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1. (a) Describe briefly how a NARX model based on neural network
looks like. How does it differ from an ARX model?
(2p)
(b) How can one from a set of step response experiment see that a
system is nonlinear?
(2p)
(c) The system
ẋ1 (t) = −350x1 (t) + 70u(t)
ẋ2 (t) = 10x1 (t) − 3x2 (t) + u(t)
y(t) = 5x1 (t) + 4x2 (t)
is stimulated with a slowly varying input signal u(t). Obtain a
simpler first-order model that has approximately the same output
signal.
(2p)
(d) Assume that the step response of the system
ÿ(t) + 4ẏ(t) + 3y(t) = u(t)
has been simulated, and that now we want to study the step
response of this other system
ÿ(t) + 8ẏ(t) + 12y(t) = u(t)
Is it possible to use the results from the first simulation by means
of scaling?
(2p)
(e) Consider
y(t) = G(p)u(t) + e(t),

G(p) =

1
p+1

where both u(t) and e(t) are white noise with variance 1 and
independent one from the other. Calculate the spectrum of y.
(2p)
2. (a) A set of N = 100 input/output measurements is identified with
4 different ARX models
A(q)y(t) = B(q)u(t)
where
A(q) = 1 + a1 q −1 + . . . + ana q −na
B(q) = b1 q −1 + . . . + bnb q −nb
As shown in Table 1, when 4 different pairs of (na , nb ) are used,
they give different values of the cost function
VN (θ) =

N
1 X
2 (t, θ),
N t=1

where (t, θ) = y(t) − ŷ(t|θ) is the prediction error.
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na
2
3
4
6

VN (θ)
1.13
0.95
0.8
0.79

nb
1
3
4
5

Table 1:
• Explain why the value of VN (θ) decreases when the number
of parameters increases
(1p)
• Use Akaike Information Criterion (AIC) to select one of the
models from the Table
(2p)
• Is your choice the same if you use instead the Final Prediction
Error (FPE) criterion?
(2p)
(b) Assume that the true system
y(t) =

1
u(t) + e(t)
1 − θq −1

is driven by u(t) zero-mean white noise and that e(t) is also a
zero-mean white noise independent of u(t).
• What is the optimal one-step ahead ARX predictor? (1p)
• What is the corresponding optimal one-step ahead OE predictor?
(2p)
• Show that the two predictors are not identical. Explain the
difference.
(2p)
3. Consider the mechanical-electrical system of Fig. 1. An electrical cir-
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Figure 1:
cuit is driven by a generator with input torque M applied as in Fig. 1.
The torque is transmitted through a shaft with moment of inertia
J and torsional spring of coefficient k. The connection of the shaft
with the generator gives rise to a linear friction of coefficient b. The
coupling of the generator with the electrical circuit is given by the
3

following laws: Mm = ri and u = rω, where Mm is the torque at
the generator, ω the angular velocity, u and i are voltage and current
induced by the generator on the circuit.
(a) Draw the bond graph of the system and check its causality. (4p)
(b) Compute the state space equations.

(4p)

(c) Assume that the torque M is created through a pedal of length
` on which a vertical force F is applied. Since the shaft rotates,
the effect of F depends on the angle θ, as shown in Fig. 2. (The
grey "shaft" of Fig. 2 is the same grey shaft of Fig. 1). Modify
the bond graph to include this new part of the system. For simplicity consider only the values of θ for which −π/2 < θ < π/2.
(Suggestion: use controlled elements).
(2p)
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Figure 2:

4. Consider the circuit in Fig. 3.
(a) Write a DAE in the variables v1 , v2 , and i, with v as input signal.
(4p)
(b) What is the index of the DAE?

(3p)

(c) Let w1 = C1 v1 − C2 v2 and y = i. Show that the model can be
written in the form
ẇ1 = Aw1 + Bv
y = Cw1 + D0 v + . . . + Dk−1 v (k−1)
4

Figure 3:

where v (k−1) is the (k − 1)-derivative of v, and k is the index of
the system.
(3p)
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