV. A GAUSSIAN MIXTURE IMPLEMENTATION

In this section, we assume the following.

o The prior PHD, Dy;,—1(-) is a Gaussian mixture given
as

Jr|k—1

Dyjp—1(z) = E w‘;i\kle(x;m‘;i\kfpPIZ|k71)?
i=1
(43)

o The individual measurements belonging to targets are
related to the corresponding target state according to the
measurement equation

2z = Cayp + v 44)

where v, ~ N(0,R) is the measurement noise. In
this case, we have the Gaussian individual measurement
likelihood p. (- |z) = N(-;Cz, R).

o The following approximation about the detection proba-
bility function Pp(z) holds.

Pp(x)N(z;m, P) = Pp(m)N (z;m, P) (45)

where m € R"» and P € R"=*"= are arbitrary mean and
covariances. This approximation is made for the sake of
simplicity and for not being simplistic by assuming a
constant probability of detection. The formulations can
be generalized to a function Pp(-) represented by a
Gaussian mixture straightforwardly though this would
increase the complexity significantly.
The Gaussian mixture implementation we propose has the
following steps.
1) Calculate p[1] as

pll] =) wj, (1= Ph+PhG-(0)  (46)
where P}, 2 PD(mi‘kfl) and
J
. w
_ A klk—1
wi““*l T o Iklk—1 g @7)
=1 klk—1
for j = 1,...,Jyx—1 are the normalized prior PHD

coefficients.
2) Calculate 7y [0,1] for all sets W in all partitions P of
7, as follows.

Jrlk—1

» LW
wl0,1] =607 (0) 3 Wi|k_1PJ§LT (48)
j=1 FA
where
LY =N(zwi 2l 1 St (49)
Ly, =] prat2) (50)
zeW
Zi’\‘i/cvq :Cwmquq 1
St =CwPl,_,Cl + Ry (52)
Zy 2 @ z, (53)
zeW
CW :[OTacTa"' 7CT]Ta (54)
N———
|[W| times
Ry =blkdiag(R, R,--- , R). (55)
N———

|W| times
The operation €D denotes vertical vectorial concatena-
tion.

3) Calculate the coefficients Sp w, vp,w, ap,w, £ and
op,w for all sets W and all partitions P using the
formulas (30), (31), (32), (37) and (38) respectively.

4) Calculate the posterior means m?), and covariances

k|k
Pglgv as
mi‘x;v =mj_y + K (2w — Zi’fg/,l) (56)
Pl =Ply —KSEL (KITT O 57)
KW epl  Cl (Sglzvfl)_l . (58)



>prz2wep 0P [ Liew Pralz

pz(2]z)

D)
D — | k(1 = Pp(z) + Pp(2)G.(0 P (). 39
wik(x) = | (1 = Pp(z) + Pp(x)G(0)) + Sy S wep o B p(z) | Prjp—1(2) (39)
zmzm%,w@m( )G (plt]e) egetlal Pl 4 GRE O0)GESY (ol w'l)
Gpie(z) = ; 41
k() Yoprz awep OPwWBPW
n 0 n—|P| n—|P|+1

Spsz Swep opwGil_, (0) (GFA(O) o et Sz e + Gia | (0) ey n>P1>

Ppr(n) = . (42)

dprz dwep OPwhPwW

5) Calculate the posterior weights wi"z’w as
_j v
w P DOP.W
PW klk—1 LW
wi‘k (59)

ez Ywep @p.whp.w
After these steps, the posterior PHD can be calculated as

Jr|k—1
Dk|k —/Q Z wk‘k 1 —P£+PéGZ(O))
X N(w'mkm 17P;§|k 1)
w
+ Y D wi N P (60)
PLZy WEP
which has

Jek = Jrjk—1 <1 + Z |P> (61)

PLZy,

components in total. The number of components can further
be decreased by identifying the identical sets W in different
partitions and combining the corresponding components by
including only one Gaussian with weight equal to the sum of
the weights of the previous components. The usual techniques
of merging and pruning should still be applied to reduce the
exponential growing of the number of components, see [5] for
details.

The calculation of the updated cardinality distribution
Py x(-) is straightforward with (42) using the quantities
calculated above.

Note that the ETT-CPHD filter, like ETT-PHD, requires all
partitions of the current measurement set for its update. This
makes these filters computationally infeasible even with the
toy examples and hence approximations are necessary. We are
going to use the partitioning algorithm presented in [7] to solve
this problem efficiently. This partitioning algorithm basically
puts constraints on the distances between the measurements
in a set of a partition and reduces the number of partitions to
be considered significantly sacrificing as little performance as
possible. The details of the partitioning algorithm are not given
here due to space considerations and the reader is referred to

[7].
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Figure 1. Surveillance region and laser sensor measurements.

V. EXPERIMENTAL RESULTS

In this section, we illustrate the early results of an experiment
made with the ETT-CPHD filter using a laser sensor and com-
pare it to the ETT-PHD version in terms of estimated number
of targets. In the experiment the measurements were collected
using a SICK LMS laser range sensor. The sensor measures
range every 0.5° over a 180° surveillance area. Ranges shorter
than 13 m were converted to (x,y) measurements using a
polar to Cartesian transformation. The data set contains 100
laser range sweeps in total. During the data collection two
humans moved through the surveillance area, entering the
surveillance area at different times. The laser sensor was at
the waist level of the humans and each human was giving
rise to, on average, 10 clustered laser returns. The first human
enters the surveillance area at time £ = 22, and moves to
the center of the surveillance area where he remains still until
the end of the experiment. The second human enters at time
k = 38, and proceeds to move behind the first target, thus
both entering and exiting an occluded part of the surveillance
area. We illustrate the surveillance region and the collected
measurements in Figure 1.

Since there is no ground truth available it is difficult to
obtain a definite measure of target tracking quality, however
by examining the raw data we were able to observe the true
cardinality (0 from time k = 1 to k = 21, 1 from time k = 22
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Figure 2. The function Pp(-) at time k = 65.

to k = 37 and 2 from time k = 38 to kK = 100), which can
thus be compared to the estimated cardinality.

When the probability of detection Pp(-) is kept constant
over all of the surveillance area, the target loss is evident in this
scenario when the second human is occluded by the first since
the tracker always expects to detect the targets. Avoiding such
a loss is possible using inhomogeneous detection probability
over the surveillance region based on the target estimates. The
knowledge of the targets that are present, i.e., the estimated
Gaussian components of the PHD, can be used to determine
which parts of the surveillance area are likely to be occluded
and which parts are not. The estimated range r and bearing
© between the sensor and the target may be computed from
the state variables. The P37, values of the components behind
each component, i.e., the components at a larger range from
the sensor than a target, is reduced from a nominal value
PY according to the weight and bearing standard deviation
of the Gaussian component. The exact reduction expression is
quite complicated and omitted here. Instead we give a pictorial
illustration of the function Pp(-) that we use in Fig 2.

We run both ETT-PHD and ETT-CPHD filters with (nearly)
constant velocity target dynamic models that have zero mean
white Gaussian distributed acceleration noise of 2 m/s? stan-
dard deviation. The measurement noise is assumed to be
Gaussian distributed with zero-mean and 0.1 m standard de-
viation. Uniform Poisson false alarms are assumed. Since
there is almost no false alarm in the scenario, the false alarm
rate has been set to be 1/Vg, where Vg is the area of the
surveillance region, which corresponds to only a single false
alarm per scan. Both algorithms use Poisson target generated
measurements with uniform rate of 12 measurements per
scan. Notice that, with these settings, the ETT-CPHD filter
is different than ETT-PHD filter only in that its posterior (and
prior) is a cluster process rather than a Poisson process which
is the case for ETT-PHD filter.

The first tracking experiment was performed with the
variable probability of detection described above with the
nominal detection probability of P = 0.99. The ETT-CPHD
filter obtained its cardinality estimates as the maximum-a-
posteriori (MAP) estimates of the cardinality probability mass
function. The ETT-CPHD filter set the cardinality estimates
based on the rounded values of the Gaussian mixture PHD
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Figure 3. The sum of weights (upper figure) and the cardinality estimates

(lower figure) of the ETT-CPHD filter when nominal probability of detection
is PO =0.99.

weights. The sum of the Gaussian mixture PHD weights
of ETT-CPHD and ETT-PHD algorithms along with their
corresponding cardinality estimates are shown in Figures 3
and 4 respectively. Although both of the algorithms cardinality
estimates are the same, their sum of PHD weights differ
especially during the occlusion of one of the targets. ETT-
PHD filter has been discovered to have problems especially
when the target occlusion ends. When the target appears
into the view of the sensor from behind the other target,
its detection probability still remains slightly lower than the
nominal probability of detection. The ETT-PHD filters sum
of weights tends to grow as soon as several measurements
of the occluded target appear. This strange phenomenon can
be explained with the following basic example: Assuming no
false alarms and a single target with existence probability Pg,
a single detection (without any other information than the
detection itself) should cause the expected number of targets
to be exactly unity. However, applying the standard PHD
formulae, one can calculate this number to be 14 Pg(1—P},)
whose bias increases as P}, decreases. We have seen that when
the target exits the occluded region, the sudden increase in
the sum of weights appearing is a manifestation of this type
of sensitivity of the PHD filter. A similar sensitivity issue is
mentioned in [12] for the case of no detection. The ETT-CPHD
filter on the other hand shows a perfect performance in this
case.

In order to further examine the stability issues depending on
low values of the detection probability, in the second tracking
experiment, we set the nominal probability of detection to
a slightly lower value PY = 0.7. The results for the ETT-
CPHD and ETT-PHD filters are illustrated in Figures 5 and
6. respectively. We see that while the ETT-CPHD filters
performance hardly changes, the ETT-PHD filter performance
shows remarkable differences. When the occlusion ends, the
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jump in the sum of weights is so large for ETT-PHD that
the cardinality estimates are also affected. Another important
change is that ETT-PHD has significantly biased sum of PHD
weights in the steady state. This phenomenon has the following
explanation in the case of the basic example discussed above.
When consecutive detections are obtained when Pf) is low, the
PHD weight would converge to the fixed point of the equation

Pg =1+ Pg(1 - P)) (62)

which is P =
of weights is conv]érging approximately to 1/0.7 ~ 1.43 and
2/0.7 ~ 2.85 for the single and two target cases respectively.
The sum of ETT-CPHD filters PHD weights on the other hand
converge to much more reasonable values compared to those
of ETT-PHD.

When we made further trials, it has been seen that ETT-
CPHD filter is not immune to such issues either when the
nominal probability of detection PP values are decreased
further. However, it seems to be much more robust to this
phenomenon than ETT-PHD the filter.

P%. In this case, since P,% = 0.7, the sum

VI. CONCLUSIONS

A CPHD filter has been derived for the extended targets
which can give rise to multiple measurements per each scan
modeled by an i.i.d. cluster process. A Gaussian mixture
implementation for the derived filter has also been proposed.
The results of early experiments on laser data show that the
cardinality estimates and the PHD weights of the new ETT-
CPHD filter is more robust to different parameter settings than
its PHD counterpart.

The experiments made on the laser data contained few (if
not none) false alarms. Further experiments with significant
clutter must be made to evaluate performance improvements
compared to the ETT-PHD filter.
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(lower figure) of the ETT-CPHD filter when nominal probability of detection
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APPENDIX A
PROOF OF THEOREM 3.1

Proof is done by induction.



o Let Z = ¢, then

%Gmkq (pk|k71 [h(1 - Pp + PDGz(pz[g]))D

= Cuger (prior [H(1 — Pp + PoG-(p:[a))])

by the definition of functional (set) derivative.
o Let Zy = {21}, then

%Gk\k—l (pk‘k_l [h(1 - Pp + PDGz(pz[g]))])

= iji_l (pk|k71 [h(1 - Pp + PDGz(pz[g]))])
X prjp—1 [p=[9]) RGP Ppp. (21)] (64)
which together with the case Z = ¢ proves that

(63)

%Gk\k—l (Pk\k—l [h(1 - Pp + PDGz(pz[g]))])
= Gilp-1 (pk\kq [h(1 = Pp + PDGz(pz[g]))])5Z:¢
+ Gk (pugn [0 = P + PoG(p:[9))])

X pk|k—1[ z[g])hGil)PDpz(Zl)]

for Z=¢ and Z = {z}.

Now assume that the result of Theorem 3.1 holds for
Zn-1 = {z1,...,2n-1}, n > 2. Then we are going to see
whether the result holds of Z,, = Z,,_1 U z,.

(65)

m%m (pkuH [h(1 - Pp + PDGZ(pZ[g]))])
5; 5Zi . Glrlh—1 (pklk 1[h(1=Pp + PDGz(pz[g]))])

(66)
0

S Gl(c‘|k|)1(pk‘k ([h(1 = Pp +PDGz(pz[g]))])

PLZ -1

< ] pepe- 1[hPDGW' D] p-(z D (67)
WGP z'eWw

(52,, Z Ggw‘ 1(pk|k 1[ (1-Pp+ PDGz(Pz[g]))D
PLZ -1

< 11 prik- 1[hPDG a) 11 »-(= } (68)
wePp z'eWw

=y (cgjf,j*l >(p,f\k_1[h(1 — Pp +PDGZ<pz[g]>)])
PLZ -1

X Prlk—1 [hPDG(l)(Pz [g]))Pz(Zn)}

< T pr— 1[hPDG a) I »-(= }

Wwep ZEew
e (pk|k—1 [h(1 = Pp + PpG.(p- [g]))})

x pkkl[hPDGzW|+1(pz[g]) 1T pz(zl)}

wep z'eWUz,

" (Gkk—l (Prir [R1 = Po + PoG(p:la))] ) 02,1

< I pew- 1[hPDG|

weP-Ww

D] r-(z)

z'eW’

e

= ¥ (c:;;j*l)(pkk_l[h(lPD+PDGz(pZ[g]>>])

PLZys
| . 1|:hPDG| a) [ »-(z ]
WePU{z,} z2’eWw

+ G (Pt [B(1 = P + Po G (p:[a))] )

<> I

WEeP W/ €P-WU(WUz,)

X Pklk— 1[hPDG'W' p=lg)) [ p-(= ]) (70)
z'eWw’
= GieD h(1 - Pp + PpG
Z k| k—1 \Pk|k— 1 [A( p + PpG.(p:[g]))]
PLZy_1Uzp
< T prin- 1[hPDG' ) T p:(z } (71)
wWeP z'eWw

which is equal to

%Gk\k—l (pk\k—l [h(1 - Pp + PDGz(pz[g]))]) (72)

by the result of Theorem 3.1. The proof is complete. ]

APPENDIX B
PROOF OF THEOREM 3.2

Substituting the result of Theorem 3.1 into (22), we obtain

1)
77— Gra(pralg))
SZC:Z(S(Z S) FA\PFAl9

)
—F]
57 (9, h

X (Gkk—l (pk|k—1 [h(1— Pp + PDGz(Pz[Q]))])5S:¢

+ 32 G0, (s [(1 ~ P+ PoGop-l9))])

PLS
< T prie— 1[hPDG' a) II »-(z D (73)
wep z'eWw
)
= 5, Gralpralg))

X Glk—1 (pk\k—l [h(1 — Pp + PDGz(Pz[g]))])

+ Y5 575 Craterals)

% 37 G, (bejis [0 = Po + PoG(p-[a])] )

PLS
< 11 peie- {hPDG'W' p=lg)) ] p-(= ] (74)
Wwep z'eWw
(Hm )(Gﬁﬁ( ralg))
z'ezZ

% Gyt (Pri1 [A(1 = Po + PoGa(p:[g]))])



+ 3 GV (ppalgl)
SCZ

x>~ GARY, (puie—s [h(1 = Po + PoG-(p-[9))])
PLS
p=(2")

pra(z’) }>

(75)

< T priw- 1|:hPDG|W p:lg
wep

z'eWw
(z ez

1 pratz ) (G%lA (pralg))

X Glp-1 (pk\kq [h(1 = Pp + PDGz(pz[Q]))])
+ Gra(pralgl)
X Z Gg“J 1(pk|k 1 [h(1 = Pp +PDGz(pz[g]))])

PLZ

(76)

P22
< T priw- 1|:hPDG|W p:lg (z)’ }
WeP ey PFA
+ 3 G5 (wpala))
Scz
S£Z

X Z Gk‘k 1 (pk\k 1[p(1 = Pp + PDGz(pz[g]))])
PLS

< T priw- 1|:hPDG|W p=lg
Wwep

p];’ZA ?2 } )

77

ZGW

(H pralz ) (GﬁA (pralgl)

X Glr—1 (pk\kfl [h(1 — Pp + PDGz(Pz[g]))])
+ Gra(pralgl)

x> G;(J\k' L (Prp—1[
PLZ

B - Pp + PDGZ@Z[g]))])

p:(¥) }

w Pra(?)

< T pr— 1|:hPDG|W p=[9
wep

+ > > G
PLZ WeP
PI>1

(IP|-1)
X Glipiq

PFA

[h(l — Pp +PDG pz

)

1 [hPp G (p, s )]
< 1w {rEoG Ve
(78)
where we used the equality
D HZ=8)Y gPy=3 > FW)g(P-W)
scz PLS PLZ WEP
S#Z |P|>1
(719

while going from (77) to (78). Now, including the multiplica-

tion

G%Iil)(pFA[g])Gmkq (pk|k71 [h(1 = Pp + PpG.(p. [QD)D
(80)

into the summation szz as the case of |P| =1, ie., P =

[P[>1
{Z} with the convention that [y, = 1, we get

<H pra(z ) (GFA(pFA[gD

<> G (P [nL = Po + PDGZ@Z[g]))])
PLZ

ith

(2
x IT prw— 1[hPDG|W p-lg P (Z)/ ]
wep sew PFA
S
PLZ WEP
XGS(]Z‘ 1)(pk|k 1[h 1*PD4’PDCJ pz
z 2
Pkk— 1[’1PDG|W| p=lg P ( ), ]
W EP w pFA(Z )

(81)
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77
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WeP pFA
+30 > & oralg))
PLZ WeP
Ggw‘ 1 (pklk—l [h(1 = Pp + PpG.(p:lg
/ z(z')
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wep
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- (H pFA(z’)> >y (GFA(PFA[QD
2'eZ PLZWEP

o Ggw‘)l(mw—l [h(1 — Pp + PpG.(p:[g ]))D

5 Pk|k— 1|:hPDGW| p=lg P (2 ), }
pFA

z'eW
W pralg))

« G(PI= (pkl,H [h(1 - Pp + PDGz(pz[gD)D>

klk—1

< 11

weP-Ww

I
Dk|k— 1[hPDG|W| P (2 ), }
g pFA
(84)

which is the result of Theorem 3.2 when we substitute the
terms ny [g, h] defined in (24). Proof is complete. O

APPENDIX C
PROOF OF THEOREM 3.3

Taking the derivative of both sides of (27), we get

0 0
5257510 = (H pra(z >pk|k1(33)

z'eZ
3> ( I UW/[O,M)
PLZWEP WwW'eP—-W

x (aFAm)G;Z'*f)( [h))(1 = Pp(x) + Pp(2)G-(0))

T x LW‘
x W;j{h] +GraOGEY, (k) M2
<10 B L G 006 (i)
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0,h
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h( )PD pz
: W'EZP:—W | 0 h ZEW! pra(z ) ")
= < H pFA(Z/)> Prjk—1(2)
z'ez

<Y (I i)

PLZWeP ~W'eP-W

h
X <<GFA( )Gz(g||7/:+11)(p[h})nw|7[2| ]

+ GV OGIR, (1A )1 = o) + Po(e)G-(0)

()G (o)
7]

P|

h(z)Pp p.(Z|x)

pra(?’)

+Gra(0)GyTY, (olh))
z'eW

n (GFA< )GIPD (plh)
N GEJVAV)(O)G,(JZl_ll)(P))

< h(z) Pp ()G (0)

W'eP—-W nw- [07 h]

Z/EW/ pFA(Z )

which is the result of Theorem 3.3. The proof is complete.[]

APPENDIX D
REDUCING ETT-CPHD 10 ETT-PHD

When one constrains all the processes to Poisson, we get the
following identities.

G\ (x) =G (2) (87)
G (z) =G () (88)
G\ (@) =Nfiy G (2) (89)

where A and 7 are the expected number of false alarms and
measurements from a single target. Ny ,_1 is the predicted
expected number of targets i.e., Ny|k — 1 = [ Dyjp_1(z) da.
We are first going to examine the constant s defined in (37).
For this purpose, we first write

Br.w £Gra(0)Grr-1(p[1 ])(Nzlcﬁl 117W|7[37 .
+ AN ) o
Yp,w £Gra(0)Gypr-1(p[1 ])(NILEHPWV“[% .
LAV > 1)

Now, substituting these into (37), we get

EraEronn,
1w [0,1
(Nk\k Ve Jr)“WlNk\k 1)

= Ngjp—1- (92)

KR =
2 psz 2wep OPW

[P nmwl0,1 |P|—1
(Nlc\k: 1 m|/7[>\ ] +)‘|WNkk1>

We here define the modified versions of 7w [0, 1], and ap w
as

Nije_1mw |0, 1
i lo, 1) 2t 1) ©3)
(2
:Dk|k,1[PDG(Z‘W|)(O) Ap((i,)} (94)
z'eWw PrA
apw 2N IA ap w0, 1] (95)
=70 T awef0,1]. (96)
weP-Ww



With these definitions and the

ap’wﬁp_rw become

Br.w £Gra(0)Grjk—1(pll ])N|7|Dk| 11/\‘W|

Bp.w multiplication

nw [Ov 1]
(M) ©n
apwBpw =Gra(0)Grpr_1(p[l])arw
ﬁW[Ov 1]
X ( |P| + 1>. (98)

Using these, we can write op w as

ap,w £GVN(0)G £ a(0)Gy—1 (p[1]) Nyji—1 A~ (OT;TV

— /(0,1
dwrep—w AP (nw|7>[\ L+ 1))

99
7w (0,1 o
After defining the quantity (p as
¢ &[] mwlo,1] = apwiwlo, 1], (100)
WeP
we can turn (99) into
op.w 2GYN(0)Gpa(0)Grjp—1(p[1]) N1 A~
y G+ Pl wrep_w apw (W‘/T[?l] +1)
(101)
=GM(0)Gra(0)Grip—1(p[1]) Nyjp—1 A~/
7) P ’ —-W’
| ‘CP+| |2}W ep_WcP w (102)
[Pl [0,1]
=G(0)Gra(0)Grip—1(p[1]) Nygjp—1 A~/
CP + invlgpfw CP7W' (103)
w0, 1]
=GM(0)Gra(0)Grip—1(p[1]) Nyjp—1 A~/
X (CPW + Z CPWW') (104)
W eP-W
=" TWIG pA(0)Gri—1 (p[1]) Nijmr A~V
x (cpw + D <7>WW/). (105)
W/ eP-W
We can write by using (105) and (98)
opw
Yopsz 2wep OP.w PP W
( Nyjo_re™rIWIA=1W] )
_\ X (Cpow + EW/GP7W7CP7W7W’) (106)
szz ZWEP ap.w (nw|/7[30’1] + 1)
- N X (CP—W + D wep_w CP—W—W')
= Nijk—1
| szz (CP + ZWEP CP—W)
(107)

Substituting (107)

Dyji—1(-), we get

Dyjp(7) =(1 — Pp(x) + Pp(2)G.(0)) Dyjp—1(z)
szz ZWGP (CP*W

+> wiep_w CP—w—wr

W Loew it Po(@)

Soprz P+ Ywep CP-w)

into the update equation (39) for

+e T

Dyjp—1(z).
(108)

o First, we examine the term Y5, , (Cp + Y yyep Cp—w)
in the denominator of (108) as follows.

Z (CP"F ZQLW):ZCP-FZ ZQLW

PLZ wePp PLZ PLZWEP
(109)
“S e+ Y Y w
PLZ PLZ WEP
[PI>1
(110)

If we use the identity (79) on the second term in the
summation on the right hand side of (110), we obtain

S+ X rw) =D > Y+l

PLZ WeP PLZ SCZPLS
S£Z
(111)
=> > tp+1 (112)
SczZPLS
=> J] aw (113)
PLZWEP
where
dw :5|W\:1 + 1w [0, 1]. (114)
o We examine the numerator term in (108) below.
Z Z gnum(P - W)fnum(W) (1 15)
PLZWEP
where we defined
Frum(W) 27W T 2 p(z)  (116)
z'eWw /\pFA
gum(P) 2(p + Y cp,w/). (117)
W’epP

Separating the case P =
(115), we get

Z Z gnum(P - W)fnum(W) :fnum(Z)

{Z} from the summation in

PLZ WeP
+ Z Z gnum(P_W)fnum(W) (118)
PLZ WeP
|P|>1
- fnum + Z fnum S W Z gnum
e/ PLS
S#Z

(119)



where we used the identity (79). Now realizing that we
calculated the term )5, , gnum(P) as in (113), we can
substitute this into (119) as follows.

Z Z gnum(P - W)fnum(W) :fnum(Z)
PLZ WEP
+ 2 fum(S =) > [T dw

scz PLSWEP
SZZ

(120)

Resorting to the identity (79) once again, we get

Z Z gnum(P - W)fnum(W) :fnum(Z)
PLZ WeP
+ 2 2 fumW) ]

PLZ WeP weP-w

|P|>1
=2 2 f™) ]
W'eP-W

PLZWEP

When we substitute the results (113) and (122) back into (108),
we obtain

dy (121)

dwr.  (122)

Depele) = ((1 ~ Pp(a) + Po(2)G.(0))

ki (2 |z
+67TZWPZ dW H p( | ))PD(IL’))

!
PLZ  WeP 2 EW Apra(z
X Dyjp—1(x)

(123)
where

wp A HWEP dW
ZPAZ HWGP dw

which is the same PHD update equation as in [6, equation
(5)]. Moreover, the terms dy and wp are the same as those
defined in [6, equations (7) and (6) respectively].

(124)
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Titel Extended Target Tracking with a Cardinalized Probability Hypothesis Density Filter
Title

Forfattare Umut Orguner, Christian Lundquist, Karl Granstrém
Author

Sammanfattning
Abstract

This technical report presents a cardinalized probability hypothesis density (CPHD) filter
for extended targets that can result in multiple measurements at each scan. The probability
hypothesis density (PHD) filter for such targets has already been derived by Mahler and a
Gaussian mixture implementation has been proposed recently. This work relaxes the Poisson
assumptions of the extended target PHD filter in target and measurement numbers to achieve
better estimation performance. A Gaussian mixture implementation is described. The early
results using real data from a laser sensor confirm that the sensitivity of the number of targets
in the extended target PHD filter can be avoided with the added flexibility of the extended
target CPHD filter.

Nyckelord
Keywords Multiple target tracking, extended targets, random sets, probability hypothesis density, car-
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