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Abstract
A framework for Iterative Learning Control (ILC) is proposed for the sit-
uation when the ILC algorithm is based on an estimate of the controlled
variable obtained from an observer-based estimation procedure. Under the
assumption that the ILC input converges to a bounded signal, a general
expression for the asymptotic error of the controlled variable is given. The
asymptotic error is then exemplified by an ILC algorithm applied to a flexible
two-mass model of a robot joint.

Keywords: Iterative learning control; Framework, Estimate, Asymptotic,
Controlled variable



A framework for analysis of observer-based ILC

Johanna Wallén, Mikael Norrlöf and Svante Gunnarsson

Abstract— A framework for Iterative Learning Control (ILC)
is proposed for the situation when the ILC algorithm is based
on an estimate of the controlled variable obtained from an
observer-based estimation procedure. Under the assumption
that the ILC input converges to a bounded signal, a general
expression for the asymptotic error of the controlled variable
is given. The asymptotic error is then exemplified by an ILC
algorithm applied to a flexible two-mass model of a robot joint.

I. INTRODUCTION

The idea in Iterative Learning Control (ILC) is to compen-
sate for errors when the system performs a repetitive motion.
The first publications [1], [2], [3] regarding the control
method were published in 1984, and in [4] a summary of the
field and recent publications can be found. Traditionally ILC
has been applied to systems where the controlled variable
also is the measured variable. In industrial robot applications,
for example plasma cutting in Fig. 1, this is typically not the
case. In a standard industrial robot the angles seen from the
motor side of the joints are measured. However, the control
objective is to follow a desired tool path. Obviously it is a
problem that the controlled variables cannot be measured,
which is confirmed from ILC experiments performed on a
robot, see for example [5]. This motivates the need of using
estimates of the controlled variable in the ILC algorithm to
be able to improve the performance.

Fig. 1. A commercial industrial ABB robot IRB1400 performing plasma
cutting [6]. Tool position and orientation cannot be measured due to practical
and economical reasons. The control objective is however to follow a desired
tool path, whereas the measured variables are the angles at the motor side
of the joints.
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The aim of this paper is present a framework for the situ-
ation when an ILC algorithm is combined with a procedure
for generating an estimate of the controlled variable. To the
best of the authors knowledge, estimation techniques and
ILC have only been combined in a few publications. One
example is [7], where the ILC algorithm uses an estimate of
the arm angle, computed using measurements of the motor
angle and the arm angular acceleration of a flexible one-link
robot arm. The study [8] also discusses these issues, based
on simulations of a realistic robot model. In [9] the model
error of a state-space model linearised along the desired
trajectory is estimated using a Kalman filter in the iteration-
domain. The control signal at next iteration is then given
by minimising the deviation of the states from the desired
trajectory. Another example is [10], where the estimated
states for a class of time-varying nonlinear systems are
used in an ILC algorithm and the asymptotic behaviour of
the system is discussed. The focus in these papers are on
specific estimation and/or ILC algorithm techniques, while
the following aspects are of main interest in this paper:
• A framework for analysis of the properties of the ILC

algorithm when an estimate of the controlled variable
is used in the ILC algorithm.

• An expression for asymptotic error of the controlled
variable when the ILC algorithm based on an estimate
of the controlled variable has converged.

The paper is organised as follows. Section II presents the
system description, and Section III contains a description
of the procedure for estimating the controlled variable.
In Section IV the considered class of ILC algorithms is
presented, and Section V presents the key results concerning
the properties of the ILC algorithm. The obtained results are
illustrated in Section VI, and finally Section VII presents
some conclusions.

II. SYSTEM DESCRIPTION
A. Notation and prerequisites

All signals are defined on a finite time interval t = nts,
n ∈ {0, . . . , N − 1} with N number of samples and sam-
pling interval ts. The forward time-shift operator q is defined
as qu(t) = u(t+ ts). Throughout the paper equations are in
the time-domain and the arguments t and q are often omitted
for convenience in the text when there is no risk of confusion.

B. System description

Consider the system shown in Fig. 2. The linear, time-
and iteration-invariant discrete-time system T has two inputs;
a reference signal r and an ILC input signal uk, with k
denoting the iteration number. The outputs are the measured



T
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Fig. 2. Description of the system T with reference r(t), ILC input uk(t),
measured variable yk(t) and controlled variable zk(t) at iteration k.

variable yk and the controlled variable zk. The system T
can have internal feedback, which means that T contains the
system to be controlled as well as the controller. Denoting
the true system by the superscript “0”, the system description
at iteration k is

yk(t) = T 0
ry(q)r(t) + T 0

uy(q)uk(t) (1)

zk(t) = T 0
rz(q)r(t) + T 0

uz(q)uk(t) (2)

The measured variable yk is given from (1), whereas the
controlled variable zk is described by the relation (2). The
systems T 0

ry , T 0
uy , T 0

rz and T 0
uz are assumed to be stable

and causal. System and measurement disturbances are not
included here for simplicity reasons.

Example 1 (Open-loop system). First, an example of the
description (1) – (2) is given by the stable open-loop system
shown in Fig. 3. The true system, denoted G0, is described
by the discrete-time state-space system

x(t+ ts) = A0x(t) +B0uk(t)

yk(t) = C0x(t)

zk(t) = M0x(t)

(3)

with the ILC input signal uk at iteration k as input. The
outputs are given by the measured variable yk and controlled
variable zk at iteration k. From (3) the transfer operators T 0

uy

and T 0
uz are given by

T 0
uy = C0(qI −A0)−1B0

T 0
uz = M0(qI −A0)−1B0

(4)

G0uk(t)
yk(t)

zk(t)

Fig. 3. Stable open-loop system; an example of the system descrip-
tion (1) – (2) with input uk(t) and outputs yk(t), zk(t) at iteration k.

Example 2 (Closed-loop system). The system descrip-
tion (1) – (2) with inputs r, uk and outputs yk, zk can also
be exemplified by the closed-loop system shown in Fig. 4. It
means that the system T has internal feedback and contains
both the system to be controlled and the controller in
operation. In a real application the controller structure can be
more complex than the one shown in Fig. 4, and the structure
considered here is used for illustration.

The system to be controlled is given by the state-space
description (3), however now with the input ūk which is
the control signal generated by the controller F at itera-
tion k. The transfer operators (4) are in a similar manner
denoted T 0

ūy and T 0
ūz . Throughout the paper it is assumed

that the controller F is given, and that the closed-loop system
is stable. Noting the choice of adding the ILC input uk to the
reference r in this example, it gives the closed-loop system
from r, uk to yk and zk as

yk(t) =
F (q)T 0

ūy(q)
1 + F (q)T 0

ūy(q)
r(t) +

F (q)T 0
ūy(q)

1 + F (q)T 0
ūy(q)

uk(t)

= T 0
ry(q)r(t) + T 0

uy(q)uk(t)

zk(t) =
F (q)T 0

ūz(q)
1 + F (q)T 0

ūy(q)
r(t) +

F (q)T 0
ūz(q)

1 + F (q)T 0
ūy(q)

uk(t)

= T 0
rz(q)r(t) + T 0

uz(q)uk(t)

(5)

from which the transfer operators T 0
ry, T 0

uy , T 0
rz and T 0

uz are
identified from (1) – (2). They are stable according to the
assumption about the closed-loop system.

r(t) ∑

−

uk(t)

F
ūk(t)

G0

zk(t)

yk(t)

Fig. 4. Closed-loop system; an example of the system description (1) – (2)
with inputs r(t), uk(t) and outputs yk(t), zk(t) at iteration k. The
system G0 is controlled by ūk(t) from the controller F .

Finally it can be noted that the system description (1) – (2)
is a natural extension of the description (system and mea-
surement disturbances omitted here) presented in [11], where

yk(t) = Tr(q)r(t) + Tu(q)uk(t)

In [11] the properties of this system, when controlled by
an ILC algorithm, are analysed with focus on the measured
variable yk used in the ILC algorithm.

C. System description in matrix form

For the analysis in Section V, the matrix description of
the system and the ILC algorithm is used, which is closely
related to the descriptions of systems using ILC in [12], [13]
and [14] among others. First, define the vector r of the N -
sample sequence of the reference signal r as

r =
(
r(0) . . . r((N − 1)ts)

)T
(6)

which for simplicity will be denoted

r =
(
r0 . . . rN−1

)T

Next, define the vectors uk, yk and zk similarly. The
matrix T 0

ry is formed by the pulse response coefficients gT 0
ry

,
t ∈ {0, . . . , (N − 1)ts} of the transfer operator T 0

ry in (1),



denoted gT 0
ry,0, . . . , gT 0

ry,N−1. This results in the N × N
Toeplitz matrix

T 0
ry =




gTry,0 0 . . . 0
gTry,1 gTry,0 0

...
. . .

...
gTry,N−1 gTry,N−2 . . . gTry,0


 (7)

and the other system matrices T 0
uy , T 0

rz and T 0
uz are

defined similarly. It can be noted that they are lower-
triangular matrices, since the transfer operators T 0

ry, T 0
uy , T 0

rz

and T 0
uz in (1) – (2) are causal. Finally, the system descrip-

tion (1) – (2) of the measured variable yk and controlled
variable zk is rewritten in matrix form as

yk = T 0
ryr + T 0

uyuk (8)

zk = T 0
rzr + T 0

uzuk (9)

This formulation is more general than the LTI representa-
tion (1) – (2) because it covers both time-invariant as well
as time-varying systems. However, for time-varying systems
the matrices T 0

ry, T 0
uy , T 0

rz and T 0
uz are not lower-triangular

Toeplitz matrices, but instead general lower-triangular matri-
ces. The vectors and matrices describing the system in matrix
form are throughout the paper written in bold face, to easily
distinguish the matrix description of the system from the
description using transfer operators.

III. ESTIMATION OF THE CONTROLLED
VARIABLE

In the system description (1) – (2) the measured vari-
able yk and controlled variable zk are involved. Obviously,
if applying an ILC input uk on the system, based directly on
the measured variable, it will drive the controlled variable
towards an incorrect value since the dynamics between yk

and zk is neglected. It is therefore natural to use an estimate
of zk, denoted ẑk, in the ILC algorithm. We propose the
following parameterisation where the estimate ẑk is related
to the reference r, ILC input uk and measured variable yk

through

ẑk(t) = Fr(q)r(t) + Fu(q)uk(t) + Fy(q)yk(t) (10)

where the filters Fr, Fu and Fy are assumed to be stable.
See Fig. 5 for an illustration of the system T together with
the estimation procedure (10).

T

Estimation

r(t)

uk(t)

yk(t)

zk(t)

ẑk(t)

Fig. 5. Description of the system T with reference r(t), ILC input uk(t),
measured variable yk(t) and controlled variable zk(t) at iteration k. The
estimation procedure (10) results in an estimate ẑk of the controlled variable.

The relation (10) will now be illustrated by some exam-
ples, showing how the estimate ẑk can be created. The cases
are also discussed in more detail in Section VI.

Example 3 (Case A — Measured variable). A naive way of
estimating zk would be to neglect the dynamics between the
measured variable yk and controlled variable zk and to put

ẑk(t) = yk(t)

which means choosing

Fr(q) = 0, Fu(q) = 0, Fy(q) = 1

in (10).

Example 4 (Case B — Estimate from model of direct
relation between measured and controlled variable). There
are situations where the relationship between the measured
variable yk and controlled variable zk can be explicitly
described by the discrete-time relation

zk(t) = T 0
yz(q)yk(t) (11)

(See Appendix for an example where (11) holds.) By using
a nominal model of the relationship (11) between yk and zk,
it implies the estimate

ẑk(t) = Tyz(q)yk(t)

which can be incorporated in the description (10) by
choosing

Fr(q) = 0, Fu(q) = 0, Fy(q) = Tyz(q)

In the last example an observer is used to estimate zk.
The idea with an observer is that information from additional
sensors can be fused with the original measurements avail-
able, see for example [15]. One example where estimation
techniques is used together with ILC is [8]. The arm angle of
a realistic robot model is estimated by an extended Kalman
filter (EKF) based on measurements of motor angle and
acceleration of the tool. The estimate is thereafter used in
an ILC algorithm.

Example 5 (Case C – Estimate from observer). Based on a
nominal model of the state space description (3) an observer
can be formed as

x̂(t+ ts) = Ax̂(t) +Būk(t) +K
(
yk(t)− Cx̂(t)

)

ẑk(t) = Mx̂(t)
(12)

Using transfer operators the estimate of the controlled vari-
able can be expressed

ẑk(t) = M
(
qI − (A−KC)

)−1
Būk(t)

+M
(
qI − (A−KC)

)−1
Kyk(t)

= Fū(q)ūk(t) + Fȳ(q)yk(t)

(13)



From the closed-loop system in Fig. 4 it can then be seen
that the filters in (10) can be identified as

ẑk(t) = Fū(q)
(
F (q)uk(t) + F (q)r(t)− F (q)yk(t)

)

+ Fy(q)yk(t)
= Fū(q)F (q)r(t) + Fū(q)F (q)uk(t)

+
(
Fȳ(q)− Fū(q)F (q)

)
yk(t)

= Fr(q)r(t) + Fu(q)uk(t) + Fy(q)yk(t)

(14)

To summarise, from Examples 3 – 5 above it can be
seen that the description (10) incorporates different ways of
generating the estimate ẑk by choosing the filters Fr, Fu

and Fy in different ways; by neglecting the dynamics, using
a nominal model of the relation between yk and zk, and from
observers. Therefore it is natural to use the relation (10) in
the ILC algorithm, as is seen in the forthcoming section.

Now, define the vectors of the N-sample sequence of
the estimate ẑk similarly as in (6), and form the matrices
Fr, Fu and Fy similarly as in (7) by the pulse response
coefficients of the filters Fr, Fu and Fy . It results in the
matrix description of the relation (10) as follows

ẑk = Frr + Fuuk + Fyyk (15)

IV. ILC ALGORITHM

The update equation for an ILC algorithm is in transfer-
operator form given by

uk+1(t) = Q(q)
(
uk(t) + L(q)εk(t)

)
(16)

where the linear filters Q and L are possibly non-causal. The
error used in the ILC algorithm,

εk(t) = r(t)− ẑk(t) (17)

is the difference between the reference signal r and the
estimate ẑk in (10) of the controlled variable at iteration k.
In conjunction with the error εk in (17) used in the ILC
algorithm, the error of the controlled variable,

ek(t) = r(t)− zk(t) (18)

is used to evaluate the performance of the system.
Rewrite in matrix form by first defining the vectors

uk+1, εk and ek similarly as in (6). Using the operators L
and Q, it results in the ILC update equation and error used
in the ILC algorithm

uk+1 = Q(uk +Lεk) (19)
εk = r − ẑk (20)

while the system performance (18) is given by

ek = r − zk (21)

Note that the matrices L and Q are not necessarily lower
triangular, since the ILC algorithm can be non-causal.

V. ANALYSIS

To support the analysis and make it easier to follow the
derivations in this section, the main equations (8) – (9), (15),
and (19) – (21), from the previous sections are summarised
here. The system given by

yk = T 0
ryr + T 0

uyuk (22)

zk = T 0
rzr + T 0

uzuk (23)

is controlled using the ILC input signal uk, updated by

uk+1 = Q(uk +Lεk) (24)
εk = r − ẑk (25)

using the estimate

ẑk = Frr + Fuuk + Fyyk (26)

From the relations (22) – (26) above it is now possible to
derive the ILC system equation which will be used in the
stability analysis.

Lemma 1 (ILC system equation). Having a system as
in (22) – (23) using the ILC update equation in (24) and
the estimate of zk from (26), the ILC system equation is
given by

uk+1 = Huk +Hrr

where

H = Q
(
I −L(Fu + FyT

0
uy)
)

Hr = QL
(
I − (Fr + FyT

0
ry)
)

Proof. Using (22) and (26), the error εk in (25) can be
written

εk = r − Frr − Fuuk − Fy(T 0
ryr + T 0

uyuk)

=
(
I − (Fr + FyT

0
ry)
)
r − (Fu + FyT

0
uy)uk

Inserting the error εk into the ILC update equation (24) then
gives

uk+1 = Q
(
I −L(Fu + FyT

0
uy)
)
uk

+QL
(
I − (Fr + FyT

0
ry)
)
r

and the result follows.

Stability of the ILC system in Lemma 1 can be expressed
based on the results in [11].

Theorem 2 (Stability, iteration-invariant system). Consider
the ILC system equation from Lemma 1,

uk+1 = Huk +Hrr

This system is stable if and only if ρ(H) < 1, where ρ(·) is
the spectral radius of the matrix.

Proof. See [11]; Theorem 1 and proof of Corollary 3.

Given a reference trajectory r(t) on a finite time inter-
val t ∈ [0, tf ] with a piecewise continuous derivative, there
exists a unique input trajectory ud on the same time interval



such that z equals r. Stability in the sense of Theorem 2
means that it exists a δ <∞, see [11], such that

sup
k=0,1,...

‖ud − uk‖ < δ

Lemma 3 (Asymptotic behaviour). Under the assumption
that the input uk in the ILC system equation from Lemma 1
converges to a bounded signal as k →∞, the limit is given
by

u∞ =
(
I −Q

(
I −L(Fu + FyT

0
uy)
))−1

·QL
(
I − (Fr + FyT

0
ry)
)
r (27)

The corresponding asymptotic error r − z∞ becomes

e∞ =
(
I − T 0

rz − T 0
uz

(
I −Q(I −L(Fu + FyT

0
uy))

)−1

·QL
(
I − (Fr + FyT

0
ry)
))
r (28)

Proof. Let k →∞ and solve the ILC system equation from
Lemma 1,

u∞ = Q
(
I −L(Fu + FyT

0
uy)
)
u∞

+QL
(
I − (Fr + FyT

0
ry)
)
r

for u∞. Insert u∞ in the relation for the error of the
controlled variable, using (23),

e∞ = r − z∞ = r − (T 0
rzr + T 0

uzu∞)

to derive the asymptotic error.

From a design perspective the following result has an
important impact.

Theorem 4 (Monotone convergence). Consider the same
ILC system as in Theorem 2. If the maximum singular value
fulfils σ̄(H) ≤ λ < 1, then the ILC system is stable, and

‖u∞ − uk‖ ≤ λk‖u∞ − u0‖
with u∞ from (27) in Lemma 3.

Proof. See proof of Theorem 9 in [11] and Lemma 3 above
for the computation of u∞.

Monotone convergence of uk is a good design criterion,
but it is also necessary to check e0 and e∞ so that the error
is reduced as desired. From Theorem 4 it can be seen that the
smaller the maximum singular value of the matrix H , the
faster the convergence. A design criterion therefore should
include minimising the maximum singular value σ̄(H) as
well as the asymptotic error e∞.

VI. ILLUSTRATION OF THE RESULTS

The system description (22) – (26) derived in the paper,
and the asymptotic error e∞ from Lemma 3 are discussed
in this section. To support the intuition of the results, the
relations are illustrated for a system where it is possible
to write an explicit discrete-time relationship between the
measured variable yk and controlled variable zk as in (11),

zk(t) = T 0
yz(q)yk(t)

See Appendix for further details, where such a system is
exemplified by a flexible two-mass model of a single robot
joint. From the pulse response coefficients of the system T 0

yz ,
the matrix T 0

yz can be derived similarly as in (7), giving

zk = T 0
yzyk (29)

The ILC algorithm (24) is in this section applied to the
system (22) – (23) for the following cases:

A. The ILC algorithm is based on εk = r − yk, that is, the
dynamics between yk and zk is neglected.

B. The ILC algorithm uses εk = r − Tyzyk, that is, ẑk is
estimated from a model of the relation (29).

C. The ILC signal is updated using εk = r − ẑk where
ẑk = Frr + Fuuk + Fyyk and the filters are obtained
from the observer (12).

D. As a comparison, in order to show what ideally can be
achieved, it is assumed that the controlled variable zk

can be measured and that the ILC algorithm is based
on εk = r − zk.

The choices of filters Fr, Fu and Fy in (10) to implement the
cases A – C were previously discussed in Examples 3 – 5
given in Section III. In Table I the filters H and Hr

in the ILC system equation, given in Lemma 1, together
with the asymptotic error e∞ of the controlled variable zk,
from Lemma 3, are summarised for the cases above. These
relations are discussed in more detail next.

A. Case A — ILC using measured variable
The first case to investigate is when the dynamics between

the measured variable yk and the controlled variable zk

is neglected, which gives the estimate ẑk = yk, see Ex-
ample 3. However, their actual relation is given by the
equations (22) – (23).

By using this estimate, it results in the error εk = r − yk

in the ILC algorithm (24). Assume that L can be chosen such
that uk converges to a bounded signal when Q = I in the
algorithm. This choice results in ε∞ = 0 when the algorithm
has converged. The asymptotic error e∞ from Lemma 3 is
then given by

e∞ =
(
I − T 0

rz − T 0
uz(LTuy)−1L(I − T 0

ry)
)
r (30)

Now assuming that the system can be described with an ex-
plicit relation between the measured and controlled variable
as in (29). This results in the approximate relations for the
finite-dimensional (N ×N ) matrices

T 0
rz = T 0

yzT
0
ry, T 0

uz = T 0
yzT

0
uy (31)

For the time-invariant SISO system described by (1) and (11),
the relation (30) can using (31), and rewritten in transfer-
operator form, be simplified to

e∞(t) =
(
1− T 0

yz(q)
)
r(t)

Whenever T 0
yz 6= 1, this results in an asymptotic error

e∞ 6= 0 of the controlled variable, as expected.
There are better ways of estimating ẑk = yk than just

neglecting the dynamics between yk and zk. The two fol-
lowing sections discuss model-based estimates as described
in Examples 4 and 5 in Section III.



TABLE I
SUMMARY OF THE DESCRIPTION OF A SYSTEM USING ILC AND PERFORMANCE WHEN THE ILC ALGORITHM USES VARIOUS ERRORS; CASES A – D.

εk uk+1 = Huk +Hrr e∞(t) = r(t)− z∞(t), Q(q) = 1

A r − yk H = Q(I −LT 0
uy)

`
1− T 0

yz(q)
´
r(t)

Hr = QL(I − T 0
ry)

B r − Tyzyk H = Q(I −LTyzT
0
uy)

`
1− T 0

yz(q)T
−1
yz (q)

´
r(t)

Hr = QL(I − TyzT
0
ry)

C r − (Frr + Fuuk + Fyyk) H = Q
`
I −L(Fu + FyT

0
uy)

´ „
1− T 0

yz(q)
T 0

ry(q)Fu(q) +
`
1− Fr(q)

´
T 0

uy(q)

Fu(q) + Fy(q)T 0
uy(q)

«
r(t)

Hr = QL
`
I − (Fr + FyT

0
ry)

´

D r − zk H = Q(I −LT 0
yzT

0
uy) 0

Hr = QL(I − T 0
yzT

0
ry)

B. Case B — ILC estimate from model of direct relation
between yk and zk

Under the assumption that the relation (29) between yk

and zk holds, a straightforward way to estimate zk is by
using the nominal dynamics, which gives ẑk = Tyzyk. The
asymptotic error e∞ from Lemma 3, for Q = I and using
the approximation (31), results in

e∞ =
(
I − T 0

yz

(
T 0

ry + T 0
uy(LTyzT

0
uy)−1

·L(I − TyzT
0
ry)
))
r

under the assumption that the ILC algorithm converges. For
the time-invariant SISO system given by (1) and (11), this
relation can using transfer operators be rewritten to

e∞(t) =
(
1− T 0

yz(q)T−1
yz (q)

)
r(t)

From this expression it can be seen that when the nominal
model Tyz is equal to the true system T 0

yz , it gives e∞ = 0.
An obvious question is how close Tyz needs to be to T 0

yz

to get better performance using the approach in case B
compared to case A. This will depend on the properties of
each particular application.

C. Case C — ILC using estimate from linear observer

The estimate ẑk is now given by (26),

ẑk = Frr + Fuuk + Fyyk

Using Q = I and under the assumption that the ILC algo-
rithm converges, the asymptotic error e∞ is from Lemma 3
given by

e∞ =
(
I − T 0

rz − T 0
uz

(
L(Fu + FyT

0
uy)
)−1

·L
(
I − (Fr + FyT

0
ry)
))
r

Under the assumption that the relation (31) holds, it can for
the time-invariant SISO system in (1) and (11) be rewritten

in transfer-operator form as

e∞ =
(

1− T 0
yz(q)

T 0
ry(q)Fu(q) + (1− Fr(q))T 0

uy(q)
Fu(q) + Fy(q)T 0

uy(q)

)

(32)
where the argument t has been temporarily omitted. Now
use the relation (14) from the observer (12) in Example 5,

ẑk(t) = Fū(q)F (q)r(t) + Fū(q)F (q)uk(t)
+
(
Fȳ(q)− Fū(q)F (q)

)
yk(t)

where Fū(q) and Fȳ(q) are given by (13). The closed-loop
system is from Example 2 given by (5),

yk(t) =
F (q)T 0

ūy(q)
1 + F (q)T 0

ūy(q)
︸ ︷︷ ︸

T 0
ry(q)

r(t) +
F (q)T 0

ūy(q)
1 + F (q)T 0

ūy(q)
︸ ︷︷ ︸

T 0
uy(q)

uk(t)

where the transfer operators in (4) are denoted T 0
ūy and T 0

ūz

for the system with input ūk. The asymptotic error e∞ in (32)
is after some manipulation then

e∞(t) =
(

1− T 0
yz(q)

T 0
ūy(q)

Fū(q) + Fȳ(q)T 0
ūy(q)

)
r(t) (33)

Assuming ūk 6= 0, thereby implicitly F 6= 0, it can be noted
that the expression for e∞ in (33) is independent of the
controller F .

If the observer is based on the true system, the numerator
of (33) is

Fū(q) + Fȳ(q)T 0
ūy(q) = M0

(
qI − (A0 −KC0)

)−1
B0

+M0
(
qI − (A0 −KC0)

)−1
KC0(qI −A0)−1B0

= M0
(
qI − (A0 −KC0)

)−1(qI −A0 +KC0)

· (qI −A0)−1B0

= M0(qI −A0)−1B0 = T 0
ūz(q) = T 0

yz(q)T 0
ūy(q)

where the last row can be realised from (11). From this
expression it is seen that the asymptotic error e∞ = 0 in (33),
which is expected when ẑk results from an observer based
on the true system



A topic for future work is the discussion of how to choose
the observer gain K in case of model errors to achieve the
best possible performance. Another interesting question is
how case C holds compared to the approach in case B when
having model errors.

D. Case D — ILC using controlled variable

Now the last case, which is used to show what ideally can
be achieved compared to the cases A – C discussed above.
For this case the error εk = r − zk in (25) is used in the ILC
algorithm (24). The asymptotic error e∞ of the controlled
variable is from Lemma 3 given by

e∞ =
(
I − T 0

rz − T 0
uz

(
I −Q(I −LT 0

uz)
)−1

·QL(I − T 0
rz)
)
r

This expression can for a SISO time-invariant system de-
scribed in transfer-operator form (1) – (2) be simplified to

e∞(t) =

(
1−Q(q)

)(
1− T 0

rz(q)
)

1−Q(q)
(
1− L(q)T 0

uz(q)
)r(t)

Clearly this expression is zero when the ILC algorithm
converges for the choice Q = 1, achieving perfect tracking
of the controlled variable zk.

From Sections VI-B to VI-D it can be concluded that the
asymptotic error e∞ = 0 when the estimate ẑk is based
on the true system, and using Q = 1 in the ILC algorithm.
However, using the approach in case A, Section VI-A, results
in an asymptotic error e∞ 6= 0 whenever T 0

yz 6= 1.

VII. CONCLUSIONS AND FUTURE WORK

In this paper a framework for analysis of an ILC algorithm
based on an estimate of the controlled variable obtained
from an observer-based estimation procedure is proposed.
The need of such a framework is motivated by the fact
that in some applications the controlled variable is not the
measured variable. The description is a natural extension
of the system description presented in [11] and is focusing
on the performance of the controlled variable. A general
expression for the asymptotic error of the controlled variable
when the ILC algorithm has converged is derived using the
framework. The asymptotic error is discussed for three cases,
especially if the error used in the ILC update goes to zero,
and is exemplified by an ILC algorithm applied to a flexible
two-mass model of a robot joint.

Further work includes analysis of performance when the
ILC algorithm is based on an estimate of the controlled
variable in presence of model errors, and also which error
that is the best to use in the ILC algorithm from performance
point of view when having model errors. Another issue to
be discussed is how performance is affected by the choice
of input point of the ILC algorithm to the system.

APPENDIX

The two-mass system, illustrated in Fig. 6, is a common
first approximation of a mechanical system. The input ū(t)
is the torque applied to the first mass. The angular position
y(t) of the first mass, also referred to as motor angle, is
the measured variable, and the angular position z(t) of the
second mass, called arm angle, is the controlled variable. The

ū(t), y(t)

z(t)

Jm

Ja

k, d
rg

fm

Fig. 6. A flexible two-mass model of a mechanical system, for example a
single robot joint, characterised by spring k, damper d, viscous friction fm,
gear ratio rg , moments of inertia Jm, Ja, torque ū(t), motor angle y(t)
and arm angle z(t).

two-mass system is described by the following equations

Jmÿ(t) = −fmẏ(t)− rgk
(
rgy(t)− z(t)

)

−rgd
(
rg ẏ(t)− ż(t)

)
+ kuū(t)

Jaz̈(t) = k
(
rgy(t)− z(t)

)
+ d
(
rg ẏ(t)− ż(t)

) (34)

with spring coefficient k, damping coefficient d, viscous
friction fm, gear ratio rg , and moments of inertia Jm and Ja.
A state-space description of the two-mass system can be
derived using, for example, the states

x(t) =
(
z(t) ż(t) y(t) ẏ(t)

)T

From (34) it is straightforward to compute the following
transfer functions

y(t) = T 0
ūy(p)ū(t) (35)

z(t) = T 0
yz(p)y(t) (36)

where p is the derivative operator. In Fig. 7 a block diagram
with a system given by the structure (35) – (36) is illustrated.
The system T 0

ūy is stabilised by a controller F and the ILC
input uk at iteration k is added to the reference r.

It is not possible to find an exact discrete-time representa-
tion of the relation between y(t) and z(t) in (36) since y(t)
is an internal continuous variable in the system described

r(t)
∑

uk(t)

F
ūk(t)

T0
ūy

yk(t)
T0

yz

zk(t)

−

Fig. 7. The two-mass system illustrated by T 0
ūy and T 0

yz ; transfer function
from motor torque ūk(t) to motor angle yk(t) and from motor angle yk(t)
to arm angle zk(t), respectively, controlled by the feedback controller F .
The ILC input uk(t) is added to the reference r(t) at iteration k.



by (34). When the sampling time is short it is however
possible to find a good approximation, using for example
the Tustin derivative approximation.
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